
DRAFT
Small Summaries for Big Data

Graham Cormode and Ke Yi



DRAFT



DRAFT
Acknowledgments

We thank the many colleagues and friends who have read drafts of this
volume, and provided feedback and suggestions. These include Edith
Cohen, Gil Einziger, Floris Geerts, Piotr Indyk, Nikolai Karpov, Edo
Liberty, Lee Rhodes, Justin Thaler, Andrew Twigg, Pavel Veselý, and
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Introduction

“Space,” it says, “is big. Really big. You just won’t believe how vastly, hugely,
mindbogglingly big it is. I mean, you may think it’s a long way down the road
to the chemist’s, but that’s just peanuts to space, listen...”

Douglas Adams, The Hitchhiker’s Guide to the Galaxy

1.1 Small Summaries for Big Data

Data, to paraphrase Douglas Adams, is big. Really big. Moreover, it is
getting bigger, due to increased abilities to measure and capture more
information. Sources of big data are becoming increasingly common,
while the resources to deal with big data (chiefly, processor power, fast
memory and slower disk) are growing at a slower pace. The conse-
quence of this trend is that we need more effort in order to capture
and process data in applications. Careful planning and scalable archi-
tectures are needed to fulfill the requirements of analysis and informa-
tion extraction on big data. While the ‘big’ in big data can be interpreted
more broadly, to refer to the big potential that data has to offer, or the
wide variety of data, the focus of this volume is primarily on the scale
of data.

Some examples of applications that generate large volumes of data
include:

Physical Data. The growing development of sensors and sensor de-
ployments have led to settings where measurements of the physical
world are available at very high dimensionality and at a great rate. Sci-
entific measurements are the cutting edge of this trend. Astronomy data
gathered from modern telescopes can easily generate terabytes of data
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in a single night. Aggregating large quantities of astronomical data pro-
vides a substantial big data challenge to support the study and discov-
ery of new phenomena. Big data from particle physics experiments is
also enormous: each experiment can generate many terabytes of read-
ings, which can dwarf what is economically feasible to store for later
comparison and investigation.

Medical Data. It is increasingly feasible to sequence entire genomes. A
single genome is not so large—it can be represented in under a gigabyte—
but considering the entire genetic data of a large population represents
a big data challenge. This may be accompanied by increasing growth in
other forms of medical data, based on monitoring multiple vital signs
for many patients at fine granularity. Collectively, this leads to the area
of data-driven medicine, seeking better understanding of disease, and
leading to new treatments and interventions, personalized for each in-
dividual patient.

Activity Data. Human activity data is increasingly being captured and
stored. Online social networks record not just friendship relations but
interactions, messages, photos and interests. Location data is also more
available, due to mobile devices which can obtain GPS information.
Other electronic activities, such as patterns of website visits, email mes-
sages and phone calls can be collected and analyzed. Collectively, this
provides ever-larger collections of activity information. Service providers
who can collect this data seek to make sense of it in order to identify
patterns of behavior or signals of behavioral change, and opportunities
for advertising and marketing.

Business Data. Businesses are increasingly able to capture more and
complex data about their customers. Online stores can track millions
of customers as they explore their site, and seek patterns in purchasing
and interest, with the aim of providing better service, and anticipating
future needs. The detail level of data is getting finer and finer. Previ-
ously, data would be limited to just the items purchased, but now ex-
tends to more detailed shopping and comparison activity, tracking the
whole path to purchase.

Across all of these disparate settings, certain common themes emerge.
The data in question is large, and growing. The applications seek to ex-
tract patterns, trends or descriptions of the data. Scalability and timeli-
ness of response are vital in many of these applications.
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In response to these needs, new computational paradigms are being
adopted to deal with the challenge of big data. Large scale distributed
computation is a central piece: the scope of the computation can exceed
what is feasible on a single machine, and so clusters of machines work
together in parallel. On top of these architectures, parallel algorithms
are designed that can take the complex task and break it into indepen-
dent pieces suitable for distribution over multiple machines.

A central challenge within any such system is how to compute and
represent complex features of big data in a way that can be processed by
many single machines in parallel. One answer is to be able to build and
manipulate a compact summary of a large amount of data, modeled as
a mathematical object. This notion of a small summary is the subject
of study of this work. The idea of a summary is a natural and famil-
iar one. It should represent something large and complex in a compact
fashion. Inevitably, a summary must dispense with some of the detail
and nuance of the object which it is summarizing. However, it should
also preserve some key features of the object in an accurate fashion.

There is no single summary which accurately captures all proper-
ties of a data set, even approximately. Thus, at the heart of the study
of small summaries are the questions of what should be preserved? and
how accurately can it be preserved?. The answer to the first question de-
termines which of many different possible summary types may be ap-
propriate, or indeed whether any compact summary even exists. The
answer to the second question can determine the size and processing
cost of working with the summary in question.

Another important question about summaries for big data is how
they can be constructed and maintained as new data arrives. Given
that it is typically not feasible to load all the data into memory on one
machine, we need summaries which can be constructed incrementally.
That is, we seek summaries that can be built by observing each indi-
vidual data item in turn, and updating the partial summary. Or, more
strongly, we seek summaries such that summaries of different subsets
of data built on different machines can be combined together to obtain
a single summary that accurately represents the full data set.

Note that the notion of summarization is distinct from that of com-
pression. In general, lossless compression is concerned with identify-
ing regularity and redundancy in datasets to provide a more compact
exact representation of the data. This is done for the purpose of com-
pactly storing the data, or reducing the data transmission time. How-
ever, in general, there is no guarantee of significant size reduction from
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compression. The compressed form is also typically difficult to analyze,
and decompression is required in order to work with the data. In con-
trast, summarization is intended to provide a very significant reduc-
tion in the size of the data (sometimes several orders of magnitude),
but does not promise to reconstruct the original data, only to capture
certain key properties. Lossy compression methods fall in between, as
they can provide guaranteed size reductions. They also aim to allow
an approximate reconstruction of the original data with some limited
loss of fidelity: typically, based on the human perception of multime-
dia data, such as audio or video. Summarization aims to provide only
small loss of fidelity, but measured along other dimensions; summaries
do not necessarily provide a way to reconstruct even an approximation
of the original input.

As a first example of summarization, consider a data set consisting
of a large collection of temperature readings over time. A suitable sum-
mary might be to keep the sum of all the temperatures seen, and the
count. From this summary given by two numbers, we can extract the
average temperature. This summary is easy to update incrementally,
and can also be combined with a corresponding summary of different
data by computing the overall sum and count. A different summary
retains only the maximum and minimum temperature observed so far.
From this, we can extract the range of temperatures observed. This too
is straightforward to maintain under updates, and to merge across mul-
tiple subsets. However, neither summary is good at retrieving the me-
dian temperature, or some other properties of the statistical distribution
of temperatures. Instead, more complex summaries and maintenance
procedures are required.

This work aims to describe and explain the summaries that have been
developed to deal with big data, and to compare summaries for similar
goals in terms of the forms of data that they accept, and their flexibility
of use. It follows a fairly technical approach, describing each summary
in turn. It lists the type of data that can be summarized, and what opera-
tions can be performed on the summary to include more data in it, and
to extract information about the summarized data. We assume some
familiarity with mathematical and computer science concepts, but pro-
vide some necessary background in subsequent sections.
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1.2 Preliminaries

This section lays down some of the basics of working with summaries:
the kinds of data that they can take as inputs; the operations that may
be performed on the summaries during their use; and the types of guar-
antees they provide over their output.

1.2.1 Data Models

In this volume, we focus on data sets that arise from the aggregation of
many small pieces of data. That is, the challenge arises from the scale
of billions or trillions of simple observations. This matches the moti-
vating applications described above: high frequency sensor readings,
social network activities, transactions and so on all have a moderate
number of different types, but potentially huge quantities of each type.
The summaries we describe will operate on a large number of “tuples”
of a common type, which collectively describe a complex whole.

The types of data we consider are therefore each quite simple, and it
is their scale that presents the challenge for summarization. We describe
the types of data in somewhat abstract terms, with the understanding
that these can be mapped onto the specific applications when needed.

Set Data. The simplest form of data we consider is a set of items. That
is, the input forms a set A, as a subset of some universe of possible
items U. For example, U could be the set of 64-bit integers (denoting,
perhaps, serial numbers of items), and each item x in the data is then
some particular 64-bit integer.

A very basic summary over set data is a random sample. A random
sample is a quite general purpose summary in the sense that it is use-
ful for answering many possible questions about the underlying set
A, although the accuracy may not be satisfactory. For example, a ba-
sic query that we may wish to pose on a set A is whether a particular
item x is present in A, i.e., a membership query; or, for two sets A and B,
how similar (the notion will be made more precise later) they are. Ran-
dom samples can be used in place of the full data sets for answering
these queries, but clearly will frequently make errors. The majority of
the work on data summarization is thus devoted to constructing sum-
maries targeted at certain specific queries, usually with (much) better
accuracies than random samples.

Problems on sets often get more challenging if the same item may be
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fed into the summary multiple times, while A is still considered as a
set, i.e., duplicates should be removed. In this case, even counting the
cardinality of A becomes nontrivial, if we do not want the summary to
store every distinct input item.

Multiset Data. With set data, we typically assume the semantics that
an item is either present or absent from the set. Under the multiset se-
mantics, each item has a multiplicity. That is, we count the number of
occurrences of each item. Again, the input is supported over a set U.
Now, queries of interest relate to the multiplicity of items: how many
occurrences of x are there in the data? which items x occur most fre-
quently?

It is sometimes convenient to think of multiset data as defining a
vector of values, v. Then vx denotes the multiplicity of item x in the
input. Natural queries over vectors include asking for the (Euclidean)
norm of the vector, the distance between a pair of vectors, or the inner-
product between two vectors. The accuracy of such estimators is often
expressed in terms of the `p norm of the vector, ‖v‖p, where

‖v‖p =

∑
i∈U

∣∣∣vi

∣∣∣p1/p

Important special cases include the Euclidean norm, ‖v‖2, and the
Manhattan norm, ‖v‖1 (the sum of absolute values). We may also abuse
notation and make reference to the `0 norm, sometimes called the Ham-
ming norm, which is defined as ‖v‖0 = |{i : vi , 0}|. This counts the num-
ber of non-zero entries in the vector v, i.e., the number of distinct items
in the multiset. When dealing with skewed data, that is, where a few
items have much larger count than others, we sometimes give bounds
in terms of the residual `p norm. This is denoted as ‖v‖res(k)

p , where, if we
re-index v so that vi is the ith largest (absolute) value, then

‖v‖res(k)
p =

 |U |∑
i=k+1

|vi|
p


1/p

.

That is, the `p norm after removing the k largest entries of v.

Weighted Multiset Data. More generally, input describing a multiset
may arrive with corresponding weights. This can represent, for exam-
ple, a customer buying several instances of the same item in a single
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transaction. The multiplicity of the item across the whole input is the
sum of all weights associated with it. The vector representation of the
multiset naturally models the weighted case well, where vi is the sum
of weights of item i processed by the summary. The above queries all
make sense over this style of input—to find the total weight for a given
item, or the items with the largest total weights. Guarantees for sum-
maries may be expressed in terms of vector norms such as ‖v‖2 or ‖v‖1.
Different summaries can cope with different constraints on the weights:
whether the weights should be integral, or can be arbitrary.

Of some concern is whether a summary allows negative weights. A
negative weight corresponds to the removal of some copies of an item.
Some summaries only tolerate non-negative weights (the positive weights
case), while others allow arbitrary positive and negative weights (which
we call the general weights case). Lastly, a few summaries work in the
“strict” case, where positive and negative weights are permitted, pro-
vided that the final weight of every item is non-negative when the sum-
mary is interrogated. By contrast, in the general case, we allow the mul-
tiplicity of an item to be negative. For the positive weights and strict
cases, guarantees may be given in terms of W = ‖v‖1, the sum of the
weights. Some summaries have guarantees in terms of W res(k) = ‖v‖res(k)

1 ,
the weight of the input (in the positive weight or strict case) after re-
moving the k heaviest weights.

Matrices. Going beyond vectors, we may have data that can be thought
of as many different vectors. These can be naturally collected together
as large matrices. We are typically interested in n × d matrices M where
both n and d are considerably large. In some cases, one or other of n and
d is not so large, in which case we have a “short fat matrix” or a “tall
skinny matrix” respectively.

As with the vector case, the constraints on the data can affect what
is possible. Are the entries in the matrix integer or real valued? Is each
entry in the matrix seen once only, or subject to multiple additive up-
dates? Are entries seen in any particular order (say, a row at time), or
without any order? Guarantees may be given in terms of a variety of
matrix norms, including entrywise norms, such as the Frobenius norm,

‖M‖F =

√∑
i, j

M2
i, j
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or the p-norm, taken over unit norm vectors x,

‖M‖p = sup
‖x‖p=1

‖Mx‖p

Ordered Data. When U has a total order—namely, given any two items,
we can compare them and determine which is the greater and which is
the lesser under the order—we can formulate additional queries. For
example, how many occurrences of items in a given range are there (range
queries)?; what is the median of the input? and more generally, what does
the data distribution look like on U?

Some summaries manipulate items only by comparison, that is, given
two items, checking whether one is greater or less than the other, or the
two are equal. These summaries are said to be comparison based. They
thus do not need to assume a fixed universe U beforehand, which is
useful when dealing with, e.g., variable-length strings or user-defined
data types.

Geometric Data. Multidimensional geometric data naturally arise in
big data analytics. Any point on earth is characterized by latitude and
longitude; a point in space has three coordinates. More importantly,
many types of multidimensional data can be interpreted and analyzed
geometrically, although they are not inherently geometric by nature.
For example, we may see readings which include temperature, pres-
sure, and humidity. In data mining, various features can be extracted
from an object, which map it to a high-dimensional point.

Over such data, the summary may support range queries, which
could generalize one-dimensional ranges in different ways such as axis-
parallel rectangles, halfspaces, or simplexes. Moreover, one could ask
for many interesting geometric properties to be preserved by the sum-
mary, for example, the diameter, the convex hull, the minimum enclos-
ing ball, pairwise distances, and various clusterings.

Graph Data. Graph data is a different kind of multidimensional data,
where each input item describes an edge in a graph. Typically, the set of
possible nodes V is known upfront, and each edge is a member of V×V .
However, in some cases V is defined implicitly from the set of edges
that arrive. Over graphs, typical queries supported by summaries may
be to approximate the distance between a pair of nodes, determine the
number of connected components in the graph, or count the number of
a particular subgraph, such as counting the number of triangles.
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1.2.2 Operations on Summaries

For uniformity of presentation, each summary we describe typically
supports the same set of basic operations, although these have differ-
ent meanings for each summary. These basic operations are INITIAL-
IZE, UPDATE, MERGE and QUERY. Some summaries additionally have
methods to CONSTRUCT and COMPRESS them.

INITIALIZE. The INITIALIZE operation for a summary is to initialize a
new instance of the summary. Typically, this is quite simple, just creat-
ing empty data structures for the summary to use. For summaries that
use randomization, this can also involve drawing the random values
that will be used throughout the operation of the summary.

UPDATE. The UPDATE operation takes a new data item, and updates
the summary to reflect this. The time to do this UPDATE should be quite
fast, since we want to process a large input formed of many data items.
Ideally, this should be faster than reading the whole summary. Since
UPDATE takes a single item at a time, the summary can process a stream
of items one at a time, and only retain the current state of the summary
at each step.

Many summaries described in this book support not only adding
a new item to the summary, but also deleting a previously inserted
item. To maintain uniformity, we treat a deletion as an UPDATE op-
eration with a negative multiplicity. Examples include the Count-Min
Sketch (Section 3.4), Count Sketch (Section 3.5), and the AMS Sketch
(Section 3.6). This usually follows from the fact the summary is a lin-
ear transformation of the multiplicity vector representing the input,
and such summaries are often called linear sketches. This concept is dis-
cussed in more detail towards the end of the book (Section 9.3.4).

MERGE. When faced with a large amount of data to summarize, we
would like to distribute the computation over multiple machines. Per-
forming a sequence of UPDATE operations does not guarantee that we
can parallelize the action of the summary, so we also need the ability
to MERGE together a pair of summaries to obtain a summary of the
union of their inputs. This is possible in the majority of cases, although
a few summaries only provide an UPDATE operation and not a MERGE.
MERGE is often a generalization of UPDATE: applying MERGE when
one of the input summaries consists of just a single item usually reduces
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to the UPDATE operation. In general a MERGE operation is slower than
UPDATE, since it requires reading through both summaries in full.

QUERY. At various points we want to use the summary to learn some-
thing about the data that is summarized. We abstract this as QUERY,
with the understanding that the meaning of QUERY depends on the
summary: different summaries capture different properties of the data.
In some cases, QUERY takes parameters, while for other summaries,
there is a single QUERY operation. Some summaries can be used to an-
swer several different types of query. In this presentation, we typically
pick one primary question to answer with the QUERY operation, and
then discuss the other ways in which the summary can be used.

CONSTRUCT. We can always construct a summary by adding items
one by one into the summary using the UPDATE and MERGE opera-
tions. However, for a few summaries, UPDATE is expensive, compli-
cated, or even impossible. In these cases, we will describe how to CON-
STRUCT the summary from the given input in an offline setting.

COMPRESS. Some summaries also provide an additional operation which
seeks to COMPRESS the data structure. This is the case when the effect of
UPDATE and MERGE operations allow the size of the summary to grow.
In this case, COMPRESS will aim to reduce the size of the summary as
much as possible, while retaining an accurate representation. However,
since the time cost for this operation may be higher than UPDATE, it is
not performed with every UPDATE operation, but on a slower schedule,
say after some number of UPDATE operations have been performed.

A Simple Example: Counts, Sums, Means, Variances. We give an il-
lustration of how the operation above apply to the simple case of keep-
ing counts. These give a first example of a summary allowing us to
track the number of events that have been observed. Counters also eas-
ily allow us to track the sum of a sequence of weights; find their mean;
and compute the observed variance/standard deviation.

We will illustrate the use of a counter c, and a sum of weights w, as
well as a sum of squared weights s. The INITIALIZE operation sets all of
these to zero. Given an update of an item i, with a possible weight wi,
we can UPDATE c by incrementing it: c ← c + 1. The sum of weights is
updated as w ← w + wi, and the sum of squared weights as s ← s + w2

i .
To MERGE together two counter summaries, we can simply sum the
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corresponding values: the merge of c1 and c2 is c1 + c2, the merge of
w1 and w2 is w1 + w2, and the merge of s1 and s2 is s1 + s2. We can
apply different QUERY operations to obtain different aggregates: the
total count of all the updates and the total sum of all the weights are
simply the final values of c and w, respectively. The mean weight is
given by w/c, and the variance of the weights is s/w − (w/c)2.

1.2.3 Models of Computation

Traditionally, Computer Science has focused on the random access ma-
chine (RAM) model of computation to study algorithms and data struc-
tures. This abstraction is a good match for single-threaded computation
on a single machine, but other models are required to fit computation
on large volumes of data. The summaries that we describe are flexible,
and can be implemented in a variety of different settings.

The Streaming Model. The streaming model of computation consid-
ers data which arrives as a massive sequence of discrete observations,
which collectively describe the data. For example, we might think of
the data as describing a vector, by giving a list of increments to entries
in the vector (initially zero) in some arbitrary order. Since we require
our summaries to support an UPDATE operation, we can usually make
each piece of information about the data the subject of an UPDATE op-
eration to build a summary of the whole data in the streaming model.
This assumes that there is a single (centralized) observer; variants in-
volving multiple, distributed observers can also be accommodated, as
described below.

Parallel Processing. When data is observed in parallel, we can have
each parallel thread perform UPDATE operations to build their own
summaries of part of the data. Data can be assigned to each thread in
some fashion: round-robin scheduling, or hash partitioning, for exam-
ple. To collect all the observations, we can then MERGE together the
summaries. Some extra effort may be needed to handle synchroniza-
tion and coordination issues, which we assume would be taken care of
within the parallel system.

Distributed Processing. Summaries can likewise be used in systems
that handle data that is distributed over multiple machines. Multiple
UPDATE operations can build a local summary, and these summaries
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can then be combined with MERGE operations by a central entity to
allow QUERY operations on the global summary. This can easily be im-
plemented within various distributed frameworks, such as the MapRe-
duce model within the Apache Hadoop and Spark systems.

1.2.4 Implementations of Summaries

In many cases, the summaries that we describe are relatively simple to
implement. The pseudocode to outline each of the operations is often
only a few lines long. Consequently, they can be implemented with rel-
ative ease from scratch. However, there are some subtleties, such as the
use of suitable random hash functions, or the reliance on lower level
data structures with efficient maintenance operations. It is therefore
preferable to rely on pre-existing implementations for some or all of
the summary functions.

Fortunately, there are many implementations and libraries freely avail-
able online, particularly for the most well-known summaries (such as
BloomFilter). Inevitably, these are of varying quality and reliability, and
adopt a number of different languages and coding styles. Throughout
the main section of the book, we will make reference to the Apache
DataSketches library as a main reference for implementations. This is
a well-established project to provide flexible implementations of the
most important summaries in Java. It includes several carefully engi-
neered features, such as internal memory management to avoid over-
heads from the default heap management and garbage collection rou-
tines. The project was initiated within Yahoo!, then open sourced, and
most recently transitioned to the Apache Software Foundation. The
home for this project is https://datasketches.github.io/. Af-
ter DataSketches, the stream-lib library (also in Java) also has many Java
implementations of summaries, with multiple contributors (https:
//github.com/addthis/stream-lib). The Algebird library from
Twitter has many implementations of summaries in the Scala language
(https://github.com/twitter/algebird).

1.2.5 Output Guarantees: Approximation and Randomization

Necessarily, any summary must lose fidelity in its description of the
data. In many cases, we cannot expect a summary to answer every
QUERY with perfect accuracy (unless the summary only supports a few
fixed simple queries like sum and variance as just discussed). If this
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were the case, it may be possible to carefully choose a battery of queries
so that we would be able to recover almost every detail of the original
input. This intuition can be formalized to prove strong lower bounds
on the size of any summary which hopes to provide such strong guar-
antees. More detail on reasoning about the size of a summary to answer
certain queries is given in Chapter 10.4.

Therefore, in order to provide a summary which is more compact
than the original data, we must tolerate some loss of accuracy. There
are two natural ways that this is formalized: approximation, and ran-
domization. Most summaries we describe will include one or both of
these.

Approximation. Often the answer to a QUERY is numerical. Rather
than the exact answer, it is often sufficient to provide some approxi-
mation of the answer. A relative error approximation gives an answer that
is guaranteed to be within a fixed fraction of the true answer. For ex-
ample, a 2-approximation is guaranteed to be at most twice the true
answer. An additive approximation provides an answer that is guaran-
teed to be within some fixed amount of the true answer (this amount
may depend on other properties of the input, such as the total size of
the input). For example, a summary might guarantee to approximate
the fraction of N input items satisfying a particular condition, up to ad-
ditive error 0.01 · N.

Often, the quality of the approximation is a tunable parameter, which
affects the size of the summary, and the time to perform operations on
it. In this case, we may express the quality of approximation in terms of
a parameter ε. This may lead to a (1 + ε) relative error approximation,
or an ε additive error, where the size of the summary is then expressed
as a function of ε.

Randomization. There are many cases where guaranteeing a correct
answer requires a very large summary, but allowing a small probabil-
ity of error means that we create a much smaller summary. This typi-
cally works by making some random choices during the operation of
the summary, and providing some probabilistic analysis to show that
the summary provides a correct answer sufficiently often. Typically, the
quality of a randomized summary is expressed in terms of a parameter
δ, with the understanding that the probability of the summary failing
to provide a correct answer is δ. The space used by the summary, and
the time to perform operations upon it, is then expressed in terms of δ.
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For most summaries, it is possible to set δ to be very small, without
significantly increasing the size of the summary. Then this guarantee
holds except with a vanishingly small probability, say 10−20, compara-
ble to the probability that there is a CPU error sometime during the
processing of the data. Note that the probability analysis will depend
only on the random choices made by the algorithm—there are no as-
sumptions that the input data is “random” in any way.

Approximation and Randomization. In many cases, the summaries
described adopt both randomization and approximation, based on pa-
rameters ε and δ. The interpretation of this guarantee is that “the sum-
mary provides a (1 + ε) approximation, with probability at least 1 − δ”.
With probability δ, this approximation guarantee does not hold.

1.3 Summaries in Applications

In this section, we outline a few examples of data processing, and de-
scribe how summaries with certain properties might be able to help
overcome the resource challenges. We refer to various different types
of summaries that are discussed in detail in later chapters.

1.3.1 Data Center Monitoring

Consider a large data center, supporting millions of users who cause
the execution of billions of processes. Each process consumes a vari-
ety of resources: CPU, bandwidth, memory, disk usage, etc. These pro-
cesses are distributed over tens of thousands of machines, where each
machine has many processors, and each processor has multiple cores.
Each process may be placed over multiple cores throughout the center.
The data center operators would like to build a ‘dashboard’ applica-
tion which provides information on the overall behavior of the center.
It should provide information on the processes that are consuming a
large fraction of resources.

To exactly track the amount of resources used is itself a potentially
costly operation. The total amount of information involved is non-trivial:
for each thread on each core, we will keep at least tens of bytes, enough
to identify the process and to record its resource consumption in multi-
ple dimensions. Multiplied by billions of processes, this is tens to hun-
dreds of gigabytes of state information. Storing this amount of informa-
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tion is no great challenge. However, communicating this level of data
potentially incurs an overhead. Suppose we wish to gather statistics ev-
ery second. Then a simplistic approach could communicate a hundred
gigabytes of data a second to a monitoring node. This requires sub-
stantial network bandwidth to support: approaching a terabit, if this
data is to pass over a single link. This speed even taxes memory ac-
cess times, which can comfortably cope with up to only ten gigabytes
per second. Thus, implementing the simple exact tracking solution will
require some amount of effort to parallelize and distribute the monitor-
ing.

An alternative is to adopt a lightweight approximate approach. Here,
we allow a little imprecision in the results in order to reduce the amount
of information needed to be shipped around. This imprecision can eas-
ily be made comparable to the measurement error in tracking the re-
sults. For example, we can adopt a summary such as the Count-Min
Sketch or the SpaceSaving structure to track resource usage accurate
up to 0.01%. The summary can be bounded in size to around 100KB.
We can build a summary of the activity on a single machine, and ship it
up to an intermediate node in the network. This node can collect sum-
maries from a large number of machines, and MERGE these together to
obtain a single summary which combines the results from all the inputs.
These merged summaries can be passed on to the monitor, which can
further MERGE all received summaries to obtain a single 100KB sum-
mary of the whole network. From this compact summary, the processes
with high resource usage can be easily extracted.

The communication costs of this approach are much reduced: if we
have 10,000 machines in the data center, with 100 intermediate nodes,
the maximum bandwidth required is just 10MB/s: each node receives
100 summaries of 100KB each, and combines these to a single sum-
mary; the monitor receives these 100 summaries. Other cost regimes
can be achieved by organizing the data transfer in others ways, or ad-
justing other parameters of the data collection. The cost reductions are
achieved due to the use of summaries, which prune away insignificant
information, and because we are able to perform in-network aggregation:
rather than wait to the end to reduce the information, we can use the
MERGE property of summaries to combine them at intermediate stages.

Another advantage of using summaries in this setting is that it is easy
to reason about their properties, and accuracy: we have the assurance
that the size of the summary remains fixed no matter how many MERGE
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operations we perform, and that the accuracy guarantees remain cor-
respondingly fixed. While it would be possible to design implemen-
tations that apply pruning to the collection of exact counts, it would
require some effort and analysis to understand the tradeoffs between
amount of pruning and the resulting accuracy. By adopting summary
techniques, this tradeoff is already well-understood.

1.3.2 Network Scanning Detection

Consider the operator of a large data network, over which a large amount
of Internet traffic passes. Within this network, it is important to identify
unusual or suspicious behavior, as this can be indicative of an attack or
the spread of unwanted software (viruses, worms etc.). There has been
much study of the signals that can be mined in the networking context
to identify such activity. Here, we focus on a relatively simple case, of
detecting port scan activity.

A port scan is when a single host tries to connect to a large number
of different machines on different ports, in the hope of finding an open
port, which can potentially be used to attack the machine. Although
such scans may represent a large number of distinct connections, in
terms of the total bandwidth or number of packets, they can represent
a very small fraction, and so can be easily lost among the overall traf-
fic. Simple techniques, such as sampling, may be unable to detect the
presence of port scan activity. Keeping logs of the whole traffic for of-
fline analysis is rarely practical: the information is huge, and arrives at
a very high rate (terabytes per hour).

A first approach is to track for each active host on the network the
number of distinct (IP address, port) combinations that it tries to con-
nect to. When this becomes large, it is indicative that the host is per-
forming a port scan. One way to do this is to make use of the Bloom-
Filter data structure. We can keep one BloomFilter for each host, along
with a counter initialized to zero. This allows to compactly store the set
of (IP address, port) combinations that the host has connected to. For
every connection that is seen, we can test whether it is already stored in
the set: if not, then we add it to the set, and increase the counter. If we
want to detect accurately when a host has made more than 1000 distinct
connections, say, then a BloomFilter of size approximately 1KB will suf-
fice. For cases where we see a moderate number of distinct hosts – say,
a few million – then this approach will suffice, consuming only a few
gigabytes of fast memory in total.
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However, in cases where we have more limited resources to devote
to the monitoring process, and where there are a greater number of
hosts active in the network, a more compact solution may be required.
A more advanced approach is to combine types of summaries to obtain
accurate identification of port scan activity. We would like to adopt a
summary such as Count-Min Sketch or SpaceSaving, as in the previous
example. However, these are good at identifying those items that have
large absolute weights associated with them: this would find those hosts
which use a large amount of bandwidth, which is distinct from port
scanning. Rather, we would like these summaries to allow us to find
those hosts that have a large amount of distinct connections. This can
be accomplished by modifying the summaries: replacing the counters
in the summaries with distinct counters.

Understanding the impact of combining two summaries is somewhat
complex. However, this approach has been applied successfully in a
number of cases [228, 161, 77], allowing efficient identification of all
hosts that are responsible for more than a given fraction of distinct con-
nections with a summary totalling only megabytes in size. Further dis-
cussion is given in Section 9.4.3.

1.3.3 Service Quality Management

Consider an organization that hosts a large number of services for many
different customers. Each customer has a set of service level agreements
(SLAs) that determine the level of service they are guaranteed by con-
tract. The hosting organization needs to monitor the behavior of all ser-
vices, to ensure that all the SLAs are met. Such agreements are typically
of the form “95% of responses are made within 100ms”. The organiza-
tion would therefore like to track the adherence to these SLAs across
its different customers. While exact tracking may be required in some
cases, it is also helpful to allow lightweight approximate tracking to
identify when there is a danger of not meeting these agreements, and
to respond accordingly by adjusting parameters or deploying more re-
sources.

For SLAs of this form, we need to be able to track the quantiles of
the monitored quantity. That is, for the example above, given the series
of response times, we need to identify what is the 95th percentile of
this series, and how it compares to 100ms. We can maintain a list of all
response times in sorted order, and periodically probe this list to check



DRAFT

18 Introduction

this quantile. However, this requires a lot of storage, and can be slow to
update as the list grows.

Instead, we can make use of summaries which support quantile queries.
Example summaries include the GK and Q-Digest summaries. These
have differing properties. Q-Digest works when the number of possi-
ble values is bounded. So, if we have response times measured to mi-
crosecond accuracy, then it is suitable to use Q-Digest. On the other
hand, if we have a very large range of possible values, GK can be used.
The space of Q-Digest remains bounded, no matter how many items are
summarized by the summary, or how many times we perform MERGE

operations to combine different summaries. Meanwhile, the GK sum-
mary may grow (logarithmically) with the size of its input in the worst
case.

In other situations, we might have additional requirements for the
monitoring. For example, we might want to track not just the full his-
tory of response times, but rather a moving window of response times:
what is the 95th percentile of the responses in the last hour. A crude
approach is to start a fresh summary periodically – say, every five min-
utes – and to maintain multiple summaries in parallel. This imposes a
greater overhead on the monitoring process. A more refined approach
is to partition time into buckets – say, five minute intervals – and track
a summary for each bucket separately. Then we can MERGE the sum-
maries for multiple such buckets to get the summary for a recent win-
dow. However, this still only approximates the desired window size.
More complex solutions can be used to generate a summary for any
window size that gives a stronger guarantee of accuracy – see Sec-
tion 9.2.2.

1.3.4 Query Optimization

In database management systems, data is organized into relations, where
each relation has a number of fields. Queries perform operations on re-
lations, such as selecting records with particular field values, joining
relations based on matching values, and applying aggregates such as
count and sum. For most non-trivial queries, there are multiple ways to
perform a query, and the system wants to pick the one with the lowest
(estimated) cost. Here, the ‘cost’ of a query execution plan may be the
time taken to perform it, the amount of disk access, or other measure.

Summary techniques have been adopted by many different database
systems to allow approximation of the cost of different plans, and hence
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the selection of one that is believed to be cheap. Most commonly, ba-
sic summaries, such as a count and sum of numeric values, are main-
tained. For low cardinality attributes (ones taking on a small number of
different values), it is natural to keep a count of the frequency of each
value. For attributes with more possible values, a RandomSample of
items is kept for each field in a relation, to allow simple statistics to
be estimated. A common basic question is to estimate the selectivity of
a particular predicate – that is, to estimate how many records in a re-
lation satisfy a particular property, such as being equal to a particular
constant, being less than some value, or falling in some range. A Ran-
domSample is a natural way to accurately estimate these values; more
sophisticated schemes take account of weights associated with items,
such as WeightedRandomSample.

More recently, database systems have adopted more complex sum-
mary methods. To summarize numeric attributes, a histogram describ-
ing how it is distributed can be useful, and the most common type of
histogram is an equi-depth histogram, where the bucket boundaries are
quantiles of the item distribution. Some systems may simply recom-
pute the quantiles of the field periodically (either exactly, or by making
a summary of the current values); others may maintain a summary as
records are added and deleted to the relation. Other statistics on the
values in the relation, such as the number of distinct values, and es-
timations of the join size between two relations, may be maintained
using appropriate summaries.

1.3.5 Ad Impression Monitoring and Audience Analysis

Online advertising has made it possible for advertisers to obtain more
detailed information about who has seen their adverts, in compari-
son to traditional broadcast media. Each day, billions of adverts are
shown to users of the web and apps by ad publishers, and tracking
these “impressions” presents a substantial data management challenge.
The same ad may be shown to the same user multiple times, but which
should only be counted once (or the count capped). Advertisers also
want to know which demographic have seen their ad – females aged
18-35 working in white collar jobs with a university level education,
say. Current advertising networks have reasonably accurate profiles of
web users based on information gathered and inferred about them. But
allowing questions about different ads and different demographics in
real time stretches the ability of large scale data management systems.
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There has been considerable success in using summaries to answer
these kind of queries. This is a situation where an approximate answer
is acceptable – advertisers want to know with reasonable precision how
many have seen their advert, but the numbers are large enough that er-
ror of 1% or so can be tolerated. For the basic question of tracking the
number of different people who have seen an advert, methods such as
the KMV and HLL summaries answer this directly and effectively, at the
cost of a few kilobytes per advert. Very small space for this tracking is
important when millions of ads may be in rotation from a single pub-
lisher.

A simple way to deal with queries that ask for different subpopu-
lations is to keep a summary for each combination of possible demo-
graphic group and ad. This quickly becomes unscalable as the num-
ber of demographic groups grows exponentially with the number of
features stored on each user. The question to be answered is, for each
ad, to look at the different demographics of viewers (male/female, age
group, education level and so on) and to find the cardinality of the in-
tersection of the desired sets – the female, 18-35 year old, university
educated viewers of the above example. It turns out that it is possible
to estimate the size of these intersections from the aforementioned KMV
and HLL summaries. That is, given a summary for the number of dis-
tinct female viewers and another for the number of distinct university
educated viewers, we can combine these to obtain an estimate for the
number of female, university educated viewers. The accuracy of these
intersection estimates can degrade quickly, particularly when the size
of the intersection is small compared to the total number of distinct
views of the ad. Nevertheless, the results can be effective, and have
formed the technical underpinning of a number of businesses formed
around this question. The benefits are that arbitrary questions can be
answered almost instantaneously from combining a number of small
summaries. This is dramatically faster than any database system that
has to rescan the raw view data, even if indexes are available and pre-
processing is done on the data.

1.4 Computational and Mathematical tools

Throughout, we assume familiarity with basic computational and math-
ematical tools, such as the big-Oh (O(·)) notation to express the asymp-
totic growth behavior of time and space bounds. We also assume fa-
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miliarity with standard data structures, such as heaps, queues and lists.
The description of properties of summaries makes use of standard prob-
abilistic analysis and tail bounds. For convenience, we list the forms of
the tail bounds that we make use of (for more details, see the standard
randomized algorithms texts such as [191, 185]).

Fact 1.1 (Markov Inequality) Given a non-negative random variable X
with expectation E[X], we have

Pr[X > kE[X]] ≤
1
k

Further Discussion. Throughout this book, we avoid requiring proofs
to be read in order to understand the ideas introduced. For those
wanting to understand more details, we provide optional material,
marked out from the rest of the text. We begin this optional mate-
rial with a simple proof of the Markov inequality.

The Markov inequality can be proved using some basic rules of
probability. Consider the event that X > c for some constant c > 0.
For any value of x, we have cI(x ≥ c) < x, where I(b) is 1 if b eval-
uates to true, and 0 otherwise. This can be checked by considering
the two cases x ≥ c and x < c. We can apply this to the variable X
to get cI(X ≥ c) < X, and take the expectation of both sides:

cE[I(X ≥ c)] = c Pr[X ≥ c] < E[X].

Rearranging, and substituting c = kE[X], we obtain the inequality
in the quoted form.

The variance of X is

Var[X] = E[(X − E[X])2] = E[X2] − (E[X])2,

while the covariance of two random variables X and Y is

Cov[X,Y] = E[XY] − E[X]E[Y]

The variance satisfies several properties that we make use of:

Fact 1.2 (Properties of variance) Given a random variable X and constants
a, b, we have

Var[aX + b] = a2Var[X]
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Given n random variables Xi, we have

Var[
n∑

i=1

Xi] =

n∑
i=1

Var[Xi] +
∑

1≤i< j≤n

Cov[Xi, X j]

When the n random variables Xi are uncorrelated (have zero covariance),
we have

Var[
n∑

i=1

Xi] =

n∑
i=1

Var[Xi]

Applying the Markov inequality to the variance of X, we obtain the
Chebyshev inequality:

Fact 1.3 (Chebyshev inequality) Given any random variable X, we have

Pr[|X − E[X]| > k] ≤
Var[X]

k2

Chernoff bounds arise from applying the Markov inequality to expo-
nential functions of variables. We use two forms of Chernoff bounds,
the (additive) Chernoff-Hoeffding bound, and the relative Chernoff bound.

Fact 1.4 (Additive Chernoff-Hoeffding bound) Given n independent ran-
dom variables X1 . . . Xn such that there are bounds ai ≤ Xi ≤ bi for each Xi, we
write X =

∑n
i=1 Xi. Then

Pr[|X − E[X]| > k] ≤ 2 exp
(

−2k2∑n
i=1(bi − ai)2

)
A Bernoulli random variable X with a single parameter p is such that

Pr[X = 1] = p,Pr[X = 0] = (1 − p). Hence, E[X] = p.

Fact 1.5 (Multiplicative Chernoff bound) Given independent Bernoulli
random variables X1 . . . Xn, such that X =

∑n
i=1 Xi and E[X] =

∑n
i=1 E[Xi] = µ,

then, for 0 < β ≤ 1, and 0 ≤ ρ ≤ 4,

Pr[X ≤ (1 − β)µ] ≤ exp
(
−β2µ

2

)

Pr[X ≥ (1 + ρ)µ] ≤ exp
(
−ρ2µ

4

)

Further Discussion. We do not provide detailed proofs of all Cher-
noff bounds, but for a flavour, we describe one case to show how
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the proof builds on basic ideas such as the Markov inequality above.
Let Pr[Xi = 1] = pi so that E[X] =

∑n
i=1 pi = µ. We seek to bound

Pr[X > (1 + ρ)µ]. We introduce a (positive) parameter t, and apply
an exponential function to both sides of the inequality. This does
not change the probability, so

Pr[X > (1 + ρ)µ] = Pr[exp(tX) > exp(t(1 + ρ)µ)]

By the Markov inequality, we have

Pr[exp(tX) > exp(t(1 + ρ)µ)] ≤ E[exp(tX)]/ exp(t(1 + ρ)µ) (1.1)

The rest of the proof aims to simplify the form of this expression.
Observe that, from the definition of X and by the independence of
the Xis,

E[exp(tX)] = E[exp(t
n∑

i=1

Xi)] =

n∏
i=1

E[exp(tXi)]

The expectation of exp(tXi) is a summation of two cases: Xi is zero
with probability 1 − pi, giving a contribution of exp(0) = 1; or Xi is
one with probability pi, giving a contribution of exp(t). Thus,

n∏
i=1

E[exp(tXi)] =

n∏
i=1

((1 − pi) + piet)

Using the usual expansion of the exponential function and the fact
that t > 0,

exp(pi(et − 1)) = 1 + (pi(et − 1)) + . . . > 1 − pi + piet

so we can write
n∏

i=1

(1− pi + piet) ≤
n∏

i=1

exp(pi(et−1)) = exp(
n∑

i=1

pi(et−1)) = exp(µ(et−1)

Substituting this back into (1.1), we obtain

Pr[X > (1+ρ)µ] ≤ exp(µ(et−1)−µt(1+ρ)) ≤ exp(µ(−ρt+t2/2+t3/6+. . .))

At this point, we can choose the value of t to give the final form of
the bound. In this case, we can pick t = 2

5ρ. One can verify that for
this choice of t in the range 0 ≤ ρ < 4, we have exp(µ(−ρt + t2/2 +

t3/6 + . . .)) < exp(ρ2µ/4).

Last, we sometimes make use of a simple bound, which allows us to
reason about the probability of any one of multiple events.
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Fact 1.6 (Union bound)

Pr[A ∪ B] ≤ Pr[A] + Pr[B]

Note that we do not require the events A and B to be independent.
This fact follows immediately from the fact that Pr[A ∪ B] = Pr[A] +

Pr[B] − Pr[A ∩ B]. We often use this fact to argue about the probability
of success of an algorithm that relies on many events being true. That
is, if there are n “bad events”, B1 . . . Bn, but each one is very unlikely,
we can argue that the probability of any bad event happening is at most
Pr[∪n

i=1Bi] ≤
∑n

i=1 Pr[Bi], by repeated application of Fact 1.6. If each Pr[Bi]
is sufficiently small – say, Pr[Bi] = 1/n2, then the probability of any of
them happening is still very small, in this case, at most

∑n
i=1 1/n2 = 1/n.

Another idea often used in arguing for the correctness of a random-
ized algorithm is the principle of deferred decisions. A simple application
of this principle, as used in Section 2.2, is to sample an item uniformly
at random from two sets S 1 and S 2, of sizes n1 and n2, respectively. The
direct way of doing is to simply sample an item from all the n1 + n2

items uniformly at random. However, we could also do it in two steps:
We first decide which one of the two sets to choose the sample from: S 1

should be picked with probability n1
n1+n2

while S 2 picked with probabil-
ity n2

n1+n2
. In the second step, which the algorithm may choose to do at

a later time, is to pick an item from the chose set uniformly at random.
The correctness of this principle follows easily from the fact that, for
any two events A and B,

Pr[A ∩ B] = Pr[A] Pr[B | A].

1.4.1 A Chernoff bounds argument

A standard application of the Chernoff bound is to take multiple es-
timates of a quantity, and combine them to pick an estimate which
is good with high probability. Specifically, we have estimates, each of
which is a “good” estimate of a desired quantity with at least a con-
stant probability. However, it’s not possible to tell whether or not an
estimate is good just by looking at it. The goal is to combine all these to
make an estimate which is “good” with high probability. The approach
is to take the median of enough estimates to reduce the error. Although
it is not possible to determine which estimates are good or bad, sorting
the estimates by value will place all the “good” estimates together in
the middle of the sorted order, with “bad” estimates above and below
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(too low or too high). Then the only way that the median estimate can
be bad is if more than half of the estimates are bad, which is unlikely.
In fact, the probability of returning a bad estimate is now exponentially
small in the number of estimates.

The proof makes use of the Chernoff bound from Fact 1.5. Assume
that each estimate is good with probability at least 7/8. The outcome of
each estimate is an independent random event, so in expectation only
1/8 of the estimates are bad. Thus the final result is only bad if the num-
ber of bad events exceeds its expectation by a factor of 4. Set the number
of estimates to be 4 ln(1/δ) for some desired small probability δ. Since
whether each estimate is ‘good’ or ‘bad’ can be modeled by a Bernoulli
random variable with expectation 1/8, then this setting is modeled with
ρ = 3 and E[X] = 1

2 ln(1/δ). Hence,

Pr[X ≥ 2 log(1/δ)] ≤ exp(−9/8 ln(1/δ)) < δ

This implies that taking the median of O(log(1/δ)) estimates reduces the
probability of finding a bad final estimate to less than δ.

1.4.2 Hash Functions

Many summaries make use of hash functions , which are functions picked
at random from a family F containing many possible hash functions,
where each maps onto some range R. In order to provide the guaran-
tees on the summary, we typically require that the family of functions
satisfies some properties. The most common property is that the family
is t-wise independent. This means that (over the random choice of the
hash function), the probability of seeing any t values appears uniform:
given any t distinct items x1, . . . xt, and any t values in the output of the
function y1, . . . yt ∈ Rt, we have

Pr
f∈F

[ f (x1) = y1, f (x2) = y2, f (xt) = yt] =
1
|R|t

A simple family of functions that meets this requirement1 is the fam-
ily of polynomials,

1 Strictly speaking, the above probability for this family can be very
slightly larger than 1

|R|t , but this does not affect the analysis or
practical use in any significant way.
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F =

 t∑
i=1

cixi−1 mod p mod |R|


where p is a (fixed) prime number and ci range over all (non-zero) val-
ues modulo p. Thus, to draw a function from this family, we simply
pick the t coefficients c1 to ct uniformly from the range 1 . . . p−1. Further
discussion and code for efficient implementations of these functions is
given by Thorup and Zhang [219, 221].

The reason for this analysis of the degree of independence of hash
functions is to quantify the “strength” of the functions that is required.
In many cases, it is shown that summaries require only 2-wise (pair-
wise) or 4-wise independent hash functions. In other cases, the analysis
makes the assumption that the hash functions are “fully independent”
for convenience of analysis, even though this assumption is technically
unrealistic: hash functions which guarantee to act independently over
very many items require a lot of space to represent. In practice, func-
tions without this strict guarantee are used, without any reported prob-
lem.

Where fully independent hash functions are needed, some widely
adopted hash function (without full independence) is typically used.
Cryptographic hash functions are ones that are designed to provide hash
values that are very difficulty to invert: given the hash value, it should
be impossible to find what input it was applied to, short of trying all
possibilities. Well-known examples include MD5, SHA-1 and SHA-3.
However, such functions tend to be much slower than pairwise inde-
pendent hash functions, as they apply multiple rounds of expensive op-
erations to their inputs in order to mask the contents. This can be a bot-
tleneck in high-performance systems. Instead, non-cryptographic hash
functions may be most suitable. These do not aim to provide the level
of non-invertibility of the cryptographic counterparts; rather they seek
to ensure that the output appears random given the input. They are
constructed based on combining parts of their input through fast op-
erations (such as exclusive-or and bit shifts) with carefully chosen con-
stants. A popular example is the murmurhash function2 which can be
implemented using a small number of fast low-level bit-manipulation
operations, and has been found to be very effective for applications
such as those discussed here.

2 https://github.com/aappleby/smhasher
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As a rough guide, the simplest pairwise independent hash functions
are the fastest, and can be evaluated many hundreds of millions of
times per second on a single processor core. Four-wise independence is
about half the speed of pairwise. Murmurhash is of comparable speed,
while SHA-1 and MD5 are about four times slower. Some example
numbers from experiments on a commodity CPU indicate that pairwise
hash functions can easily process in excess of 500 million 32-bit keys
in 1 second, while fourwise hash functions can manage 250 million,
murmurhash 200 million, and SHA-1/MD5 around 50 million. This in-
dicates that cryptographic hash functions can be 10 times slower than
simple pairwise hashing.

1.5 Organization of the Book

This book is primarily intended as an introduction and reference for
both researchers and practitioners whenever the need of some kind of
data summarization arises. It is broken into two main parts. The first
part of the book introduces the principle examples of the algorithms
and data structures which form the summaries of interest. For each
summary described in detail in the main text, we provide description
under several standard headings. We first provide a Brief Summary of
the summary to describe its general properties and operation. The bulk
of the description is often in describing the details of the Operations
on the summary (such as INITIALIZE, UPDATE and QUERY). These are
illustrated with an Example and described in pseudocode where ap-
propriate, to give a more formal outline of the key operations. Some-
times Implementation Issues and Available Implementations are also
discussed. More detailed analysis, including technical explanations of
summary properties, is given under Further Discussion, with the in-
tention that the reader can achieve a basic understanding and be able
to use the summary without reading this part. Finally, some History
and Background is outlined with links to further reading and alterna-
tive approaches.

The second part of the book looks at more complex summary tech-
niques for specific kinds of data (such as geometric, graph or matrix
data), which combine or build upon the fundamental summaries. It
also describes how to modify summary techniques to accommodate
weights and time-decay. Here, we relax the constraints on the presen-
tation, and provide more general high-level descriptions of the sum-
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maries, and their applications. We also discuss lower bounds, which
provide limitations on what it is possible to summarize within a cer-
tain amount of memory space.
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Summaries for Sets

This chapter studies some fundamental and commonly used summaries
for sets. The input consists of items drawn from a universe U, which
define the set A to be summarized. By definition, a set does not con-
tain duplicated items, but the input to the summary may or may not
contain duplicates. Some summaries are able to remove duplicates au-
tomatically, while others treat each item in the input as distinct from
all others. This will be pointed out explicitly when each summary is
described.

The summaries described in this chapter address the following tasks:

• Approximately large quantities with few bits: the MorrisCounter (Sec-
tion 2.1).

• Maintaining a random sample of unweighted items: the Random-
Sample (Section 2.2).

• Maintaining random samples where items in the set also have (fixed)
weights: the WeightedRandomSample and PrioritySample summaries
(Section 2.3 and Section 2.4).

• Estimating the number of distinct items in a collection: the KMV and
HLL summaries (Section 2.5 and Section 2.6).

• Approximately representing the members of a set in a compact for-
mat: the BloomFilter (Section 2.7)

2.1 Morris Approximate Counter

Brief Summary. The very first question one could ask about a set is its
cardinality. When no duplicates are present in the input, counting the
items in the set A can be trivially done with a counter of log |A| bits. The

31
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MorrisCounter summary provides an approximate counter using even
fewer bits. Instead of increasing the counter for every item, a random
process determines when to increase the counter, as a function of the
current state of the counter.

Note that the MorrisCounter cannot deal with duplicates in the input;
please use the summaries described in Section 2.5 and 2.6 if this is the
case.

Algorithm 2.1: MorrisCounter: UPDATE ()

1 Pick y uniform over [0, 1];
2 if y < b−c then c← c + 1;

Algorithm 2.2: MorrisCounter: QUERY ()

1 return (bc − 1)/(b − 1);

Operations on the summary. The MorrisCounter summary is simply a
counter c, with a parameter 1 < b ≤ 2, that can be thought of as the
(number) base over which the counter operates. The INITIALIZE (b) op-
eration sets the counter to 0 and locks in the value of b. The UPDATE

operation updates the counter when a new item is added to A. Specif-
ically, UPDATE increases c by 1 with probability b−c, and leaves it un-
changed otherwise. Informally, we expect b items for this counter to go
from 1 to 2, then a further b2 to reach 3, b3 more to reach 4, and so on in a
geometric progression. This justifies the fact that the QUERY operation
shown in Algorithm 2.2 provides an estimated count as bc−1

b−1 .
The analysis of this summary indicates that setting b = 1 + 2ε2δ is

sufficient to provide ε-relative accuracy of counts with probability at
least 1 − δ. When |A| = n, this suggest that the counter c should go up
to log((b − 1)n)/ log b = O( 1

ε2δ
log ε2δn), and therefore requires O(log 1

ε
+

log 1
δ
+log log ε2δn) bits. This can be much more compact than the dlog n+

1e bits required to keep an exact count of up to n items when n is very
large indeed.

Algorithm 2.3: MorrisCounter: MERGE (ca, cb)

1 α = min(ca, cb), β = max(ca, cb) ;
2 for j← 0 to α − 1 do
3 Pick y uniform over [0, 1];
4 if y < b j−β then β← β + 1;

5 return β;

To MERGE together two MorrisCounter summaries that used the same
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base b, we can pick the larger of the two counters as the primary, and
use the smaller to determine whether to further increase it. Let β de-
note the current count of the larger counter, and α denote the smaller
counter. We perform α tests to determine whether to increment β. We
increment βwith probability bi−β for i from 0 to α−1. This corresponds to
stepping through the α items that prompted increments in the smaller
counter. Algorithm 2.3 details the MERGE algorithm, incrementing the
larger counter based on the appropriate conditional probabilities im-
plied by the smaller counter.

Example. We set b = 2, and consider a stream of 9 items. The below
table shows a sample state of the counter after each of these.

Timestep 1 2 3 4 5 6 7 8 9
c 1 1 1 2 2 3 3 3 3

After 9 items, the counter records 3, which corresponds to an estimate
of 7.

Given two MorrisCounter summaries using base 2 which both con-
tain 3, we MERGE by starting with a counter of 3. We first increment
this with probability 20−3 = 1/8; say this test does not pass. Then we
increment with probability 21−3 = 1/4. Suppose in this example, the test
passes, so we now have a counter of 4. Finally, we increment with prob-
ability 22−4 = 1/4 (note, we use the current value of the counter). In our
example, this test does not pass, so we conclude with a merged counter
with count of 4, representing an estimate of 15.

Implementation Issues. To draw a random value with probability b−c,
it is convenient to choose b based on a power of two, such as b =

1 + 1/(2` − 1) for some integer `. The test with probability 1/b passes
with probability (2` − 1)/2`, which can be done by generating ` uniform
random bits — for example, if not all of the bits are zero. The test with
probability b−c passes if c instances of the previous test pass. This re-
quires a lot of randomness, and so can be approximated using a single
floating-point random value tested against b−c.

Further Discussion. The analysis of the expectation of the esti-
mate bc−1

b−1 under a sequence of UPDATE operations essentially shows
that at each step, the expected change in the estimated count is one.
Formally, let Xn denote the output of the counter after n UPDATE
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operations, and let Cn denote the value of the stored count c. Then,
inductively,

E[Xn] =
∑

c

Pr[Cn = c]
bc − 1
b − 1

=
∑

c

(
Pr[Cn−1 = c − 1]b−c + Pr[Cn−1 = c](1 − b−c)

) bc − 1
b − 1

=
∑

c

Pr[Cn−1 = c]
(
b−c bc+1 − 1

b − 1
+ (1 − b−c)

bc − 1
b − 1

)
(regrouping the terms)

=
∑

c

Pr[Cn−1 = c]
bc − 1
b − 1

+ 1

= E[Xn−1] + 1.

Therefore, since X0 = 0, we have that E[Xn] = n. For the variance,
we first define Yn = Xn + 1

b−1 and compute

E[Y2
n ] =

∑
c

Pr[Cn = c]
(

bc

b − 1

)2

=
∑

c

Pr[Cn−1 = c]
(
b−c( bc+1

b − 1
)2

+ (1 − b−c)
( bc

b − 1
)2
)

=
∑

c

Pr[Cn−1 = c]
(( bc

b − 1
)2

+
b−c

(b − 1)2 ((bc+1)2 − (bc)2)
)

(regrouping)

=E[Y2
n−1] +

∑
c

Pr[Cn−1 = c]
b−c

(b − 1)2 (bc+1 − bc)(bc+1 + bc)

=E[Y2
n−1] + (b + 1)

∑
c

Pr[Cn−1 = c]
bc

b − 1

=E[Y2
n−1] + (b + 1)E[Yn−1]

=E[Y2
n−1] + (b + 1)(n − 1)

=E[Y2
0 ] + (b + 1)

n−1∑
i=0

i.

Thus, since Y0 = 1
b−1 , we have

E[X2
n] = E[

(
Yn −

1
b − 1

)2

] ≤ E[Y2
n − Y2

0 ] =
1
2

(b + 1)n(n − 1),
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and so

Var[Xn] ≤
1
2

(b + 1)n2 − n2 =
1
2

(b − 1)n2.

Via the Chebyshev inequality, we then have

Pr[|Xn − n| ≥ εn] ≤
1
2

(b − 1)n2/ε2n2 =
b − 1
2ε2 .

Therefore, if we choose b ≤ 1 + 2ε2δ, we have the desired bound.
Alternately, we can take b ≤ 1+ε2 to have this hold with probability
at most 1

2 . Then taking the median of O(log 1/δ) estimates will re-
duce the error probability to δ, via the Chernoff bounds argument
of Section 1.4.1.

To merge two MorrisCounter summaries, it is helpful to think of
the random decision of whether to update the counter as being de-
termined by a random variable Y which is uniform over the range
[0, 1]. The test at a step with probability b−c is passed when Y < b−c,
i.e., Pr[Y < b−c] = b−c. Associate the ith update with such a random
variable, Yi. Then fix these choices over the series of updates, that
is, imagine that there is a fixed yi value associated with each up-
date. Now imagine taking the sequence of updates associated with
the second (smaller) counter, and applying them as updates to the
first (larger) counter, with this now fixed set of yi values. The result
is an updated counter which reflects the full set of updates, and
has the correct distribution.

We now argue that there is enough information in the smaller
counter that describes the set of yi values observed to exactly sim-
ulate this process, without explicit access to them. First, consider
those UPDATE events which did not change the value of the smaller
counter. These must have been associated with yi values greater
than b−c, where c is the value of the larger counter: since the smaller
counter ended with a value at most c, these updates could not
have had such a small yi value, else they would have changed the
counter. This leaves the UPDATE events that caused the smaller
counter to increase from j to j + 1. Here, the corresponding Y value
must have been less than b− j. Beyond this, we have no informa-
tion. Since the Y random variable is uniform, conditioned on the
fact that yi < b− j, Yi is uniform in the range [0, b− j]. Therefore, the
probability that Yi is below b−c is b−c/b− j = b j−c. It is acceptable to
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make this randomized test at the time of the merge, by invoking
the principle of deferred decisions.

History and Background. The notion of the approximate counter was
first introduced by Morris in 1977 [189]. It is sometimes regarded as
the first non-trivial streaming algorithm. A thorough analysis was pre-
sented by Flajolet in 1985 [104]. The analysis presented here follows
that of Gronmeier and Sauerhoff [125]. The generalization to addition
of approximate counters does not appear to have been explicitly con-
sidered before. The summary is considered a basic tool in handling
very large data volumes, and can be applied in any scenario where
there are a large number of statistics to maintain, but some inaccuracy
in each count can be tolerated — for example, in maintaining counts
of many different combinations of events that will instantiate a ma-
chine learned model. An early application of the MorrisCounter was
to count the frequencies of combinations of letters in large collections
of text with few bits per counter. Such frequency counts can be used to
give more effective data compression models, even with approximate
counts. Some additional historical notes and applications are described
by Lumbroso [175].

2.2 Random Sampling

Brief Summary. A random sample is a basic summary for a set that can
be used for a variety of purposes. Formally, a RandomSample (without
replacement) of size s of a set A is a subset of s items from A (assuming
|A| ≥ s, and treating all members of A as distinct) such that every subset
of s items of A has the same probability of being chosen as the sample.

The random sampling algorithms described in this section cannot
handle duplicates in the input, i.e., if the same item appears multiple
times, they will be treated as distinct items, and they will all get the
chance to be sampled. If the multiplicities should not matter, please see
distinct sampling in Section 3.9.

Operations on the summary. Let S be the random sample. In order
to UPDATE and MERGE random samples, we also need to store n, the
cardinality of the underlying set A, together with S . To INITIALIZE the
summary with a set A of size s, we set S = A and n = s. To UPDATE the
summary with a new item x (which is not in A yet), we first increment n
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Algorithm 2.4: RandomSample: UPDATE (x)

1 n← n + 1;
2 Pick i uniformly from {1, . . . , n};
3 if i ≤ s then S [i]← x;

by 1. Then, with probability s/n, we choose an item currently in S uni-
formly at random and replace it by x; and with probability 1 − s/n we
discard x. Algorithm 2.4 implements the UPDATE procedure by keeping
the sampled items S in an array indexed from 1 to s. This way, the de-
cision whether to add the new item and which existing item to replace
can be combined by generating one random number. This also ensures
that items in S are randomly permuted (for this to be true, we need to
have randomly permuted S in the INITIALIZE step, too).

Algorithm 2.5: RandomSample: MERGE ((S 1, n1), (S 2, n2))

1 k1 ← 1, k2 ← 1;
2 for i← 1 to s do
3 Pick j uniformly over {1, . . . , n1 + n2};
4 if j ≤ n1 then
5 S [i]← S 1[k1];
6 k1 ← k1 + 1;
7 n1 ← n1 − 1;
8 else
9 S [i]← S 2[k2];

10 k2 ← k2 + 1;
11 n2 ← n2 − 1;

12 return (S , n1 + n2 + s);

Next we describe how to MERGE two random samples S 1 and S 2,
drawn from two sets A1 and A2 of cardinality n1 and n2, respectively. We
proceed in s rounds, outputting one sampled item in each round. In the
i-th round, with probability n1/(n1+n2) we randomly pick an item x in S 1

to the new sample, then remove x from S 1 and decrement n1 by 1; with
probability n2/(n1 + n2) we randomly pick an item x from S 2 to output
to the sample, then remove it from S 2 and decrement n2. Algorithm 2.4
implements the MERGE procedure, assuming that the two samples are
stored in uniformly random order. Then the MERGE simply builds the
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new sample by picking the next element from either S 1 or S 2 step by
step.

Example. Suppose we are given a sequence of 10 items numbered from
1 to 10 in order. The random sample is initialized to contain the first
three items after random permutation, say, [1, 3, 2]. Further suppose
that the random numbers generated in line 2 of Algorithm 2.4 are 2, 5,
3, 3, 7, 9, 1. Then, the content of the array S will be as follows after each
item has been processed by UPDATE.

After INITIALIZE: [1, 3, 2];
After item 4: [1, 4, 2];
After item 5: [1, 4, 2];
After item 6: [1, 4, 6];
After item 7: [1, 4, 7];
After item 8: [1, 4, 7];
After item 9: [1, 4, 7];
After item 10: [10, 4, 7];

Further Discussion. To see why UPDATE and MERGE draw a ran-
dom sample, we relate random sampling to random shuffling, where
an array A is randomly permuted in a way such that each permu-
tation is equally likely. Then a random sample can be obtained by
picking the first s items in the permutation.

One method for doing random shuffling is the Fisher-Yates shuf-
fle. Given an array A (indexed from 1 to n), the procedure works as
follows.

Algorithm 2.6: Fisher-Yates shuffle

1 for i← 1 to n do
2 Pick j randomly from {1, . . . , i};
3 Exchange A[i] and A[ j];

By an easy induction proof, we can show that every permutation
is possible by the above procedure. On the other hand, the proce-
dure generates exactly n! different sequences of random numbers,
each with probability 1/n!, so every permutation must be equally
likely. Now, we see that if we only keep the first s items of A, each
iteration of the Fisher-Yates shuffle algorithm exactly becomes the
UPDATE algorithm described earlier.
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To see that MERGE is also correct, imagine a process that per-
mutes all the items in A1 and A2 randomly and chooses the first s
of them, which form a random sample of size s from A1∪A2. Using
the principle of deferred decisions, the first item in the permuta-
tion has probability n1/(n1 + n2) of being from A1, and conditioned
upon this, it is a randomly picked item from S 1. This is exactly how
the MERGE algorithm picks the first sampled item for A1 ∪ A2. Car-
rying out this argument iteratively proves the correctness of the
algorithm.

The algorithms above maintain a random sample without re-
placement. If a random sample with replacement is desired, one
can simply run s independent instances of the above algorithm,
each maintaining a random sample of size 1 without replacement.

History and Background. The UPDATE algorithm is referred to as the
reservoir sampling algorithm in the literature, first formalized by Knuth
[160], who attributes it to Alan G. Waterman. The shuffling algorithm
above was first described by Fisher and Yates in 1938, and later formal-
ized by Durstenfeld [94]. The reservoir sampling algorithm has been
frequently rediscovered (and used as an interview question for tech-
nical positions), but the proof being offered often only proves that the
procedure samples each item with probability s/n. This is only a nec-
essary condition for the sample to be a random sample. One can also
use the definition of random sample, that is, every subset of s items is
equally likely to be in the sample, but the correspondence to the Fisher-
Yates shuffle yields the cleanest proof. Vitter [229] made a comprehen-
sive study of reservoir sampling algorithm. In particular he considered
the case where there is a constant-time “skip” operation that can be
used to skip a given number of items in the input, and gave optimal
reservoir sampling algorithms in this setting. The MERGE algorithm for
merging two random samples appears to be folklore.

The applications of random sampling are so broad as to defy a con-
cise summation. Suffice it to say, many statistical applications take a
random sample of data on which to evaluate a function of interest. Ran-
dom samples are used with many computer systems to estimate the
cost of different operations and choose which method will be most ef-
ficient. Many algorithms use random samples of the input to quickly
compute an approximate solution to a problem in preference to the
slower evaluation on the full data.
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Available Implementations. A version of reservoir sampling is
implemented in the DataSketches library, with discussion at https:
//datasketches.github.io/docs/Sampling/ReservoirSampling.
html. Experiments on commodity hardware show that speeds of
tens of millions of UPDATE operations per second are achievable.
Performing a MERGE depends on the size of the sample, but takes
less than 1ms for samples of size tens of thousands.

2.3 Weighted Random Sampling

Brief Summary. In many situations, each item x ∈ A is associated with
a positive weight wx > 0. Naturally, when we maintain a random sam-
ple of size s over weighted items, we would like to include an item i
in the sample with probability proportional to wi. In this section, we
describe a WeightedRandomSample that achieves this goal. More pre-
cisely, since a probability cannot be greater than 1, item x will be in-
cluded in the sample with probability px = min{1,wx/τ}, where τ is the
unique value such that

∑
x∈A px = s. Note that the value of τ solely de-

pends on the weights of the items. This is assuming s ≤ n, where n is the
size of the underlying set A from which the sample is drawn. If s > n,
we take all elements in A as the sample and set τ = 0. We refer to τ as
the sampling threshold, as all items with weight greater than τ are guar-
anteed to be in the sample. Note that when all weights are 1, we have
τ = n/s, so px = 1/τ = s/n for all x, and the WeightedRandomSample
degenerates into a RandomSample.

Similar to a RandomSample, the WeightedRandomSample cannot
handle duplicates in the input, i.e., each distinct item can be added to
the WeightedRandomSample only once with a given weight, which can
no longer be changed.

The most important QUERY on a WeightedRandomSample is to ask
for the total weight of all items in some subset Q ⊆ A. If Q were given
in advance, the problem would be trivial, as we can check if an item
is in Q when the item is inserted to the summary. In many practical
situations, Q is not known in advance. For example, in Internet traffic
analysis, an item is an IP packet with various attributes like source IP,
source port, destination IP, destination port, etc., while the packet size
is the weight. Very often, many analytical questions are ad hoc and will
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be asked after the streaming data has passed. For example, a customer
might be interested in the total traffic volume of a certain application,
which uses a specific source port and destination port. He or she might
further narrow down the query to the traffic between two specific net-
work domains. Such exploratory studies require a summary that sup-
ports estimating the total weight of an arbitrary subset.

Operations on the summary. Let S be the random sample. In addition,
for each item x ∈ S , we maintain an adjusted weight w̃x = wx/px. In
fact, the original weight wx and the sampling probability px need not
be maintained; just maintaining w̃x would be sufficient. To INITIALIZE

the summary with a set A of size s, we set S = A and w̃x = wx for all
x ∈ S . We split S into a subset of large items L = {x ∈ S | w̃x > τ} and the
small items T = S \ L. Items in L are sorted by their adjusted weights.
We will maintain the invariant that w̃x = τ for all x ∈ T , so for items in
T , there is no need to record their adjusted weights explicitly. Initially,
the sampling threshold τ is 0, so T = ∅, L = S = A, and w̃x = wx for all
x ∈ L.

The procedure to UPDATE the sample with a new item y with weight
wy is described in Algorithm 2.7. The details are a little more involved
than the unweighted case, since it has more cases to handle based on
whether items have weight above or below τ. The basic idea is to take a
WeightedRandomSample of size s out of the s + 1 items, which consist
of the s items in the summary plus the new one to be inserted. In this
process, for the new item, we use its original weight, while for items
in the current sample, we use their adjusted weights. This ensures that
items survive in the sample with the correct probabilities.

We will build a set X (implemented as an array) with items outside
of T and L whose weights we know are smaller than the new threshold
τ′ > τ. To start, if wy is less than the current threshold τ, we set X ← {y};
otherwise item y is considered large, and so we set X ← ∅ and insert y
into L (lines 3–6). Then, we are going to move items from the current
L to X until L contains only items with weights greater than the new
threshold τ. For that purpose, we will maintain the sum W of adjusted
weights in X ∪ T . The sum of T is known as τ|T | (line 2), to which we
add wy if wy < τ (line 6).

Then we remove items in L in the increasing order of their weights.
Let the current smallest item in L be h. We move h from L to X if setting
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Algorithm 2.7: WeightedRandomSample: UPDATE (y)

1 X ← ∅, w̃y = wy;
2 W ← τ|T |;
3 if wy > τ then insert y into L;
4 else
5 X ← {y};
6 W ← W + w̃y;

7 while L , ∅ and W ≥ (s − |L|)(minh∈L w̃h) do
8 h← arg minh∈L w̃h;
9 move h from L to X;

10 W ← W + w̃h;

11 τ← W/(s − |L|);
12 generate r uniformly random from [0, 1];
13 i← 1;
14 while i ≤ |X| and r ≥ 0 do
15 r ← r − (1 − w̃X[i]/τ);
16 i← i + 1;

17 if r < 0 then remove X[i − 1] from X;
18 else remove an item from T chosen uniformly at random;
19 T ← T ∪ X;

τ′ = w̃h is not enough to reduce the sample size to s, i.e.,

W/w̃h + |L| ≥ s, (2.1)

which is the same as the condition checked in line 7. Whenever (2.1) is
true, we move h from L to X while adding w̃h to W (lines 9–10). We re-
peat this step until L is empty or (2.1) is violated. Then we can compute
the new threshold so that

W/τ′ + |L| = s,

i.e., τ′ = W/(s − |L|) (line 11).
The remaining task is to find an item to delete so that each item re-

mains in the sample with the right probability. More precisely, items in
L must all remain in the sample, while an item x ∈ T ∪ X should re-
main with probability w̃x/τ

′, i.e., it should be deleted with probability
1 − w̃x/τ

′. Recall that all items in T have the same adjusted weights, so
the implementation can be made more efficient as described in lines 12–
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18. Here, the value of r chosen uniformly in [0, 1] is used to select one
to delete.

The running time of the UPDATE algorithm can be analyzed quite
easily. Inserting an item in to the sorted list L takes O(log s) time. The
rest of the algorithm takes time proportional to |X|, the number of items
being moved from L to T . Since an item is moved at most once, the
amortized cost is just O(1).

One can see that if all items have weight 1, then L is always empty,
τ = s/n where n is the total number of items that have been added, and
Algorithm 2.7 does indeed degenerate into Algorithm 2.4.

Algorithm 2.8: WeightedRandomSample: MERGE (S 1 =

(τ1,T1, L1), S 2 = (τ2,T2, L2), τ1 ≥ τ2)

1 merge L1 and L2 into L;
2 T ← T1,W ← τ1|T |;
3 for d ← 1 to |L2| do
4 X ← ∅;
5 run lines 7–19 of Algorithm 2.7 replacing s with s + |L2| − d;

6 for d ← 1 to |T2| do
7 X ← {T2[d]};
8 W ← W + τ2;
9 run lines 7–19 of Algorithm 2.7;

10 return S = (τ,T, L);

To merge two samples S 1 = (τ1,T1, L1) and S 2 = (τ2,T2, L2) one can in-
sert items from one sample to the other (using their adjusted weights)
by repeatedly calling UPDATE, which would take O(s log s) time. Ob-
serving that the bottleneck in Algorithm 2.7 is to insert the new item
into the sorted list L (line 3), we can improve the running time to O(s)
by first inserting all items in L2 in a batch, and then inserting the items
in T2 one by one, as described in Algorithm 2.8. To insert all items in
L2, we first merge L1 and L2 into one combined sorted list. Since both
L1 and L2 are already sorted, the merge takes O(s) time. Then we itera-
tively reduce the sample size back to s, following the same procedure
as in the UPDATE algorithm. Next, we insert all items of T2 one by one
using the same UPDATE algorithm. One trick is that if we make sure
τ1 ≥ τ2 (swapping S 1 and S 2 if needed), then the adjusted weight of all
the items to be inserted, which is τ2, is always smaller than the current
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τ ≥ τ1, so we will never need to insert them into L, saving the O(log s)
cost in the UPDATE algorithm.

For any subset Q ⊆ A, let w(Q) =
∑

x∈Q wx. One can QUERY a Weight-
edRandomSample S for w(Q) for an arbitrary subset Q ⊆ A, by sim-
ply returning w̃(Q) =

∑
x∈S∩Q w̃x, that is, we simply add up all adjusted

weights of the items in the sample that fall in Q. This turns out to be an
unbiased estimator of the true total weight w(Q) with strong guarantees
on the variance, as discussed later.

Example. Suppose we are to maintain a weighted random sample of
size s = 4 over a sequence of 8 items numbered from 1 to 8 in order. The
following example shows one possible execution of the UPDATE algo-
rithm, together with the contents of τ,T, L, and X. We use the notation
x : wx to denote an item x with weight wx or adjusted weight w̃x. Note
that all items in T have the same adjusted weight τ.

INITIALIZE: τ = 0, L = [2 : 1, 3 : 3, 1 : 4, 4 : 8],T = ∅;
UPDATE (5 : 3): Add 5 : 3 to L: L = [2 : 1, 3 : 3, 5 : 3, 1 : 4, 4 : 8]

New τ = 7/2, X = [2 : 1, 3 : 3, 5 : 3]
Deletion probabilities: 2 : 5/7, 3 : 1/7, 5 : 1/7
Suppose item 3 is deleted
T = {2, 5}, L = [1 : 4, 4 : 8];

UPDATE (6 : 5): Add 6 : 5 to L : L = [1 : 4, 6 : 5, 4 : 8]
New τ = 16/3, X = [1 : 4, 6 : 5]
Deletion probabilities: 2 : 11/32, 5 : 11/32, 1 : 1/4, 6 : 1/16
Suppose item 5 is deleted
T = {1, 2, 6}, L = [4 : 8];

UPDATE (7 : 1): Add 7 : 1 to X : X = [7 : 1]
New τ = 17/3, X = [7 : 1]
Deletion probabilities: 1 : 1/17, 2 : 1/17, 6 : 1/17, 7 : 14/17
Suppose item 7 is deleted
T = {1, 2, 6}, L = [4 : 8];

UPDATE (8 : 7): Add 8 : 7 to L : L = [8 : 7, 4 : 8]
New τ = 8, X = [8 : 7, 4 : 8]
Deletion probabilities: 1 : 7/24, 2 : 7/24, 6 : 7/24, 8 : 1/8, 4 : 0
Suppose item 1 is deleted
T = {2, 4, 6, 8}, L = ∅.

Next, suppose we want to merge two weighted samples S 1 = (τ1 =

4,T1 = {1, 2}, L1 = {3 : 5, 4 : 6}) and S 2 = (τ2 = 3,T2 = {5}, L2 = {6 :
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4, 7 : 4, 8 : 11}). We first merge L1 and L2 into L, and then perform the
deletions iteratively, as follows.

Merge L1, L2: T = {1, 2}, L = [6 : 4, 7 : 4, 3 : 5, 4 : 6, 8 : 11];
s = 6: New τ = 21/4, X = [6 : 4, 7 : 4, 3 : 5]

Deletion probabilities: 1 : 5/21, 2 : 5/21, 6 : 5/21, 7 : 5/21, 3 : 1/21
Suppose item 1 is deleted
T = {2, 6, 7, 3}, L = [4 : 6, 8 : 11];

i = 5: New τ = 27/4, X = [4 : 6]
Deletion probabilities: 2 : 2/9, 6 : 2/9, 7 : 2/9, 3 : 2/9, 4 : 1/9
Suppose item 7 is deleted
T = {2, 6, 3, 4}, L = [8 : 11];

i = 4: New τ = 9, X = ∅

Deletion probabilities: 2 : 1/4, 6 : 1/4, 3 : 1/4, 4 : 1/4
Suppose item 3 is deleted
T = {2, 6, 4}, L = [8 : 11].

Next, we insert items in T2 one by one, each with weight τ2 = 3.

UPDATE (5 : 3): X = [5 : 3],W = 30
New τ = 10, X = [5 : 3]
Deletion probabilities: 2 : 1/10, 6 : 1/10, 4 : 1/10, 5 : 7/10
Suppose item 5 is deleted
T = {2, 6, 4}, L = [8 : 11];

Further Discussion. There is no clear generalization of the classi-
cal random sample definition that “every subset of size s is sam-
pled with equal probability” to the weighted case. Nevertheless,
the WeightedRandomSample described above has the following
nice properties, which are sufficient to derive strong statistical prop-
erties regarding the estimation of an arbitrary subset sum.

(i). Inclusion probabilities proportional to size (IPPS). Each item x
is sampled with probability px = min{1,wx/τ}, where τ is the
unique value such that

∑
x∈A min{1,wx/τ} = s if s < n; otherwise

τ = 0, meaning that all items are sampled. A sampled item is
associated with adjusted weight w̃x = wx/px. Set w̃x = 0 if x is
not sampled. It is easy to see that E[w̃x] = wx, and w̃x is known
as the Horvitz-Thompson estimator.
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(ii). The sample size is at most s. Together with (i), this means that
the sample size must be min{s, n}.

(iii). No positive covariances, i.e., for any two distinct x, y ∈ A,Cov[w̃x, w̃y] ≤
0.

Let SAMPLEs(I) be a procedure that takes a sample of size s from
a set of weighted items I so that properties (i)–(iii) above are sat-
isfied. It turns out such a SAMPLEs can be constructed recursively,
as follows. Let I1, . . . , Im be disjoint nonempty subsets of I, and let
s1, . . . , sm ≥ s. Then

SAMPLEs(I) = SAMPLEs

 m⋃
i=1

SAMPLEsi (Ii)

 . (2.2)

Here, when running SAMPLE on a sample produced by another call
to SAMPLE, we simply treat the adjusted weights of the items as if
they were their original weights. We omit the correctness proof of
this recurrence, which can be found in [58]. Here, we only show
how it leads to the UPDATE and MERGE algorithms described ear-
lier.

First, the trivial base case of SAMPLEs is when I has at most s
items, in which case SAMPLEs(I) = I. We need another base case
when I has s + 1 items, denoted SAMPLEs,s+1. In this case an item
needs to be deleted at random with appropriate deletion proba-
bilities. To determine the deletion probabilities, we first find the
correct value of τ. Then, item x should be sampled with probabil-
ity px = max{1,wx/τ}, i.e., should be deleted with probability 1− px.
After a randomly chosen item has been dropped, we compute the
adjusted weights of the remaining items as w̃x = wx/px, which is τ
if wx ≤ τ, and wx if wx > τ.

To use this for the UPDATE algorithm, we specialize (2.2) with
m = 2, s1 = s2 = s, I1 = A, I2 = {y}. Note that SAMPLEs(I2) = {y}. Then
the UPDATE algorithm becomes exactly SAMPLEs,s+1, by treating
the adjusted weights of items in SAMPLEs(A) as their weights. To
reduce the running time, we exploit the observation above, main-
taining the items in two lists T and L. All items in T have the same
adjusted weights τ, while items in L have their adjusted weights
equal to their original weights.

To compute a merged sample SAMPLEs(A) from SAMPLEs(A1)
and SAMPLEs(A2), where A = A1 ∪ A2, A1 ∩ A2 = ∅, recurrence (2.2)



DRAFT

2.3 Weighted Random Sampling 47

says that we can simply run SAMPLEs on SAMPLEs(A1)∪SAMPLEs(A2)
treating their adjusted weights as their weights. To do so, we insert
each item in SAMPLEs(A2) into SAMPLEs(A1) one by one by the UP-
DATE algorithm. The MERGE algorithm described above is just a
more efficient implementation of this process.

Now we discuss the statistical properties of the subset sum es-
timator w̃(Q) =

∑
x∈S∩Q w̃x. First, because item x is sampled with

probability px, and when it is sampled, its adjusted weight is set to
wx/px, and to 0 otherwise. Thus, we have

E[w̃x] = px · wx/px = wx,

i.e., w̃x is an unbiased estimator of wx. Because each w̃x is unbiased,
the unbiasedness of w̃(Q) follows trivially. The variance of w̃(Q)
enjoys the following three forms of guarantees.

1. Average variance: Consider all the subsets Q ⊆ A of size m ≤ n.
Their average variance is

Vm =

∑
Q⊆A,|Q|=m Var[w̃(Q)](

n
m

) .

It has been shown that [216]

Vm =
m
n

(
n − m
n − 1

ΣV +
m − 1
n − 1

VΣ

)
,

where

ΣV =
∑
x∈A

Var[w̃x],

VΣ = Var

∑
x∈A

w̃x

 .
It is known [206] that the IPPS property (i) uniquely minimizes
ΣV under a given sample size s. Also, as seen earlier, w̃x is either
τ (when wx ≤ τ and x is sampled) or wx (when wx ≥ τ, in which
case x must be sampled). Since τ is deterministic,

∑
x∈A w̃x is also

deterministic due to property (ii). So VΣ = 0. Therefore we con-
clude that Vm is minimized simultaneously for all values of m,
among all sampling schemes under a given sample size s.
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2. Expected variance: Let Wp denote the expected variance of a ran-
dom subset Q including each item x ∈ A independently with
some probability p. It is also shown that [216]

Wp = p((1 − p)ΣV + pVΣ).

Thus by the same reasoning, Wp is minimized for all values of
p.

3. Worst-case variance: Combining the IPPS property (i) and the
non-positive covariance property (iii), we can also bound Var[w̃(Q)]
for any particular Q. Since each individual w̃x is wx/px with prob-
ability px and 0 otherwise, its variance is Var[w̃x] = w2

x(1/px − 1).
Observing that τ ≤ w(A)/s, so px = max{1,wx/τ} ≥ min{1, swx/w(A)}.
If px = 1, then Var[w̃x] = 0. Otherwise, we must have px ≥

swx/w(A), and we can give two bounds on Var[w̃x]:

Var[w̃x] < w2
x/px ≤ wxw(A)/s, (2.3)

or

Var[w̃x] < w2
x

(
w(A)
swx

− 1
)

=

(
w(A)

2s

)2

−

(
wx −

w(A)
2s

)2

≤

(
w(A)

2s

)2

.

(2.4)
Combining with the non-positive covariance property, we have

Var[w̃(Q)] ≤
∑

x∈Q Var[w̃x]. Plugging in (2.3) and (2.4) respectively
yields a weight-bounded variance Var[w̃(Q)] ≤ w(Q)w(A)/s, and
a cardinality bounded variance Var[w̃(Q)] ≤ |Q|(w(A)/2s)2.

History and Background. The development of the algorithms and anal-
ysis largely follows that of Cohen et al. [58], where it is referred to
as variance optimal, or VarOpt sampling. The UPDATE algorithm de-
scribed above has an amortized time cost of O(log s). This can be im-
proved to O(log log s) if we assume that the weights are integers or
finite-precision floating point numbers, by storing L in a priority queue
that supports fast updates (see the work of Thorup [220]). It can also be
shown that if the stream is randomly ordered, then the amortized cost
will be O(1). The MERGE algorithm is not explicitly described in [58],
though.

This version of weighted sampling was designed for the problem of
sampling effectively from massive streams of network data. Here, uni-
form sampling of data connections would tend to over-represent the
many small flows and miss the important large flows. Simply picking
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out the largest flows would not give a full picture of the entire distri-
bution. Weighted sampling allows the range of different flow sizes to
be better represented, and volume-based queries (what fraction of net-
work traffic is of a particular type, or headed to a particular set of desti-
nations) to be answered accurately. Further examples in the networking
domain are discussed by Duffield et al. [92].

Available Implementations. VarOpt sampling is implemented in
the DataSketches library, and is discussed at https://datasketches.
github.io/docs/Sampling/VarOptSampling.html, with rou-
tines implemented for UPDATE and MERGE procedure. The imple-
mentation also provides lower and upper bounds on the estima-
tions of subset sums.

2.4 Priority Sampling

Brief Summary. A PrioritySample is also a random sample over a set
A of weighted items, which can be used to estimate the total weight of
an arbitrary subset, as supported by a WeightedRandomSample. The
variance achievable by a PrioritySample is slightly worse than that of
WeightedRandomSample. However, its simpler implementation often
makes it a preferable choice in practice.

Operations on the summary. For each item x ∈ A with weight wx, we
generate an independent uniformly distributed random number αx ∈

(0, 1), and set its priority to qx = wx/αx. A PrioritySample S of size s
consists of the s items of the highest priority. The threshold τ is the
(s + 1)-st highest priority. The summary simply stores these items, their
weights and priorities, as well as the threshold τ. We can store them in
a priority queue so that new items can be added to the summary easily
in O(log s) time. Merging two such summaries can be also easily done
in O(s) time using the linear-time heap building algorithm [63].

For any subset Q ⊆ A, we can QUERY a PrioritySample S for w(Q) in
a similar way as on a WeightedRandomSample, by returning w̃(Q) =∑

x∈S∩Q w̃x. The only difference is that the adjusted weight w̃x is defined
as w̃x = max{wi, τ}. This is also an unbiased estimator of w(Q), but its
variance is slightly worse than WeightedRandomSample, as discussed
later.
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threshold

sample

original weight

priority

adjusted weight

Figure 2.1 Priority sampling of size s = 3 from a set of 9 weighted items.

Example. A graphical example of a PrioritySample is shown in Fig-
ure 2.1.

Further Discussion. We now show that for any x, w̃x is an unbi-
ased estimator of wx. In fact, we will prove a stronger result, that
E[w̃x] = wx regardless of the values of all αy, y ∈ A, y , x. Let τ′ be
the s-th highest of the priorities qy, y ∈ A, y , x. More formally, we
will show

E[w̃x | Λ(τ′)] = wx, (2.5)

where Λ(τ′) is the event that τ′ is the s-th highest in {qy : y ∈ A, y ,
x}. Proving (2.5) for any value τ′ implies that E[w̃x] = wx.

We first analyze the probability that item x is picked into the
sample S , conditioned on Λ(τ′). If qx < τ′, there are at least s pri-
orities higher than qx, so x will not be picked. If qx > τ′, then τ′

becomes the (s + 1)-st priority among all priorities, so τ = τ′ and x
will be picked into S . Thus,

Pr[x ∈ S | Λ(τ′)] = Pr[qx > τ
′] = Pr[αx < wx/τ

′] = min{1,wx/τ
′}.
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Therefore, we have

E[w̃x | Λ(τ′)] = Pr[x ∈ S | Λ(τ′)] · E[w̃x | x ∈ S ∩ Λ(τ′)]

= min{1,wx/τ
′} ·max{wx, τ

′}

= wx.

The last equality follows by observing that both the min and the
max take their first value iff wx > τ

′.
Therefore, PrioritySample also returns an unbiased estimator w̃(Q)

for any subset Q ⊆ A, like WeightedRandomSample. In addition to
unbiasedness, a PrioritySample also trivially has property (ii) sam-
ple size at most s, as well as (iii) no positive covariances, which
WeightedRandomSample enjoys as described in Section 2.3. In fact,
a PrioritySample has exactly 0 covariance between any w̃x and w̃y,
for x , y (see [91] for a proof).

However, the variance of PrioritySample is slightly worse than
that of WeightedRandomSample in the following two aspects. First,
PrioritySample does not have property (i) inclusion probabilities
proportional to size (IPPS). Although we have shown that con-
ditioned on Λ(τ′), the probability that x is sampled into S is in-
deed proportional to wx, it does not imply that the overall sam-
pling probability is proportional to wx. Therefore, PrioritySample
does not achieve the minimum ΣV that WeightedRandomSample
achieves. Nevertheless, as shown in [215], a PrioritySample with
sample size s + 1 can achieve a ΣV that is as good as the minimum
ΣV achievable by a WeightedRandomSample with sample size s.
Thus, the difference between the two sampling methods in terms
of ΣV is really negligible.

Second, we know from Section 2.3 that WeightedRandomSam-
ple has VΣ = 0. However, for a PrioritySample, we have VΣ = ΣV
(because the covariances are 0). So, it has larger variances for larger
subsets Q.

2.5 k Minimum Values (KMV) for set cardinality

Brief Summary. Similar to the MorrisCounter, the KMV summary also
counts the number of elements in the set being summarized. But unlike
the MorrisCounter, the KMV summary is able to remove duplicates in
the input automatically. In other words, KMV summarizes a multiset A



DRAFT

52 Summaries for Sets

of items and can be used to report the approximate number of distinct
items observed, i.e., to approximate the size of the support set. The ac-
curacy of the approximation determines the size of the summary, and
there is a small probability (δ) of giving an answer which is outside the
desired approximation guarantee (ε). The summary works by applying
a hash function to the input items, and keeping information about the
k distinct items with the smallest hash values. The size of the summary,
k, is determined by the accuracy parameters ε and δ.

Operations on the summary. One instance of a KMV summary can be
represented as a list of hash values, and corresponding items which led
to those hash values.

Algorithm 2.9: KMV:INITIALIZE (k)

1 Pick hash function h, and store k;
2 Initialize list L = ∅ for k item, hash pairs;

The INITIALIZE operation picks a hash function h mapping onto a
range 1 . . .R, and creates an empty list capable of holding up to k hashes
and items.

Algorithm 2.10: KMV: UPDATE (x)

1 if x < L then
2 L← L ∪ {(x, h(x))};
3 if |L| > k then Remove item x with largest hash value h(x)

from L;

Each UPDATE operation receives an item, and applies the function h
to it. If the item is already present in the list it is dropped, and need
not be stored. If the hash value is among the k smallest hash values,
the item and its hash value are stored in the list, and the list pruned
to retain only the k smallest. We use set notation to refer to the list of
items L, augmented so that we can find the kth largest hash value (Al-
gorithm 2.11). This can be supported with a heap data structure, linked
to a hash table to test for presence of an item.

Algorithm 2.11: KMV: QUERY ()

1 vk ← largest hash value in L;
2 return (k − 1) ∗ R/vk

To QUERY the summary for the estimated number of distinct items
seen, find the kth smallest hash value seen so far, as vk, and compute
the estimate as R(k − 1)/vk. If there are fewer than k values stored, then



DRAFT

2.5 k Minimum Values (KMV) for set cardinality 53

(a) KMV summary after 5 distinct items have been
processed

(b) KMV summary after 9 distinct items have been
processed

Figure 2.2 KMV summary with k = 3

these represent the set of distinct items seen, and so the exact answer
can be given.

To MERGE together two summaries (where, we require that both were
built using the same hash function h), and obtain a summary of the
union of the inputs, the two lists are merged, and the set of distinct
pairs of hashes and items is found. The k pairs corresponding to the k
smallest hash values are retained.

Example. Figure 2.2 shows a schematic representation of the KMV sum-
mary as items are processed, with k = 3. Different items are shown
as different colored balls, with each ball being represented as its hash
value, smallest on the left and largest on the right. Figure 2.2(a) shows
the status after 5 distinct items have been observed. The highlighted
items, corresponding to the 3 smallest hash values, are stored in the
summary. As more items arrive (Figure 2.2(b)), the summary is up-
dated: two new items enter the k smallest, and only information about
the current k smallest are stored. In this example, the ratio R/vk is ap-
proximately 4 (the kth smallest hash value falls about 1/4 of the way
along the range), and so the estimate given is 2 × 4 = 8, which is close
to the true answer of 9.

Further Discussion. The initial properties of KMV can be under-
stood as follows. Suppose that the input domain is the range 1...M,
and the output range R is chosen to be M3. This is large enough
that hash collisions are so unlikely we can discount them. Let the
hash function h be chosen from a family of pairwise independent
hash functions.

We now study the chance that the estimated answer D′ is much
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larger than the true answer, |A|. Suppose R(k − 1)/vk > (1 + ε)|A|
for some ε < 1. This implies that at least k items from the input
had a hash value that was below a value τ := R(k − 1)/(1 + ε)|A|,
i.e., vk was smaller than it should have been. We prefer to have the
dependence on ε in the numerator rather than the denominator, so
we upper bound this value of τ using the fact that ε < 1:

τ =
R(k − 1)
(1 + ε)|A|

≤
R(k − 1)
|A|

(
1 −

ε

2

)
.

Considering a single item x, the probability that its hash value is
below this threshold τ is at most

1
R
·

(
1 −

ε

2

) (k − 1)R
|A|

=

(
1 −

ε

2

) k − 1
|A|

:= p.

Note that technically, this probability should be slightly increased
by a small amount of 1/M, to account for rounding of the hash val-
ues; however, this does not significantly affect the analysis, so we
gloss over this quantity in the interest of keeping the expressions
clear to read.

For the analysis, we create Bernoulli random variables Xi for
each of the distinct items, indexed from 1 up to |A|, to indicate
the event that the item’s hash value is below τ. Each of these is
1 with probability at most p. Let Y be the sum of these |A| random
variables: a necessary condition for the estimate being too large is
Y ≥ k. We compute

E[Y] = |A|p ≤
(
1 −

ε

2

)
(k − 1).

The variance of Y can be computed as the sum of variances of the
Xis. Each Var[Xi] ≤ p(1 − p), and these are (pairwise) independent,
so

Var[Y] = |A|p(1 − p) ≤
(
1 −

ε

2

)
(k − 1).

We can then apply the Chebyshev inequality, to conclude that

Pr[Y ≥ k] ≤ Pr
[
|Y − E[Y]| >

ε

2
k
]
≤ 4

Var[Y]
ε2k2 ≤

4
ε2k

.

The analysis for the case that the estimate falls below (1 − ε)|A| is



DRAFT

2.5 k Minimum Values (KMV) for set cardinality 55

very similar. This occurs when fewer than k items hash below

(k − 1)R
(1 − ε)|A|

≥ (1 + ε)
(k − 1)R
|A|

.

As before, the probability of this can be bounded using the Cheby-
shev inequality over a summation of Bernoulli random variables
with parameter p′ := (1 + ε)(k − 1)/|A|. The estimate is too small
when more than k of these events occur out of the |A| trials. Thus
we can similarly show that the probability of this undesirable out-
come is bounded by 1

ε2k .
Combining these two probabilities, we have that

Pr[|R(k − 1)/vk − |A|| ≤ ε|A|] ≤
5
ε2k

To make this at most 1/4, we choose k = 20/ε2. To reduce the proba-
bility to δ, we repeat the process 4 log 1/δ times with different hash
functions and take the median estimate (following the argument of
Section 1.4.1). This implies that we need space to store 80/ε2 log 1/δ
items in total.

A tighter analysis was provided by [27]. They study higher mo-
ments of the estimator, under the assumption of fully random hash
functions, and show that the estimator is unbiased. They show
in particular that the variance of this estimator is proportional to
|A|2/k, and so setting k to 1/ε2 guarantees that the standard devi-
ation is proportional to ε|A|, which bounds the expected absolute
error. Thus the asymptotic performance is essentially the same: to
give an ε relative error, a summary of size proportional to 1/ε2 is
needed, but the true constants of proportionality are smaller than
the above basic analysis would indicate.

Unions, Intersections and Predicates. The MERGE operation corre-
sponds to computing a summary of the union of the sets being
combined. The correctness of this process is easy to see: since the
hash values of items can be treated as fixed, the KMV summary of
the union of the sets is defined by the k smallest hash values of
items in the union, which can be found from the k smallest hash
values of the two input sets. These in turn are given by the KMV
summaries of these sets.

For intersections between sets, we can look to the intersection of
their corresponding summary. Specifically, we can count the num-
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ber of elements in the intersection of the corresponding KMV sum-
maries. Roughly speaking, we expect the fraction of elements in
the intersection of the two summaries to be proportional to the
overall fraction of elements in the intersection. That is, for sets A
and B it should be proportional to |A∩B|

|A∪B| . Let ρ be the observed frac-
tion of elements intersection, i.e., ρ = i/k, where i is the number of
intersecting elements. We use this to scale the estimate obtained for
the size of the union. The variance of this estimator can be shown to
scale according to |A∩B|·|A∪B|/k [27]. That is, if we pick k ∝ 1/ε2, the
error (standard deviation) will be bounded by ε

√
|A ∩ B| · |A ∪ B|.

Since we do not know how big |A ∩ B| will be in advance, this can
be bounded by ε|A ∪ B| in the worst case, i.e., the (additive) error
in estimating an intersection scales at worst in accordance with the
size of the union of the sets.

The idea for the intersection can be applied to other concepts.
Suppose we want to estimate the number of distinct items in the
input that satisfy a particular property (i.e., a predicate). Then we
can see what fraction of items stored in the summary satisfy the
property, and then scale the estimated number of distinct items
by this fraction. Again, the error scales with ε|A ∪ B| in the worst
case, so this will not work well when the desired property is very
rare. This should not be surprising: if the property is rare, then it is
unlikely that any of the items within the summary will possess it,
and hence our estimate will be 0.

Generalization to multisets. We can generalize the summary to track
information about the multiplicity of items in a multiset. The ap-
proach is natural: we additionally keep, for each item stored in the
summary, the number of times it has occurred. This is useful when
we wish to additionally pose queries that involve the multiplicity
of items: for example, we could ask how many items occur exactly
once in the data (this statistic is known as the rarity), and estimate
this based on the fraction of items in the summary which occur
exactly once. This can be addressed using the approach above for
counting the number of items satisfying a given property.

The summary can still operate correctly when the input stream
includes operations which delete an item, as well as just inser-
tions of items. We keep track of the multiplicity of each item in
the summary, and remove any whose count reaches zero after a
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deletion operation. This can have the effect of bringing the size of
the summary down below k. To ensure a correct estimate, we must
keep track of the least value of the kth smallest hash value that
has been maintained, mk. We must ensure that the summary con-
tains information about all items in the input which hash below
mk. Consequently, even when the summary has fewer than k items
in it, we cannot fill it up with elements from the input that hash
above mk. Instead, we must use the summary with the current “ef-
fective” value of k, i.e., the number of items that hash below mk.
This may mean that in a very dynamic situation, where there are
a large number of deletions, the effective value of k may become
very small, meaning that the summary gives poor accuracy. There
are summaries which can cope with such deletions, which are de-
scribed later in Section 2.6, at the cost of using more space.

Implementation Issues. In our description, we have stated that we
should keep the original items in addition to the hashed values. For
the basic uses of the summary, this is not necessary, and we can retain
only the hash values to perform the estimation of set size, and union
and intersection sizes. It is only when applying predicate tests that we
also need to keep the original items, so that the tests can be applied to
them. Thus, the space can be reduced to the size of the hash values,
which should depend on the expected maximum number of distinct
items, rather than the size of the input items. This can be very space
efficient when the input items are very large, e.g., long text strings. Ad-
ditional space efficiency can be obtained based on the observation that
as the number of distinct items increases, the fraction of the hash range
occupied decreases: the hash values of the stored items begin with a
prefix of zero bits. This prefix can therefore be omitted, to reduce the
size of the stored hashes.

History and Background. The KMV summary was introduced in the
work of Bar-Yossef et al. [19]. This paper introduced a selection of al-
gorithms for tracking the number of distinct items in a stream of ele-
ments. Of these, the KMV has had the most impact, as it blends space
efficiency with simplicity to implement. A version of KMV with k = 1
was first proposed by Cohen [56]. The idea can be seen as related to
the work of Gibbons and Tirthapura [113], which also uses the idea of
hash functions to select a set of items from the input based on their
hash value. This in turn is conceptually (though less clearly) related to
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the earliest work on distinct counting, due to Flajolet and Martin [107].
The tighter analysis of the KMV summary is due to Beyer et al. [27]. This
proposed an unbiased version of the estimator (previous presentations
used a biased estimator), and analyze its higher moments under the as-
sumption of fully random hash functions. A generalization of KMV is
presented by Dasgupta et al. [81] in the form of the theta-sketch frame-
work. This generalizes KMV by considering sketching methods defined
by a threshold θ derived from the stream which is used to maintain a
set of hash values of stream elements below the threshold. It is instan-
tiated by different choices of function to determine the threshold θ. The
framework can naturally handle MERGE (union) operations, as well as
estimate the cardinality of intersections and more general set expres-
sions.

Available Implementations. The DataSketches library provides an
implementation of the KMV summary within the more general frame-
work of θ-sketches. Concurrent versions are also implemented that
can efficiently parallelize the computation. Experiments on com-
modity hardware show that the sketch can process tens of millions
of UPDATE operations per second in a single thread. Evaluation of
standard error shows that a summary with k around ten thousand
is sufficient to obtain relative error of 1% with high probability.

2.6 HyperLogLog (HLL) for set cardinality

Brief Summary. Like KMV, the HLL summary also summarizes a mul-
tiset A of items in order to approximate the number of distinct items
observed, but in a very bit-efficient way. It tracks information about
hashed values of input items, and uses this to build an accurate ap-
proximation of the counts. Different summaries can be combined to es-
timate the size of the union of their inputs, and from this, the size of the
intersection can also be estimated.
Algorithm 2.12: HLL:INITIALIZE (m)

1 Pick hash functions h, g and store m;
2 C[1] . . .C[m]← 0;

Operations on the summary. The HLL summary is stored as an array
of m entries. Each input item is mapped by a hash function to an en-
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try, and a second hash function is applied; the array entry keeps track
of statistics on the hash values mapped there. Specifically, it tracks the
largest number of leading zeros in the binary encoding of evaluations of
the hash function. The INITIALIZE function creates the two hash func-
tions, h to map to entries in the array, and g to remap the items. It ini-
tializes the array of size m to all zeros (Algorithm 2.12).

Algorithm 2.13: HLL: UPDATE (x)

1 C[h(x)]← max(C[h(x)], z(g(x)));

To UPDATE a summary with item x, we make use of the function z(·),
which returns the number of leading zeros in the binary representation
of its argument. For example, z(1010) is 0 (applied to the 4 bit binary
input 1010, corresponding to the integer 12), while z(0001) is 3. The new
item is mapped under h to an entry in the array, and we test whether
z(g(x)) is greater than the current item. If so, we update the entry to
z(g(x)). This is expressed in Algorithm 2.13.

To MERGE two summaries built using the same parameters (h(), g(),
and m), we merge the arrays in the natural way: for each array entry,
take the maximum value of the corresponding input arrays.

Algorithm 2.14: HLL: QUERY ()

1 X ← 0;
2 for j← 1 to m do X ← X + 2−C[ j];
3 return (αmm2/X);

To QUERY the summary for the approximate number of distinct items,
we extract an estimate for the number of distinct items mapped to each
array entry, and then combine these to get an estimate for the total
number. Specifically, for each entry of the matrix, we take 2 raised to
the power of this value, and then take the harmonic mean of these
values. This is shown in Algorithm 2.14. The estimate is then an ap-
propriately rescaled value of this estimate, based on a constant αm =

0.7213/(1 + 1.079/m), discussed below.

Example. We show a small example with m = 3. Consider 5 distinct
items a, b, c, d, e, with the following hash values:

x a b c d e
h(x) 1 2 3 1 3
g(x) 0001 0011 1010 1101 0101
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From this, we obtain the following array:

3 2 1

Applying the QUERY function, we obtain X = 7/8, and choosing αm =

0.5305, we get an estimate of the number of distinct items as 5.45, which
is close to the true result of 5.

Further Discussion. The central intuition behind the HLL sum-
mary is that tracking the maximum value of z(g(x)) gives infor-
mation about the number of distinct items mapped to that array
entry. If we assume that g appears sufficiently random, then we
expect half the hashed items seen to have 0 as their first bit (and
hence have z(g(x)) = 1). Similarly, we expect a quarter of the items
to have two leading zeros, an eighth to have three, and so on. In-
verting this relationship, if we see a value of ρ in an array entry,
then we interpret this as most likely to have been caused by 2ρ dis-
tinct items. As storing the value ρ only takes O(log ρ) = O(log log n)
bits, where n is the number of distinct elements, this leads to the
“log log” in the name of the summary.

Applying this argument to each of the array entries in turn, we
have an estimate for the number of distinct items mapped to each
entry. The most direct way to combine these would to sum them,
but this has high variability. Instead, we take advantage of the
property of the hash function h as mapping items approximately
uniformly to each array entry. So we can interpret each of the esti-
mates obtained as an estimate of n/m, where n is the number of dis-
tinct items. We could directly average these, but instead we adopt
the harmonic mean, which is more robust to outlying values. The
harmonic mean of m values xi is ( 1

m
∑m

i=1 x−1
i )−1. In Algorithm 2.14,

X computes the needed sum of values, so the harmonic mean is
given by m/X. This is our estimate for n/m, so we scale this by a
further factor of m to obtain m2/X as the estimate. However, this
turns out to be biased, so the factor αm is used to rescale out the
bias.

A full discussion of the analysis of this estimator is beyond the
scope of this presentation (see the original paper [105] for this).
This shows that αm should be picked to be 1

2 ln 2 (1+ 1
m (3 ln 2−1)), i.e.,
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0.7213/(1 + 1.079/m), for m larger than 100. In this case, the bias of
the estimator is essentially removed. The variance of the estimator
is shown to approach 1.08/m as m increases, and is bounded for
all m ≥ 3. Thus the estimator achieves ε relative error with con-
stant probability provided m ≥ 1/ε2, by the Chebyshev inequality.
The probability of exceeding this bound can be driven down to δ

by performing O(log 1/δ) independent repetitions and taking the
median, following the Chernoff bounds argument (Section 1.4.1).
However, it is argued by Flajolet et al. [105] that the central limit
theorem applies, and the estimator follows a Gaussian distribu-
tion; in this case, increasing m by a factor of O(log 1/δ) is sufficient
to achieve the same result. Therefore, the HLL summary takes a to-
tal of O(1/ε2 log(1/δ) log log n) bits. This is more bit-efficient than the
KMV summary, which keeps O(1/ε2 log(1/δ)) hash values, amount-
ing to O(1/ε2 log(1/δ) log n) bits.

Intersections. Since the HLL summary can give an accurate estimate
of the size of the union of two sets, it can also estimate the size of
their intersection. We take advantage of the identity |A ∩ B| = |A| +
|B|− |A∪B|, and form our estimate of |A∩B| from the corresponding
estimates of |A|, |B| and |A ∪ B|. The error then depends on the size
of these quantities: if we estimate |A| and |B| with relative error ε,
then the error in |A ∩ B| will also depend on ε(|A| + |B|). Hence if |A|
or |B| is large compared to |A∩B|, the error will overwhelm the true
answer.

The same principle can be extended to estimate higher order in-
tersections, via the principle of inclusion-exclusion:

|A ∩ B ∩C| = |A ∪ B ∪C| + |A ∩ B| + |A ∩C| + |B ∩C| − |A| − |B| − |C|.

Indeed, arbitrary expressions can be decomposed in terms of unions
alone: |(A∩B)∪C| = |A∪C|+ |B∪C|−|A∪B∪C|. However, the number
of terms in these expressions increases quickly, causing the error to
rise accordingly.

Handling deletions. The HLL summary cannot support deletions di-
rectly as it only keeps the maximum of all the z(g(x))’s ever seen.
However, one can easily support deletions, though at the cost of
using more space. The idea is for each possible value of z(g(x)),
we keep track of the number of x’s that correspond to this value,
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i.e., we use a two-dimensional array C where C[i, j] = |x : h(x) =

i, z(g(x)) = j|. This makes the summary a linear sketch of the data,
so can support arbitrary deletions. However, the total space needed
increases substantially to O(1/ε2 log(1/δ) log2 n) bits.

Implementation Issues. Due to its wide adoption, the HLL summary
has been subject to much scrutiny, and hence a number of engineering
issues have been suggested to further increase its usefulness.

Hash function issues. We have described the HLL summary in terms of
two hash functions, h and g. However, implementations typically use
a single hash function f , and derive the two values from this. Assume
that m is chosen to be a power of two, and that log2 m = b. Also as-
sume that g is chosen to map onto a domain of 2d bits. Then h(x) can be
taken as the first b bits of a hash function, and g taken as the last d bits,
providing that the single hash function f provides at least b + d bits.
Implementations have tended to look at specific choices of parameters:
Flajolet et al. [105] study d = 32, meaning that each value of z(g(x)) can
be represented in 5 bits. For larger cardinalities, Heule et al. [132] use
d = 64, and so store 6 bits for each array entry. Choosing d = 32 is suffi-
cient to handle inputs with billions of entries (hundreds of billions if m
is large enough that each array entry is unlikely to exceed 32 zeros in the
g hash value), while d = 64 allows accurate counting up to the trillions.
The space of the summary is O(m log log n) bits, but as these implemen-
tations show, log log n can be effectively treated as a constant: choosing
d = 28 (so storing 8-bit values) is enough to count to 2256 = 1077, larger
than most natural quantities.

The analysis of the algorithm requires assuming that the hash func-
tions used are as good as a random function (i.e., fully random). Hence,
simple hash functions (pairwise or k-wise independent) are insufficient
for this purpose. Instead, stronger non-cryptographic hash functions
are used in practice (Section 1.4.2).

High end correction. When dealing with large cardinalities, there is the
possibility of hash collisions under g. That is, assuming that g maps
onto 2d bits, there may be items x , y such that g(x) = g(y). The result is
to underestimate the number of distinct items. One solution is to make
a correction to the estimate, if the estimate is so large that this is a pos-
sibility. The original HLL paper [105] uses the correction that if the esti-
mate E is more than 22d

/4, then the new estimate is log2(1 − E/22d
)/22d

.
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This expression for the correction comes from considering the proba-
bility of such collisions. However, a more direct approach is simply to
increase d to the point where such collisions are unlikely: given n dis-
tinct items, the expected number of collisions is approximately n/21+2d

,
so increasing d by 1 is usually sufficient to eliminate this problem.

Low end correction. The opposite problem can occur with small counts.
This is more significant, since in many applications it is important to ob-
tain more accurate estimates for small counts. However, the HLL sum-
mary shows a notable bias for small counts. In particular, consider an
empty summary with m entries. The harmonic mean of the estimates is
1, and so the estimate is approximately 0.7m, much larger than the true
value. Instead, we can use a different estimator, based on the number
of entries in the summary that are non-zero (indicating that some item
has updated them). After seeing n distinct items, the probability that an
entry in the array is empty is (1 − 1/m)n, assuming a random mapping
of items to entries. This is well-approximated by exp(−n/m). So we ex-
pect a exp(−n/m) fraction of the array entries to be empty. If we observe
that there are V empty entries in the array, then we make our estimator
to be m ln(m/V), by rearranging this expression. This correction can be
used when it is feasible to do so, i.e., when V is non-zero. This estima-
tor is known as LinearCounting, since it works well when the number
of distinct items n is at most linear in m.

More advanced approaches can be used when this correction cannot
be applied but the estimate is still small. Heule et al. [132] empirically
measure the bias, and build a mapping from the estimated value based
on tabulated values, and using these to interpolate a “corrected” esti-
mate. This can be applied when the initial estimate indicates that n is
small, e.g., when it appears to be below 5m. Storing and accessing this
mapping comes at some extra space cost, but this can be less significant
if there are a large number of instances of HLL being run in parallel (to
count different subsets of items), or if this look-up table can be stored
in slower storage (slow memory or disk) and only accessed relatively
rarely.

Sparse representation for small counts. When space is at a high premium,
as may be the case when a large number of HLL summaries are de-
ployed in parallel to count a large number of different quantities, it
is desirable to further compact the summary. Observe that when n is
small, the number of entries of the array that are occupied is corre-
spondingly small. In this case, it is more space efficient to store infor-
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mation about only the non-empty entries, in a list. Further space re-
ductions are possible by storing the list in sorted order, and encoding
the entries based on differences between subsequent entries in a bit-
efficient variable-length encoding. However, this complicates the im-
plementation, which has to convert between formats (array-based and
list-based), and handle more cases. There is considerable scope for fur-
ther encodings and optimizations here, which are described and evalu-
ated at greater length in the literature.

History and Background. The development of the HLL sketch spans
three decades, and due to its popularity, additional variations and im-
plementation issues continue to be discussed. The central idea, of map-
ping items under a hash function, and looking at the number of lead-
ing zeros in the hash value was introduced by Flajolet and Martin in
1983 [106]. In this early paper, alternate estimators were considered
(such as tracking other statistics of the z function), and taking the usual
arithmetic average of the derived estimators. This process was called
“Probabilistic Counting with Stochastic Averaging”, or PCSA for short.
A simple analysis to show that a similar algorithm gives a constant
factor approximation with bounded independence hash functions is
given by Alon et al. [11]. The work on LogLog counting, nearly 20 years
later, [93] is similar to HLL, but computes the (arithmetic) mean of the
array entries first (with some truncation and restriction to reduce vari-
ance), then raises 2 to this power to obtain the estimate. The variation
of using the hypergeometric mean was introduced by Flajolet, Fusy,
Gandouet and Meunier in 2007 [105], and shown to be very effective.
Further commentary on the evolution of the data structure is given by
Lumbroso [175]. A different branch of this work is due to Lang [166],
who proposed a different approach to compressing the Flajolet-Martin
sketch. The resulting approach is comparable in speed to HLL, while
being very space efficient.

The summary has been used widely in practice, and a subsequent
paper [132] studies multiple engineering optimizations to provide a
more effective implementation. The “low end correction” makes use of
the LinearCounting algorithm, due to Whang et al. [232]. The example
uses of the summary given by Heule et al. [132] include speeding up
database queries that ask for the number of distinct elements in group-
by queries (within the PowerDrill system [128]); and within tools for
analyzing massive log files to apply distinct counting e.g., number of
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distinct advertising impressions [203] or distinct viewers of online con-
tent [50].

Theoretically speaking, the KMV and HLL are not the best summaries
for approximately counting the number of distinct items. After a long
line of research, the problem has been finally settled by Kane et al. [153],
who gave a summary of O(1/ε2 + log log n) bits. Their summary returns
a (1 + ε)-approximation to the distinct count with constant probability.
It can also be updated in O(1) time. To boost the success probability to
1−δ, the standard approach is to take the median of O(log(1/δ)) indepen-
dent instances of the summary. Interestingly, it has been recently shown
that one can further improve this to using only O(1/ε2 log(1/δ) + log n)
bits [29]. This bound is optimal in all the parameters ε, δ and n.

Available Implementations. Implementations of HLL are avail-
able in various software libraries and systems, such as stream-lib,
the Redis database and Algebird, part of Twitter’s Summingbird
streaming data processing tool. The DataSketches library imple-
ments HLL and several variants, such as the corrections due to
Heule et al. [132], and with choices of 4, 6 or 8 bits per bucket, to ac-
commodate different anticipated cardinalities. Processing speeds
of tens of millions of UPDATE operations per second are easily
achievable. An implementation of Lang’s “Compressed Probabilis-
tic Counting” [166] is also available in the library for comparison.

2.7 Bloom Filters for set membership

Brief Summary. The BloomFilter summarizes a set A of items in a com-
pact (bit-efficient) format. Given a candidate item as a query, it answers
whether the item is in A or not. It provides a one-sided guarantee: if the
item is in the set, then it will always respond positively. However, there
is the possibility of false positives. The probability of a false positive
can be bounded as a function of the size of the summary and |A|: as the
latter increases, false positives become more likely. The summary keeps
a bit string, entries of which are set to one based on a hash function ap-
plied to the updates. In its simplest form, only insertions are allowed,
but generalizations also allow deletions. The BloomFilter handles du-
plicates in the input automatically.
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Operations on the summary. The BloomFilter summary consists of a
binary string B of length m and k hash functions h1 . . . hk, which each
independently map elements of U to {1, 2, . . .m}. The INITIALIZE oper-
ation creates the string B initialized to all zeros, and picks the k hash
functions. If the size of the set A is expected to be n, a good choice of m
and k is m = 10n and k = m/n ln 2 = 7; the analysis below will give more
guidance on how to set these parameters.

Algorithm 2.15: BloomFilter: UPDATE (i)

1 for j← 1 to k do
2 B[h j(i)]← 1;

For each UPDATE operation to insert an element i into the set A, the
BloomFilter sets B[h j(i)] = 1 for all 1 ≤ j ≤ k, as shown in Algorithm 2.15.
Hence each update takes O(k) time to process.

Algorithm 2.16: BloomFilter: QUERY (x)

1 for j← 1 to k do
2 if B[h j(x)] = 0 then return false;

3 return true

The QUERY operation on a BloomFilter summary takes an element
x from U, and tries to determine whether it was previously the sub-
ject of an UPDATE operation, i.e., whether x ∈ A. The QUERY operation
inspects the entries B[h j(x)], where x would be mapped to if it were in-
serted. If there is some j ∈ [k] for which B[h j(x)] = 0, then the item is
surely not present: UPDATE would have set all of these entries to 1, and
no other operation ever changes this. Otherwise, it is concluded that
x is in A. Hence, Algorithm 2.16 inspects all the locations where x is
mapped, and returns false if any one of them is 0.

From this description, it can be seen that the data structure guaran-
tees no false negatives, but may report false positives. False positives
occur if a collection of other items inserted into the summary happen
to cause the corresponding entries B[h j(x)] to be 1, but x itself is never
actually inserted.

Algorithm 2.17: BloomFilter: MERGE (Ba, Bb)

1 for i← 1 to m do
2 Ba[i]← max(Ba[i], Bb[i]);

To MERGE two BloomFilter summaries, they must be built with the
same parameters i.e., with the same size m, the same number of hash
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Figure 2.3 Bloom Filter with k = 3, m = 12

functions k, and the same set of hash functions h1 . . . hk. The resulting
BloomFilter is the bit-wise OR of the two bitstrings. That is, the new B
has B[ j] = 1 if this entry was 1 in either of the input summaries, and is 0
if this entry was 0 in both. Algorithm 2.17 takes a pass through the two
input summaries, and merges the second into the first.

Example. A simple example is shown in Figure 2.3: an item i is mapped
by k = 3 hash functions to a filter of size m = 12, and these entries are
set to 1.

Further Discussion. A basic rule-of-thumb is that the size of the
BloomFilter in bits should be roughly proportional to the size of
the set S which is to be summarized. That is, the summary cannot
encode a very large set in space dramatically smaller than the in-
nate size of the set. However, the filter can be much smaller than
explicitly representing the set A, either by listing its members, or
storing them in a hash table. This is particularly pronounced when
the identifiers of the elements are quite large, since the BloomFilter
does not explicitly store these. If the size of the set A is expected to
be n, allocating m = 10n (i.e., 10 bits per item stored) and k = 7 gives
a false positive probability of around 1%. To understand the rela-
tion between these parameters in more detail, we present further
detailed analysis below.

Detailed Analysis of BloomFilter. The false positive rate can be an-
alyzed as a function of |A| = n, m and k: given bounds on n and
m, optimal values of k can be set. We follow the outline of Broder
and Mitzenmacher [40] to derive the relationship between these
values. For the analysis, the hash functions are assumed to be fully
random. That is, the location that an item is mapped to by any
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hash function is viewed as being uniformly random over the range
of possibilities, and fully independent of the other hash functions.
Consequently, the probability that any entry of B is zero after n
distinct items have been seen is given by

p′ =
(
1 −

1
m

)kn

since each of the kn applications of a hash function has a (1 − 1
m )

probability of leaving the entry zero.
A false positive occurs when some item not in A hashes to loca-

tions in B which are all set to 1 by other items. For an arbitrary item
not in A, this happens with probability (1−ρ)k, where ρ denotes the
fraction of bits in B that are set to 0. In expectation, ρ is equal to
p′, and it can be shown that ρ is very close to p′ with high prob-
ability. Given fixed values of m and n, it is possible to optimize k,
the number of hash functions. Small values of k keep the number
of 1s lower, but make it easier to have a collision; larger values of k
increase the density of 1s. The false positive rate is

q =

1 − (
1 −

1
m

)knk

≈ (1 − e−kn/m)k = exp(k ln(1 − ekn/m)). (2.6)

The smallest value of q as a function of k is given by minimizing
the exponent. This in turn can be written as −m

n ln(p) ln(1 − p), for
p = e−kn/m, and so by symmetry, the smallest value occurs for p = 1

2 .
Rearranging gives k = (m/n) ln 2.

This has the effect of setting the occupancy of the filter to be 0.5,
that is, half the bits are expected to be 0, and half 1. This causes the
false positive rate to be q = (1/2)k = (0.6185)m/n. To make this prob-
ability at most a small constant, it is necessary to make m > n. In-
deed, setting m = cn gives the false positive probability at 0.6185c:
choosing c = 9.6, for example, is sufficient to make this probability
less than 1%.

Other operations on BloomFilter summaries. The semantics of the MERGE

operator is to provide a BloomFilter summary of the union of the
two sets summarized by each input summary. It is also possible to
build a summary that corresponds to the intersection of the input
sets, by taking the bitwise-AND of each bit in the bitstrings, in-
stead of the bitwise-OR. That is, if we were to keep the two Bloom-
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Filter summaries and test whether x was present in both, we would
check the locations h j(x) in each summary. If there is any such lo-
cation in either summary which is 0, then we would conclude x is
not present in both. This is equivalent to taking the bitwise-AND
of each of these locations, and checking them all. So the BloomFil-
ter summary which is formed as the bitwise-AND of the two input
summaries will give the same response for every query x.

The summary as described so far only allows UPDATE opera-
tions which insert an item into the set A. More generally, we might
like to allow deletions of elements as well. There are two possible
semantics for deletions. If we treat A as a set, then a deletion of ele-
ment x ensures that x is not stored in the set any more. If we treat A
as a multiset, then each element in the set has a multiplicity, such
that insertions increase that multiplicity, and deletions decrement
it (down to 0). In both cases, to handle deletions we will replace
the bit-string B with a collection of counters, but how we use these
counters will differ.

We first consider the set semantics. The data structure looks much
the same as before, except each bit is replaced with a small counter.
Here, an UPDATE operation corresponding to an insert of i first
performs a QUERY to test whether i is already represented in the
summary. If so, nothing changes. Otherwise, the operation incre-
ments the counter B[h j(i)] for h1 . . . hk. Likewise, an UPDATE that
is a deletion of i also checks whether i is stored in the summary.
If so, the operation decrements the counters B[h j(i)]. Otherwise,
nothing changes. Lastly, the QUERY operation remains as shown
in Algorithm 2.16: it checks all locations where i is mapped, and
returns false if any is 0. The interpretation of the summary is that
each counter stores the number of distinct items which have been
mapped there. Insertions increase these counts, while deletions de-
crease these counts. Because multiple insertions of the same item
do not alter the structure, these counters do not need to grow very
large. However, note that it is now possible to have false negatives
from this structure: an insertion of an item that is not present in the
structure may not lead to counter increments if there is a false pos-
itive for it. The subsequent deletion of this item may lead to zero
values, causing false negatives for other items. Analysis shows that
counters with a bit depth of only four bits will suffice to keep ac-
curate summaries without overflow. This analysis is due to Fan et



DRAFT

70 Summaries for Sets

al. , who dub this variant of the BloomFilter the “counting Bloom
Filter” [101].

The case for the multiset semantics is simpler to describe, but re-
quires more space in general. Instead of a bitmap, the Bloom filter
is now represented by an array of counters. When performing an
UPDATE that inserts a new copy of i, we increase the corresponding
counters by 1, i.e., B[h j(i)] ← B[h j(i)] + 1. Likewise, for an UPDATE

that removes a copy of i, we decrease the corresponding counters
by 1. Now the transform is linear, and so it can process arbitrary
streams of update transactions. The number of entries needed in
the array remains the same, but now the entries are counters (rep-
resented with 32 or 64 bits) rather than single bits, and these coun-
ters may now need to represent a large number of elements. This
variation is referred to as a spectral Bloom filter, and is described
by Cohen and Matias, who also discuss space efficient ways to im-
plement the counters [60].

History and Background. The BloomFilter summary, named for its in-
ventor [31], was first proposed in 1970 in the context of compactly rep-
resenting information. One of the first applications was to compactly
represent a dictionary for spell-checking [181]. Its attraction is that it is
a compact and fast alternative to explicitly representing a set of items
when it is not required to list out the members of the set. Interest in the
structure was renewed in the late nineties, in the context of tracking the
content of caches of large data in a network [101]. Subsequently, there
has been a huge interest in using BloomFilter summaries for a wide va-
riety of applications, and many variations and extensions have been
proposed. Broder and Mitzenmacher provide a survey of some of these
uses [40, 184], but there have been many more papers published on this
summary and its variants in the interim.

A common theme of applications of Bloom filters is that they require
a small fraction of false positives must be acceptable, or that it be fea-
sible to double-check a positive report (at some additional cost) using
a more authoritative reference. For example, they can be used to avoid
storing items in a cache, if the item has not been previously accessed.
That is, we use a Bloom filter to record item accesses, and only store an
item if it has been seen at least once before. In this example, the conse-
quence of false positives is just that a small number of unpopular items
ends up being cached, which should have minimal impact on system
performance. This exemplar is now found in practice in many large
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distributed databases, such as Google BigTable, Apache Cassandra and
HBase. These systems keep a Bloom filter to index distributed segments
of sparse tables of data. The filter records which rows or columns of the
table are stored, and can use a negative response to avoid a costly look-
up on disk or over the network.

Another example is from web browsers, which aim to protect their
users from malware by warning about deceptive or dangerous sites.
This check requires looking up the web site address (URL) in a database
of known problematic URLs, and reporting if a match is found. This
database is sufficiently large that it is not convenient to keep locally
on the (mobile) device. Instead, the browser can keep a Bloom filter
encoding the database to check URLs against. Most URLs visited do
not trigger the Bloom filter, and so do not affect the behavior. When
the Bloom filter reports a potential positive, it can be checked against
the centralized database with a look-up over the network. This slows
things down, but so long as false positives are sufficiently rare then the
impact is minimal. Thus, the correct response is found for each URL,
while the common case (URL is allowed) is made fast. The space is
kept low, based on a Bloom filter of a few megabytes in size. This ap-
proach has been adopted by browsers including Chrome and Firefox.
Current versions have adopted variant summaries, which trade off a
higher time for queries and reduced capacity to handle updates (since
the sets are not updated more than once a day) for reduced size.

Other examples of Bloom filters in practice range from speeding up
actions in blockchain implementations to providing private collection
of browsing statistics [99]. Given these applications, it is likely that
Bloom filter is the most widely used of the summaries discussed in this
book, after “classical” summaries based on random sampling.

Available Implementations. Given its ubiquity, many implemen-
tations of the BloomFilter are available online, across a wide range
of languages. The code hosting site GitHub lists over a thousand
references to BloomFilter (https://github.com/search?q=bloom+
filter), in languages including Java, JavaScript, C, C++, Go, Python
and more. The implementation from stream-lib (https://github.
com/addthis/stream-lib/tree/master/src/main/java/
com/clearspring/analytics/stream/membership\index{membership})
takes around 100 lines of Java, although the core logic for UP-
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DATE and QUERY are a handful of lines each. Likewise, Algebird
(https://github.com/twitter/algebird/blob/develop/
algebird-core/src/main/scala/com/twitter/algebird/
BloomFilter.scala) provides a flexible Scala implementation.
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Summaries for Multisets

This chapter turns to multisets, namely, each item in the set A to be
summarized is associated with a multiplicity representing its number
of occurrences, and queries to the multiset relate to the multiplicity of
items. Recall from Section 1.2.1 that a convenient way to represent a
multiset is to use a vector v, where vx denotes the multiplicity of x. In
this chapter, we assume that the input consists of (x,w) pairs, where x
is an item drawn from a universe U, and w is the weight. For simplicity,
we assume the weights are integers, but generalization to real num-
bers is often possible. Some summaries only allow positive weights,
while others allow both positive and negative weights, where negative
weights correspond to deletion of items from the multiset. The multi-
plicity of x, vx, is thus the sum of all the weights of x in the input. We
assume every vx to be non-negative whenever the summary is queried.

Error guarantees for queries over a multiset often depend on ‖v‖p, the

`p-norm of the vector v, where ‖v‖p =
(∑

i vp
i

)1/p
. The most commonly

used norms are the `1-norm (which is simply the total weight of all
items) and the `2-norm.

The summaries covered in this chapter solve the following problems:

• Testing whether two multisets contain the exact same set of items and
frequencies: the Fingerprint summary (Section 3.1).

• Tracking the high frequency items over weighted positive updates:
the MG and SpaceSaving summaries (Section 3.2 and 3.3).

• Estimating the frequencies of items over weighted positive and neg-
ative updates under different error guarantees: the Count-Min Sketch
and Count Sketch summaries (Section 3.4 and 3.5).

73
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• Estimating the Euclidean norm of the vector of frequencies of a mulit-
set: the AMS Sketch (Section 3.6).

• Estimating arbitrary Minkowski (`p) norms of a multiset: the `p sketch
(Section 3.7).

• Exactly recovering the items and (integer) frequencies for a multiset
that has a bounded number of elements after a sequence of insertions
and deletions: the SparseRecovery summary (Section 3.8).

• Sampling near-uniformly from the set of distinct items in a multiset
with (integer) frequencies: the `0-sampler structure (Section 3.9).

• Sampling near-uniformly from a multiset with arbitrary weights, ac-
cording to a class of weighting functions: the `p-sampler structure
(Section 3.10).

3.1 Fingerprints for testing multiset equality

Brief Summary. A Fingerprint summary represents a large multiset of
items as a very compact hash value. Given two Fingerprint summaries,
if the summaries are different then the corresponding multisets must
differ, while if the summaries are identical then with high probability
we conclude that the corresponding multisets are identical. The prob-
ability of a false positive – of erroneously concluding that two distinct
sets are identical – is governed by the size of the summary, and can be
made vanishingly small. Fingerprint summaries of two multisets can
be combined to generate a Fingerprint of the sum of the multisets, i.e.,
where multiplicities of the same item are added.

Algorithm 3.1: Fingerprint: UPDATE (x,w)

1 f ← ( f + wαx) mod p;

Operations on the summary. For now we assume that the universe U
from which items are drawn is the integer domain U = [u] = {0, 1, . . . , u−
1}. The Fingerprint summary can be thought of as a (possibly large) in-
teger number f in the range 0 to p− 1, where p is a fixed prime number
greater than u. It also requires a randomly chosen value α. To INITIAL-
IZE an empty summary, we fix a prime number p > u and set f to 0. We
also choose α uniformly at random in the range 1 to p − 1. To UPDATE

the summary with a new item x, we set f ← ( f + αx) mod p. If x has
an associated weight w (which can be either positive or negative), then



DRAFT

3.1 Fingerprints for testing multiset equality 75

this UPDATE becomes f ← ( f + wαx) mod p. Algorithm 3.1 shows how
to UPDATE the Fingerprint summary with an item x of weight w.

Algorithm 3.2: Fingerprint: MERGE ( fa, fb)

1 return ( fa + fb) mod p;

To MERGE two Fingerprint summaries, fa and fb, with the same pa-
rameters (i.e., both have the same p and α values), the merged sum-
mary is given by ( fa + fb) mod p. Thus, the MERGE operation shown
in Algorithm 3.2 simply has to return the sum, modulo p. As indicated
above, to QUERY whether two summaries represent the same multiset,
we report true if the corresponding summaries are identical, and false
otherwise.

Example. For a simple example, we pick p = 13 and α = 3. Given input
of the item 4, we compute the Fingerprint summary as 34 mod 13 = 3.
Consider the input consisting of the set {1, 2}. The Fingerprint summary
of this input is 31 + 32 mod 13 = 12, which is different to the previous
Fingerprint summary, as desired. However, the input {5, 10} also has the
Fingerprint summary 35 + 310 mod 13 = 12, a collision. This is due in
part to the small value of p: choosing larger p values makes such colli-
sions increasingly unlikely.

Implementation Issues. Computing αx can be done efficiently by the
method of exponentiation by squaring, that is, we first compute α, α2, α4, α8,
. . . , in succession, and then pick the right collection of terms to make up
αx, depending on the location of 1’s in the binary representation of x. All
computations are done modulo p, so that the intermediate results can
be kept no larger than p2.

Alternative Fingerprint Construction. If the weight w is usually small,
there is another fingerprint construction that is more efficient. We sim-
ilarly pick some prime p > u and a random number α in the range 1
to p − 1. The operations, however, are slightly different. To INITIALIZE

an empty summary, we set f to 1 (as opposed to 0). To UPDATE the
summary with an item x with weight w, we set f ← f · (α + x)w mod p.
Using the exponentiation by squaring technique, this fingerprint thus
requires O(log w) time to update. In particular, if each update only adds
a single item, this fingerprint can be updated in O(1) time.

However, if w is negative (i.e., deleting items from the summary),
things become a bit tricky as we need to set f ← f ·(α+x)w mod p. Here,
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the exponentiation should be done in the finite field [p]. More precisely,
we first need to compute (α + x)−1, which is the value y ∈ [p] such that
(α+x)·y mod p = 1. This can be done using Euclid’s gcd algorithm [159]
in O(log p) time. Then we use exponentiation by squaring to compute
y−w.

Finally, to MERGE two such fingerprints fa and fb, we simply com-
pute fa · fb mod p.

Further Discussion. To understand the properties of the Finger-
print summary, consider the frequency vector representation of the
multiset. For a frequency vector v, the Fingerprint summary is given
by

f (v) =
∑
i∈U

viα
i mod p.

The analysis of this summary relies on the fact that it can be
viewed as a polynomial in α of degree at most u. Such a polyno-
mial can have at most u roots (values of α where it evaluates to
zero). Technically, we are evaluating this polynomial over the fi-
nite field [p]. Testing whether two multisets D and D′ are equal,
based on the fingerprints of their corresponding frequency vectors,
f (v) and f (v′), is equivalent to testing the identity f (v) − f (v′) = 0.
Based on the definition of f , if the two multisets are identical then
the fingerprints will be identical. But if they are different and the
test still passes, the fingerprint will give the wrong answer. Treat-
ing f () as a polynomial in α, f (v) − f (v′) has degree no more than
u: so there can only be u values of α for which f (v) − f (v′) = 0. Ef-
fectively, the fingerprint is the evaluation of this polynomial at a
randomly chosen value of α; it can only result in 0 when we are
unlucky and choose an α which happens to be a root of this poly-
nomial. But we can bound the probability of this event. Specifically,
if p is chosen to be at least u/δ, the probability (based on choosing
a random α) of having picked a root is at most δ, for a parame-
ter δ. This requires the modular arithmetic operations to be done
using O(log u + log 1/δ) bits of precision, which is feasible for most
reasonable choices of U and δ. This analysis also assumes that the
coefficients of the polynomial f are representable within the field,
i.e., all vi are less than p. This means that p should be chosen such
that p ≥ max{u/δ, vi, i ∈ [u]}.
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Viewing the Fingerprint summary through the lens of polyno-
mials, it is then clear why the UPDATE and MERGE operations are
as stated: an UPDATE computes the change in f (v) caused by the
change in v, while MERGE takes advantage of the fact that the Fin-
gerprint of the sum of two vectors is the sum of the corresponding
Fingerprint summaries.

The above analysis also applies to the second fingerprint, by ob-
serving that it evaluates the following polynomial

f (v) =
∏
i∈U

(α − i)vi mod p.

This polynomial has degree
∑

i vi. Thus if we choose p ≥
∑

i vi/δ,
then the probability that this fingerprint fails is at most δ.

So far, we have assumed that the input item identifiers x are in-
tegers, since the argument is all based on evaluating polynomi-
als over the finite field [p]. However, it is natural to allow x to be
drawn from an arbitrary domain U. We just require a suitable hash
function which will map U to a large enough integer domain. Ide-
ally, the size of the integer domain should be polynomial in the
number of distinct items seen. That is, if there are n different input
items, then mapping to a domain of size n3 means that with high
probability there will be no hash collisions. This affects the choice
of p, but only by a constant factor in terms of bit length.

The Fingerprint summary does require that all the item frequen-
cies vi are integral. Fractional values can be tolerated, if these can
be rescaled to be integral. Arbitrary real values are not allowed,
since these conflict with the analysis over finite fields.

History and Background. The idea of a compact hash function to test
equality or inequality of sets or vectors has been used many times in
computer science. Many different forms of hash function are possible,
but we adopt this form to define the Fingerprint summary due to its
ability to support both UPDATE and MERGE operations quite efficiently.
Note that while these appear similar to the family of hash functions de-
scribed in Section 1.4.2, they are distinct: in Section 1.4.2, we compute
a polynomial of degree t, where the coefficients are chosen randomly
(then fixed), and the variable x is the single data item; here, we com-
pute a polynomial of potentially much higher degree, where the data
determines the coefficients, and the variable x is chosen randomly (then
fixed). The form of hash used here is inspired by the style of ‘rolling
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hash’ function used in the Karp-Rabin string matching algorithm [157],
and its generalization by Lipton [173]. Applications are broad: finger-
prints can be used anywhere that a checksum would be useful, to check
correct storage or transmission of data. They can also be applied to find
large matching pieces of data in files that have changed, and so reduce
the communication cost of sending the new version, such as in the rsync
protocol [225], also used by systems like Dropbox and Amazon S3. Fin-
gerprints are also used by some of other summary constructions, such
as SparseRecovery (Section 3.8).

3.2 Misra-Gries (MG)

Brief Summary. The Misra-Gries (MG) summary maintains a subset of
items from a multiset v, with an associated weight for each item stored.
It answers point queries approximately: the answer to a query x is the
weight associated with x in the summary, if x is stored, and 0 otherwise.
Given a parameter ε, the summary stores 1/ε items and weights, and
guarantees that for any point query x, the additive error from its true
weight vx is at most ε‖v‖1. This summary only supports updates with
positive weights.

Operations on the summary. The MG summary is represented as a col-
lection of pairs: items drawn from the input x and associated weights
wx, which will be an approximation of its true weight vx. To INITIAL-
IZE an empty MG summary, it suffices to create an empty set of tuples,
with space to store k = 1/ε. Each UPDATE operation of an item x with
weight w (which must be positive) tries to include x in the summary. If
x is already stored with weight wx, then UPDATE increases this weight
to wx + w. If not, provided there is room in the summary (i.e., there are
fewer than k distinct items stored with non-zero weights), then a new
tuple (x,w) is added to the summary. Else, there are already k tuples in
the summary. Let m be the smallest weight among all these tuples and
w itself. Then, the UPDATE operation reduces all weights in the sum-
mary by m. If w − m is still positive, then it can add the tuple (x,w − m)
to the summary: some tuple in the summary must have had its weight
reduced to 0, and so can be overwritten with x.
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Algorithm 3.3: MG: UPDATE((x,w))

1 if i ∈ T then
2 wx ← wx + w;
3 else
4 T ← T ∪ {x};
5 wx ← w;
6 if |T | > k then
7 m = min({wx : x ∈ T }) ;
8 forall j ∈ T do
9 w j ← w j − m;

10 if w j = 0 then T ← T\{ j} ;

Pseudocode to illustrate the UPDATE operation is given in Algorithm 3.3,
making use of set notation to represent the operations on the set of
stored items T : items are added and removed from this set using set
union and set subtraction respectively, and we allow ranging over the
members of this set (thus implementations will have to choose appro-
priate data structures which allow the efficient realization of these op-
erations). We also assume that each item j stored in T has an associated
weight w j. For items not stored in T , we define w j to be 0 and does
not need to be explicitly stored. Lines 6 to 10 handle the case when we
need to find the minimum weight item and decrease weights by this
much. The inner for-loop performs this decrease, and removes items
with weight 0.

The MERGE of two MG summaries is a generalization of the UPDATE

operation. Given two summaries constructed using the same parame-
ter k, first merge the component tuples in the natural way: If x is stored
in both summaries, its merged weight is the sum of the weights in each
input summary. If x is stored in only one of the summaries, it is also
placed in the merged summary with the same weight. This produces
a new MG summary with between k and 2k tuples, depending on the
amount of overlap of items between the two input summaries. To re-
duce the size back to k, we sort the tuples by weight, and find the k +1st
largest weight, wk+1. This weight is subtracted from all tuples. At most k
tuples can now have weight above zero: the tuple with the k+1st largest
weight, and all tuples with smaller weight, will now have weight 0 or
below, and so can be discarded from the summary. The above UPDATE

procedure can therefore be seen as the case of MERGE where one of the
summaries contains just a single item.
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Algorithm 3.4: MG: MERGE(Ta,Tb)

1 T ← Ta;
2 forall j ∈ Tb do
3 if j ∈ T then w j ← w j + wb, j ;
4 else
5 T ← T ∪ { j} ;
6 w j ← wb, j;

7 if |T | > k then
8 wk+1 ← k + 1st largest weight ;
9 forall j ∈ T do

10 w j ← w j − wk+1 ;
11 if w j ≤ 0 then T ← T \ { j};

Algorithm 3.4 shows the pseudocode to MERGE two MG summaries
Ta and Tb together. Line 3 captures the case when j is present in both,
and computes the new weight as the sum of the two weights. Lines 7–11
then reduce the size of the merged summary to k by reducing weights
and removing items with non-positive weights.

To QUERY for the estimated weight of an item x, we look up whether
x is stored in the summary. If so, QUERY reports the associated weight
wx as the estimate, otherwise the weight is assumed to be 0. Compar-
ing the approximate answer given by QUERY, and the true weight of
x (the sum of all weights associated with x in the input), the approx-
imate answer is never more than the true answer. This is because the
weight associated with x in the summary is the sum of all weights for
x in the input, less the various decreases due to MERGE and UPDATE

operations. The MG summary also ensures that this estimated weight
is not more than εW below the true answer, where W is the sum of all
input weights. A tighter guarantee provided is that this error is at most
(W −M)/(k +1), where M is the sum of the counters in the structure, and
k is the number of counters.

Example. Consider the input sequence
a, b, a, c, d, e, a, d, f, a, d

interpreted as a sequence of items of weight 1. If we UPDATE each
item in turn into a MG summary of size k=3, we obtain at the end

a d -
2 1 0
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There are two points where counts are decremented: on the UPDATE

for the first d, and on the UPDATE for the f. Our final estimate of a is
2, which underestimates the true count by 2, which meets the bound of
(W − M)/(k + 1) = (11 − 3)/4 = 2.

If we MERGE this summary with the MG summary

b c d
3 1 2

the final MG summary we obtain is

a b d
1 2 2

Further Discussion. To understand the guarantees of the MG sum-
mary, we study the effect of each operation in turn. First, consider
a summary subject to a sequence of UPDATE operations alone. Let
W be the sum of the input weights, and let M denote the sum of the
weights stored by the summary. Consider the impact of decreasing
the m value during an UPDATE operation. This impacts the weight
of k + 1 items: the k items in the summary, and the new item that
is the subject of the UPDATE. Consequently, we can “spread” the
impact of this reduction across k +1 items. The total impact is to in-
crease the difference between W and M (the sum of stored weights)
by (k + 1) · m. Thus, at any point, the error in the estimated weight
of an item is at most (W − M)/(k + 1). This is because this differ-
ence, (W −M), arises only from reductions in count to items during
the UPDATE operations. Even if one item lost weight during all of
these, the same weight loss was shared by k others (possibly differ-
ent each time). So no item can suffer more than a 1/(k + 1) fraction
of the total weight loss, (W − M).

A similar argument holds in the case of MERGE operations. Let
Wa and Wb denote the total weights of inputs summarized by the
two MG summaries to be merged, and Ma, Mb represent the cor-
responding sum of weights stored in the summary. Following the
MERGE operation, the new weight of the summary is Mab, which at
most the sum Ma + Mb. The MERGE operation means that the differ-
ence (Ma + Mb)−Mab is at least (k +1)wk+1: we subtract wk+1 from the
k + 1 largest weights (ignoring the impact on the smaller weights).
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Rearranging, we have wk+1 ≤
1

k+1 (Ma +Mb−Mab). The amount of ad-
ditional error introduced by the MERGE into each estimated weight
is at most wk+1. If we assume (inductively) that the prior error from
the two summaries is (Wa−Ma)/(k + 1) and (Wb−Mb)/(k + 1) respec-
tively, then the new error is at most

1
k + 1

((Wa − Ma) + (Wb − Mb) + (Ma + Mb − Mab))

=
1

k + 1
(Wa + Wb − Mab) = (Wab − Mab)/(k + 1).

Consequently, the MERGE operation also preserves the property
that the query error is bounded by at most a 1/(k + 1) fraction of
the difference between the sum of true weights, and the sum of
weights stored in the summary. Even in the worst case, when the
weight of items stored in the summary is zero, this guarantees er-
ror of at most W/(k+1) ≤ εW. In general, the bound can be stronger.
Let W res(t) denote the residual weight of the input after removing the
t heaviest items (as defined in Section 1.2.1). We can show a bound
on the error in terms of W res(t) for t < k. Let ∆ denote the largest er-
ror in estimating the weight of any item. By the above analysis, we
have that ∆ ≤ (W−M)/(k+1), and so M ≤ W−∆(k+1). Let wi denote
the (true) weight of the ith heaviest item. The estimated weight of
this item is at least wi − ∆, so considering just the t heaviest items,∑t

i=1(wi − ∆) ≤ M. Combining these two results, we have
t∑

i=1

(wi − ∆) ≤ W − ∆(k + 1).

Rearranging, we obtain

∆ ≤ W res(t)/(k + 1 − t).

In other words, for skewed distributions (where W res(t) is small com-
pared to W), the accuracy guarantee is stronger.

Implementation Issues. A limitation of the MG summary is that the
weight stored for an item may be considerably lower than the true
count, due to weight reductions caused by many other items. A simple
adjustment which can improve the accuracy at the expense of increas-
ing the space used, is to retain two weights for each item: the estimated
weight as described above, and a second observed weight, which is in-
creased in accordance with the procedures above, but which is never
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decreased. This too is a lower bound on the true weight, but can be
higher than the estimated weight that is used to determine when to
retain the item. Note that this can still underestimate the true weight,
since the item might be ejected from the summary at various points,
and then the accrued weight of the item is lost.

The estimates provided are lower bounds. To turn these to upper
bounds, we can add on a sufficient amount. It is straightforward to
track W, the total weight of the whole input. Trivially, adding W/(k + 1)
to any estimated count provides an upper bound over any input. We
can give a better bound in some cases by using (W − M)/(k + 1) where
M is the sum of the weights stored in the summary, as described above.

There has been much discussion in the research literature about how
best to implement the MG summary to ensure that operations on the
structure can be performed very quickly. When processing large se-
quences of UPDATE operations, we need to quickly determine whether
x is currently stored in the structure (and if so, retrieve and modify its
count); and also quickly find the minimum weight item, and reduce
all items by this amount. The question of tracking whether an item
is currently stored is a standard dictionary data structure question. It
can be addressed deterministically, by keeping the current set of items
T in a search-tree data structure, or via a randomized hash-table data
structure. The former supports insertion, deletion and look up of items
in worst case time O(log k), the latter supports these operations in ex-
pected time O(1).

Tracking the minimum value and modifying all the others is a less
standard step. The simplest solution is just to iterate among all the
stored counts to find the minimum, and then a second time to reduce
them by this amount. This however takes time O(k), which would slow
down UPDATE operations. Instead, we can optimize this step (at the
cost of slowing down QUERY operations) by storing the items in sorted
order of their weights, and representing their weights in terms of the
difference in weight between the next heaviest item. That is, we store
the lightest weight item first, then the next lightest and the amount by
which it is heavier, and so on. To reduce the weights by the m value, it
suffices to modify the weight of the lightest item, or remove it entirely.
However, to insert a new item means stepping through this sorted list
to find where the item belongs—which requires linear time O(k) in the
worst case. We can reduce this time cost, since we do not strictly require
that the items are kept in sorted order of weight, only that we can find
(and possibly remove) the item of least weight. As a result, it is possible
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to adopt a min-heap data structure for this purpose. In the heap, we still
store weights in terms of differences between the item and its parent in
the heap. Using this representation, the heap operations to add a new
item, modify the weight of an existing item, or remove the minimum
weight item (and, implicitly, reduce the weights of the other items in
the heap) can all be performed efficiently. In particular, these can all be
done in time O(log k), proportional to the height of the heap. However,
these are typically not supported in standard heap implementations,
and so need to be implemented specially for this purpose. When we
present the closely related SpaceSaving algorithm in Section 3.3, we
will see how this summary can be implemented using an off-the-shelf
heap structure.

In the special case when the updates are always 1 (so we are just
counting the number of occurrences of each item), it is possible to re-
duce the UPDATE cost to constant time. In this case, we again represent
the weight of items in terms of the difference between their weight and
lighter items. However, we also group together all items which have
the same weight, and arrange the groups in order of increasing weight.
Now observe that when we increase the weight of an item, due to an
arrival of weight 1, then the item must move from its current group, to
the next group if this has a weight difference of 1, or to a new group
in between the current group and the next group, if the weight differ-
ence to the next group is greater than 1. Working through all the stages
in UPDATE, all these steps can be preformed in O(1) time, if we main-
tain the items in groups via doubly-linked lists. However, the number
of cases to handle is quite large, and many pointer operations are re-
quired. Careful use of hash tables and arrays can simplify this logic,
and give a more compact representation [22].

History and Background. The history of this summary spans at least
three decades. Initial interest arose from the question of finding the ma-
jority choice from a collection of votes. This problem and a candidate
solution was described by Boyer and Moore [35]. The technical core of
the solution is essentially the MG summary with k = 1 and all input
weights set to 1, which therefore finds if there is one item that occurs
more than half the time (a strict majority).

A generalization of this approach to process sequences of items with
unit weight, and find all those that occur more than a 1/k fraction of
the time, was first proposed by Misra and Gries [183]. The time cost of
their algorithm is dominated by the O(1) dictionary operations per up-
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date, and the cost of decrementing counts. Misra and Gries described
the use of a balanced search tree, and argued that the decrement cost
is amortized O(1). Refinements of this approach emerged two decades
later, due to renewed interest in efficient algorithms for processing large
streams of data. Karp et al. proposed a hash table to implement the dic-
tionary [156]; and Demaine et al. show how the cost of decrementing
can be made worst case O(1) by representing the counts using offsets
and maintaining multiple linked lists [85]. Bose et al. [34] observed that
executing this algorithm with k = 1/ε ensures that the count associated
with each item on termination is at most εW below the true value.

The extension to allow a MERGE operation, in addition to UPDATE,
was made more recently [26], where the bounds in terms of W res(k) were
also shown. The strong bounds on the effect of MERGE are due to Agar-
wal et al. [2]. Additional historical context for this summary is provided
in [68]. An optimized implementation of MG is discussed by Anderson
et al. [12], with particular attention paid to handling weighted updates
and MERGE operations efficiently.

Available Implementations. The MG summary forms the basis
of the Frequent Items implementation within the DataSketches li-
brary, https://datasketches.github.io/docs/Frequency/
FrequentItemsOverview.html. Items within the summary are
stored in a hash table, and the compression of the summary to
decrement counts is performed with a linear pass through the cur-
rent structure. Optimizations due to Anderson et al. [12] are in-
cluded. These ensure that the implementation is easily capable of
processing over ten million UPDATE operations per second.

3.3 SpaceSaving

Brief Summary. The SpaceSaving summary retains a subset of items
from a multiset v, with an associated weight for each. It answers point
queries approximately: the answer to a query x is the weight associ-
ated with x in the summary, if x is stored, and 0 otherwise. Given a
parameter ε, the summary stores 1/ε items and counts, and answers
point queries with additive error at most ε‖v‖1. It only supports updates
with positive weights. Conceptually, the SpaceSaving summary is very
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Algorithm 3.5: SpaceSaving:UPDATE (x,w)

1 if x ∈ T then
2 wx ← wx + w;
3 else
4 y← arg min j∈T w j;
5 wx ← wy + w;
6 T ← T ∪ {x}\{y};

similar to the MG summary (Section 3.2), with a few operational differ-
ences, and in fact the two structures can be considered almost identical.

Operations on the summary. Like the MG summary, the SpaceSaving
summary is represented as a collection of pairs of items drawn from the
input x, and associated weights wx. To INITIALIZE an empty summary,
an empty set of k = 1/ε tuples is created. It is sometimes convenient
to think of these tuples being initialized to k distinct (dummy) values,
each with associated count zero.

Each UPDATE operation of an item x with weight w tries to include
x in the summary. If x is already stored with weight wx, the UPDATE

increases this weight to wx + w. Otherwise, the operation identifies the
stored tuple with the smallest weight, say y, and replaces it with the
new item x. The corresponding weight is set to wy + w. When there are
multiple items stored in the summary with the same, least weight, an
arbitrary one can be selected for replacement.

Algorithm 3.5 presents pseudocode for the UPDATE operation, where
the set T holds the currently monitored items. This assumes that the
summary is initialized with k ‘dummy’ entries, so that each UPDATE

preserves the size of the summary at k elements.
A MERGE operation is quite simple, and proceeds in the natural way,

given two SpaceSaving summaries of the same size. The merged sum-
mary initially contains all items which occur in either of the input sum-
maries. If an item x is stored in both summaries, then its weight in the
new summary is the sum of its weights in the previous summaries.
Otherwise, its weight is the weight from whichever summary it was
stored in. The intermediate result may have more than k tuples, so to
reach a summary of bounded size, we retain only the k tuples with the
largest weights (breaking any ties arbitrarily). Algorithm 3.6 shows the
MERGE operation for the SpaceSaving summary. A subtlety not ex-
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Algorithm 3.6: SpaceSaving: MERGE(Ta,Tb)

1 T ← Ta;
2 forall j ∈ Tb do
3 if j ∈ T then w j ← w j + wb, j ;
4 else
5 T ← T ∪ { j} ;
6 w j ← wb, j;

7 if |T | > k then
8 wk+1 ← k + 1st largest weight ;
9 forall j ∈ T do

10 if w j ≤ wk+1 then T ← T \ { j};

plicitly addressed in the pseudocode is when multiple items share the
same weight wk+1, the algorithm should remove just the right number
of them so that the resulting size of the summary is k.

To QUERY for the estimated weight of an item x, we look up whether
x is stored in the SpaceSaving summary. If so, QUERY reports the as-
sociated weight as the estimate. This approximate answer is an over-
estimate of the true weight, as explained within the further discussion
section. If x is not stored in the summary, then the QUERY operation can
report the smallest weight value stored in the summary, n, as an upper
bound on the true weight, or 0 as a lower bound on the true weight.

Example. Consider (again) the input sequence
a, b, a, c, d, e, a, d, f, a, d

interpreted as a sequence of items of weight 1. If we UPDATE each
item in turn into a SpaceSaving summary of size k=4, we may obtain
at the end

a d e f
4 3 2 2

Other instances of the summary are possible, depending on how we
break ties when there are multiple items achieving the smallest fre-
quency. For concreteness, in this example, we break ties by overwriting
the lexicographically smallest item.



DRAFT

88 Summaries for Multisets

Further Discussion. An important observation which simplifies
the study of this summary is that, despite differences in the de-
scription of the operations, it is essentially identical to the MG sum-
mary (Section 3.2). More precisely, an MG summary with size pa-
rameter k and a SpaceSaving summary with size parameter k + 1,
subject to the same sequence of UPDATE and MERGE operations
over the same input, contain the same information. The correspon-
dence between the two summaries is that the estimated weight of
x in the MG summary is the estimated weight of x in the Space-
Saving summary, less the weight of the smallest item in the sum-
mary, which we denote by n. For instance, comparing the example
(SpaceSaving with k = 4), with the corresponding example in the
previous section (MG with k = 3), we see that after subtracting the
minimum value of 2 from the SpaceSaving example, we retain a
with weight 2, and d with weight 1, the same information as in the
MG examples.

The proof that this holds in general proceeds inductively. The
correspondence is certainly true initially, since all estimated weights
in both summaries are zero. Now consider the effect of an UPDATE

operation when the minimum value is denoted n, assuming that
the correspondence holds prior to this operation. If x is stored in
both summaries, then the correspondence holds after the UPDATE,
since both estimated weights increase by w. If x is not stored in the
MG summary, but there is room to store it, then its old estimated
weight was 0 and its new estimated weight is w. This means its es-
timated weight in SpaceSaving is n. Then either it is stored in the
SpaceSaving summary with weight n, or it is not stored, and some
item with weight n is overwritten. Either way, its new estimated
weight becomes n + w, preserving the correspondence. Lastly, if x
is not stored in the MG summary, and there is no room to store
it, then all the estimated weights there are reduced by the amount
m. Using the assumed correspondence, this means that there is a
unique item with weight n in the SpaceSaving summary, which is
overwritten by x, and whose new weight becomes n + w. Note that
this has the effect of changing the smallest weight in the SpaceSav-
ing summary to either n + w or the smallest of the other estimated
weights. Thus, the amount deducted from the counts in MG, m, is
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exactly the amount by which the new smallest count in SpaceSav-
ing differs from the old smallest count. Hence, the correspondence
is preserved. By similar case-based reasoning, it follows that the
MERGE operations also preserve this correspondence.

Thus the information provided by both summaries is essentially
the same. The upper bound estimate stored by SpaceSaving can
be transformed to the lower bound estimate, by subtracting n, the
smallest of the stored counts.

Implementation Issues. The duality between the SpaceSaving and MG
structures means that the same implementation issues affect both. How-
ever, the form of the SpaceSaving summary means that it is clearer to
see an efficient way to process updates to the summary. Specifically, for
an UPDATE we now only need to be able to find the smallest weighted
item. This can be done using a standard min-heap data structure, with
operations taking time O(log k). Merge operations requires summing up
to k corresponding weights, and merging the structures, and so requires
time O(k).

History and Background. The SpaceSaving summary was first pro-
posed as such by Metwally et al. for unit weight updates [182]. The
generalization to weighted updates was given later by [26]. The ob-
servation of the correspondence between SpaceSaving and MG was
made in [2], and used to provide an efficient MERGE operation. Efficient
implementations of SpaceSaving with optimizations to allow constant
time (amortized or worst-case) UPDATE operations is given by Basat et
al. [24, 23]. These are based on using the (approximate) median weight
element in the data structure to prune elements, similar to the concur-
rent work of Anderson et al. [12] – see the historical notes on the MG
summary in the previous section. Parallel implementations have also
been considered [80]. The summary was introduced in the context of
counting clicks within Internet advertising, and more generally applies
where we want to count popular items out of a very large number of
possibilities.

Available Implementations. A

n implementation of the algorithm is presented in the Algebird library,
https://twitter.github.io/algebird/datatypes/approx/
space_saver.html, amongst others.
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3.4 Count-Min Sketch for frequency estimation

Brief Summary. Like the MG and the SpaceSaving summary, the Count-
Min Sketch summary also summarizes a multiset v and answers point
queries with error at most ε‖v‖1. But it is a linear sketch, in the sense
that it can be written as the action of matrix on a vector (expanded in
more detail in Section 9.3.4). It thus supports updates with both positive
and negative weights. The Count-Min Sketch summary maintains an
array of counts, which are updated with each arriving item. It answers
point queries approximately by probing the counts associated with the
item, and picking the minimum of these. It is a randomized algorithm.
Given parameters ε and δ, the summary uses space O(1/ε log 1/δ), and
guarantees with probability at least 1 − δ that any point query is an-
swered with additive error at most ε‖v‖1. A variant of the summary
uses O(1/ε2 log 1/δ) space and has error at most ε‖v‖2 with probability
at least 1 − δ.

Operations on the summary. The Count-Min Sketch summary is rep-
resented as a compact array C of d × t counters, arranged as d rows of
length t. For each row a hash function h j maps the input domain U uni-
formly onto the range {1, 2, . . . , t}. To INITIALIZE a new summary, the
array of counters is created based on the parameters t and d, and every
entry is set to 0. At the same time, a set of d hash functions is picked
from a pairwise independent family (see Section 1.4.2). Algorithm 3.7
shows how to INITIALIZE the summary given parameters t and d, and
randomly chooses the d hash functions (based on a suitable prime p).

Algorithm 3.7: Count-Min Sketch: INITIALIZE (t, d, p)

1 C[1, 1] . . .C[d, t]← 0;
2 for j← 1 to d do
3 Pick a j, b j uniformly from [1 . . . p];

For each UPDATE operation to item i with weight w (which can be
either positive or negative), the item is mapped to an entry in each
row based on the hash functions, and the update applied to the cor-
responding counter. That is, for each 1 ≤ j ≤ d, h j(i) is computed, and w
is added to entry C[ j, h j(i)] in the sketch array. Processing each update
therefore takes time O(d), since each hash function evaluation takes con-
stant time. The pseudocode for UPDATE computes the hash function for
each row of the update i, and updates the corresponding counter with
the weight w (Algorithm 3.8).
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Figure 3.1 Count-Min sketch data structure with t = 9 and d = 4

Algorithm 3.8: Count-Min Sketch: UPDATE (i,w)

1 for j← 1 to d do
2 h j(i) = (a j × i + b j mod p) mod t ;
3 C[ j, h j(i)]← C[ j, h j(i)] + w;

The Count-Min Sketch gets its name due to the two main operations
used during a QUERY operation: counting of groups of items, and tak-
ing the minimum of various counts to produce an estimate. Specifically,
we find all the locations where the queried item x is mapped, and re-
trieve the count from each such location. In the basic version of the
summary, the estimated count is just the smallest of these counts. So
the QUERY time is the same as the UPDATE time, O(d). The procedure
for QUERY in Algorithm 3.9 is quite similar to that for UPDATE: again,
there is an iteration over the locations where x is mapped. A value e is
maintained as the smallest of the values encountered, and returned as
the final estimate.

Algorithm 3.9: Count-Min Sketch: QUERY (x)

1 e← ∞;
2 for j← 1 to d do
3 h j(x) = (a j × x + b j mod p) mod t ;
4 e← min(e,C[ j, h j(x)]) ;

5 return e

To MERGE two Count-Min Sketch summaries, they must be built us-
ing the same parameters. That is, they must share the same t and d
values, and use the same set of d hash functions. If this is the case, then
we can merge two summaries directly by summing the corresponding
entries in the arrays.
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Example. Figure 3.1 shows the UPDATE process: an item i is mapped
to one entry in each row j by the hash function h j, and the update of c is
added to each entry. It can also be seen as modeling the QUERY process:
a query for the same item i will result in the same set of locations being
probed, and the smallest value returned as the answer.

Further Discussion. Let v denote the characteristic vector of the
multiset, so vi is the total weight of all updates to entry i. The en-
tries of the sketch C then obey

C[ j, k] =
∑

1≤i≤M:h j(i)=k

vi

That is, the kth entry in the jth row is the sum of frequencies of all
items i which are mapped by the jth hash function to value k.

The effect of QUERY is to recover an estimate of vi, for any i. Ob-
serve that for it to be worth keeping a sketch in place of simply
storing v exactly, it must be that td is much smaller than the size
of the input domain, U, and so the sketch will necessarily only ap-
proximate any vi. The estimation can be understood as follows: in
the first row, it is the case that C[1, h1(i)] includes the current value
of vi. However, since t � U, there will be many collisions under
the hash function h1, so that C[1, h1(i)] also contains the sum of all
v` for ` that collides with i under h1. Still, if the sum of such v`s is
not too large, then this will not be so far from vi. In fact, we can
state a bound in terms of W =

∑
1≤`≤M v`, the sum of all frequencies.

Fact 3.1 The error in the estimate of vi from a Count-Min Sketch is at
most εW with probability 1 − δ for a sketch with parameters t = 2/ε and
d = log 1/δ.

We demonstrate this fact under the assumption that every en-
try in v is non-negative (below, we discuss the case when this is
not so). Then C[1, h1(i)] is an overestimate for vi. The same is true
for all the other rows: for each j, C[ j, h j(i)] gives an overestimate
of vi, based on a different set of colliding items. Now, if the hash
functions are chosen at random, the items will be distributed uni-
formly over the row. So the expected amount of “noise” colliding
with i in any given row is just

∑
1≤`≤U,`,i v`/t, a 1/t fraction of the

total weight W. Moreover, by the Markov inequality (Fact 1.1 in
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Section 1.4), there is at least a 50% chance that the noise is less than
twice this much.

Expressing this in probability terms, we have

Pr
[
C[ j, h j(i)] − vi >

2W
t

]
≤

1
2

Here, the probabilities arise due to the random choice of the hash
functions. If each row’s estimate of vi is an overestimate, then the
smallest of these will be the closest to vi. By the independence of the
hash functions, it is now very unlikely that this estimate has error
more than 2

∑
1≤`≤U v`/t: this only happens if every row estimate is

“bad”, which happens with probability at most 2−d. That is,

Pr
[
min

j
C[ j, h j(i)] − vi >

2W
t

]
≤

(
1
2

)d

Rewriting this, if we pick t = 2/ε and d = log 1/δ, then our esti-
mate of vi has error at most εW with probability at least 1 − δ. The
value returned by QUERY is simply mind

j=1 C[ j, h j(i)].
For this analysis to hold, the hash functions are required to be

drawn from a family of pairwise independent functions (Section 1.4.2).
That is, over the random choice of the hash functions, for any i, `
and values x, y, Pr[h j(i) = x ∧ h j(`) = y] = 1

t . However this turns
out to be quite a weak condition: such functions are very simple
to construct, and can be evaluated very quickly indeed [46, 219].
Hash functions of the form ((ax + b) mod p) mod t where p is a
prime, and a, b are chosen randomly in the range 1 to p − 1 meet
these requirements.

Residual bound. The above analysis can be tightened to give a bound
in terms of ‖v‖res k

1 , the residual L1 norm after removing the k largest
entries. Consider the estimate of vi for a row j. With probability
1 − 1/t, the heaviest item is not mapped to h j(i). Taking a union
bound over the k heaviest items, they all avoid h j(i) with probabil-
ity 1−k/t. Picking k = t/8, say, ensures that this holds with constant
probability. Conditioned on the event that all k avoid colliding with
i, then we can apply the same expectation-based argument on the
weight of the other colliding items, and show that this is ‖v‖res(k)

1 /t
in expectation. Therefore, with constant probability, we have that
none of the k heaviest items collide, and that the weight of items
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that do collide is at most a constant times ‖v‖res(k)
1 /t. Repeating over

the d hash functions and taking the minimum estimate improves
the probability of getting an estimate within ε‖v‖res(k)

1 to 1 − δ.

Unbiased estimator. The estimator C[ j, h j(i)] is technically biased, in
the statistical sense: it never underestimates but may overestimate,
and so is not correct in expectation. However, it is straightforward
to modify the estimator to be unbiased, by subtracting an appropri-
ate quantity from the estimate. Specifically, we modify the QUERY

procedure to compute

v̂i, j = C[ j, h j(i)] −
1

t − 1

∑
k,h j(i)

C[ j, k] =
tC[ j, h j(i)] −W

t − 1
,

where W is the total weight of all updates. Since we have that the
expectation of C[ j, h j(i)] = vi + (W − vi)/t, it follows that the expec-
tation of this quantity is vi, i.e., it is an unbiased estimator.

However, there is no way to preserve this unbiasedness across
the d rows: ideas such as taking the median of estimators turn out
not to work. One workaround is to convert the Count-Min Sketch
to a Count Sketch, which produces an unbiased estimator across
multiple rows — this is covered when we discuss the Count Sketch
structure in Section 3.5.

L2 bound. The Count-Min Sketch can also produce an estimator
whose error depends on ‖v‖2, the `2-norm of v. We use the unbi-
ased estimator v̂i, j as described above. Its variance can be bounded
as follows, using standard properties of the variance (Section 1.4):

Var
[
tC[ j, h j(i)] −W

t − 1

]
= Var

[ t
t − 1

C[ j, h j(i)]
]

=

( t
t − 1

)2
Var

vi +
∑

k,i,h j(k)=h j(i)

vk


=

( t
t − 1

)2 ∑
k,i

Var[vkI(h j(k) = h j(i))]

=

( t
t − 1

)2 ∑
k,i

v2
k

(
1
t

) (
1 −

1
t

)

=
1

t − 1

∑
k,i

v2
k ≤
‖v‖22
t − 1

,
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where I(E) is an indicator random variable for the event E. This
analysis relies on the fact that whether two items are mapped to
h j(i) can be treated as independent, over the choice of the hash
function, and so the covariance of corresponding random variables
is zero. We can apply the Chebyshev bound to this estimator (Fact 1.3
from Section 1.4), and obtain

Pr
[
|v̂i, j − vi| >

2‖v‖2
√

t − 1

]
≤

1
4
,

i.e., the estimate is within two standard deviations from its expec-
tation, which is vi, with probability at least 3/4. Then we take the
median of all the estimates (one from each row of the sketch), and
return it as the final estimate. Note that the median of multiple un-
biased estimators is not necessarily unbiased, but we can still ob-
tain an (ε, δ) guarantee via the standard Chernoff bound argument
(Section 1.4.1):

Fact 3.2 The error in the (unbiased) estimate of vi from a Count-Min
Sketch with parameters t = O(1/ε2) and d = O(log 1/δ) is at most ε‖v‖2
with probability at least 1 − δ.

To better contrast the two forms of guarantees from Fact 3.1 and
Fact 3.2, we may rewrite Fact 3.2 by substituting ε with

√
ε, so that

the sketch size is the same t = O(1/ε), d = O(log 1/δ). Then the L2

error bound becomes
√
ε‖v‖2. Note that this is in general incompa-

rable to the L1 error bound of ε‖v‖1. When the frequency vector v
is highly skewed, say with only one or two nonzero entries, then
‖v‖1 = ‖v‖2 and the L1 bound is better. But when v is quite flat, say
v1 = v2 = · · · = 1, then ‖v2‖ =

√
‖v‖1 � ‖v‖1, and the L2 bound will

be much better.

Negative frequencies. The same sketch can also be used when the
items have both positive and negative frequencies when the sketch
is queried. In this case, the sketch can be built in the same way, but
now it is not correct to take the smallest row estimate as the overall
estimate: this could be far from the true value if, for example, all the
vi values are negative. However, an adaptation of the above argu-
ment shows that the error still remains bounded. Consider instead
the sum of the absolute values of items that collide with i when es-
timating vi. This is a positive quantity, and so can still be bounded
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by the Markov inequality (Fact 1.1) to be at most ‖v‖1/t with con-
stant probability, where ‖v‖1 denotes the 1-norm (sum of absolute
values) of v. If this is the case, then the error in the estimate must lie
between −‖v‖1/t (if all the colliding items are negative) and +‖v‖1/t
(if all the colliding items are positive). So with constant probability,
each estimate of vi is within 2‖v‖1/t additive error. To improve this
to hold with high probability, we can take the median of the row
estimates, and apply the Chernoff bounds argument described in
Section 1.4 to obtain an accurate estimate. Then it follows that:

Fact 3.3 The error in the estimate of vi from a Count-Min Sketch over
a multiset with both positive and negative frequencies is at most ε‖v‖1
with probability 1 − δ, for a sketch with parameters t = O(1/ε) and d =

O(log 1/δ).

Conservative update. The conservative update method can be applied
on a Count-Min Sketch when there are many UPDATE operations
in sequence. It tries to minimize overestimation by increasing the
counters by the smallest amount possible given the information
available. However, in doing so it breaks the property that the sum-
mary is a linear transform of the input, so it can no longer support
updates with negative weights. Consider an update to item i in a
Count-Min Sketch. The update function maps i to a set of entries in
the sketch. The current estimate of vi is given by the least of these,
as v̂i: this has to increase by at least the amount of the update u
to maintain the accuracy guarantee. But if other entries are larger
than v̂i + u, then they do not need to be increased to ensure that the
estimate is correct. So the conservative update rule is to set

C[ j, h j(i)]← max(v̂i + u,C[ j, h j(i)])

for each row j. The MERGE and QUERY operations under conserva-
tive update remain the same. However, to enjoy the maximum ben-
efit from conservative update, we must expect a large amount of
UPDATE operations: if the sketch is obtained from mostly MERGE

operations rather than UPDATE operations, then the final sketch
will be no different to the sketch obtained under the usual UPDATE

operation.

History and Background. The central concept of the Count-Min Sketch
is quite fundamental, and variations of the idea have appeared in sev-
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eral contexts. Variations of Bloom Filters (see Section 2.7) have used the
idea of hashing to counters to deal with set updates [101] and more
specifically for count estimation [60]. In the context of networking, Es-
tan and Varghese’s multistage filters are a data structure which corre-
spond to sketches, under assumptions of fully-independent hash func-
tions [100]. This work pioneered the idea of conservative update. The
sketch was formally introduced with strong guarantees from weak hash
functions in 2003 [73, 76], building on earlier work on retrieving heavy
hitter items [74]. Kirsch and Mitzenmacher discuss how the hashing
can be made faster, by performing arithmetic on combinations of hash
values [158].

Several variations and extensions have been suggested. The approach
of taking the minimum value as the estimate from Count-Min Sketch is
appealing for its simplicity. But it is also open to criticism: it does not
take full account of all the information available to the estimator. Lee et
al. studied using a least-squares method to recover estimated frequen-
cies of a subset of items from a Count-Min Sketch [168]. That is, us-
ing the fact that the sketch is a linear transform of the input, write the
sketch as a multiplication between a version of the sketch matrix and a
vector of the frequencies of the items of interest. Lu et al. use Message
Passing, which also tries to find a distribution of counts which is consis-
tent with the values recorded in the sketch of the observed data [174].
Jin et al. empirically measure the accuracy of an instance of a Count-
Min sketch [147]. They estimate the frequency of some items which are
known to have zero count, say U + 1,U + 2 . . . etc. The average of these
estimates is used as τ, the expected error, and all estimated counts are
reduced by τ. This was sometimes referred to as “Count-Mean-Min”
(CMM), by [86, 54]. Bianchi et al. [28] and Einziger and Friedman [96]
both give an analysis of the conservative update method. A line of sub-
sequent work has studied tighter bounds on estimation for Count-Min
Sketch. Ting [222] provides new estimators with tight error bounds; Cai
et al. [45] adopt a Bayesian perspective to analyze the sketch.

The sketch has been used for a variety of different tasks. Some ex-
amples include counting the frequency of particular strings in long ge-
netic sequences [240]; tracking the popularity of different passwords,
and warning if a chosen password is too common [207]; and a general
technique to speed up machine learning in high-dimensional feature
spaces [210]. The sketch has been used by Twitter to track the popular-
ity of individual tweets across the web [30], and by Apple to reduce the
size of information gathered under its private data collection tool [218].
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Available Implementations. Many implementations of the Count-
Min Sketch are available. Typically these are quite simple and straight-
forward: one example https://github.com/rafacarrascosa/
countminsketch implements all methods in a few dozen lines of
python. Other implementations listed on GitHub implement the
summary in C, C++, Java, JavaScript, Go, Julia and Clojure. Al-
gebird provides code in Scala (https://twitter.github.io/
algebird/datatypes/approx/countminsketch.html). The
stream-lib implementation (https://github.com/addthis/stream-lib/
tree/master/src/main/java/com/clearspring/analytics/
stream/frequency) includes both the basic and conservative up-
date variants.

3.5 Count Sketch for frequency estimation

Brief Summary. The Count Sketch summary is very similar to Count-
Min Sketch. It also summarizes a multiset v and answers point queries
approximately. It has asymptotically the same guarantees as the Count-
Min Sketch, but with slightly worse hidden constant factors: Given pa-
rameters ε and δ, the summary uses space O(1/ε log 1/δ), and guaran-
tees with probability at least 1−δ that any point query is answered with
additive error at most ε‖v‖1. Alternatively, with space O(1/ε2 log 1/δ), it
has error at most ε‖v‖2 with probability at least 1 − δ. The benefit of
the Count Sketch is that it produces an unbiased estimator, which is
important in certain applications (see, for example, Section 4.4).

Algorithm 3.10: Count Sketch: INITIALIZE (t, d, p)

1 C[1, 1] . . .C[d, t]← 0;
2 for j← 1 to d do
3 Pick a j, b j uniformly from [1 . . . p];
4 Pick c j, d j uniformly from [1 . . . p];

Operations on the summary. The Count Sketch summary is repre-
sented as a compact array C of d × t counters, arranged as d rows of
length t. It can be described as being similar in nature to the Count-
Min Sketch summary, but with some key differences. For each row j
a hash function h j maps the input domain U uniformly onto the range
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{1, 2, . . . , t}. A second hash function g j maps the input domain U uni-
formly on the range {−1,+1}. To INITIALIZE a new summary, the array
of counters is created based on the parameters t and d, and every entry
is set to 0. The two sets of d hash functions, g and h are picked at the
same time. Algorithm 3.10 shows the procedure to INITIALIZE a Count
Sketch: the array is set to zero, and the parameters for the hash function
are chosen randomly based on the prime p.

Algorithm 3.11: Count Sketch: UPDATE (i,w)

1 for j← 1 to d do
2 h j(i) = (a j × i + b j mod p) mod t ;
3 g j(i) = 2 × ((c j × i + d j mod p) mod 2) − 1 ;
4 C[ j, h j(i)]← C[ j, h j(i)] + w × g j(i);

For each UPDATE operation to item i with weight w (which can be
either positive or negative), the item is mapped to an entry in each row
based on the hash functions h, and the update applied to the corre-
sponding counter, multiplied by the corresponding value of g. That is,
for each 1 ≤ j ≤ d, h j(i) is computed, and the quantity wg j(i) is added
to entry C[ j, h j(i)] in the sketch array. Processing each update there-
fore takes time O(d), since each hash function evaluation takes constant
time. Each UPDATE shown in Algorithm 3.11 computes h j(i) and g j(i)
for each row j, and updates the corresponding entry of the array.

Algorithm 3.12: Count Sketch: QUERY (x)

1 for j← 1 to d do
2 h j(x) = (a j × x + b j mod p) mod t ;
3 g j(x) = 2 × ((c j × x + d j mod p) mod 2) − 1 ;
4 e j ← g j(x) ×C[ j, h j(x)]) ;

5 return median(e)

The QUERY operation on item x extracts the count associated with
x in each row, and returns the median of these. That is, in row j it
computes g j(i)C[ j, h j(i)] as the estimate for that row. This generates d
estimates, and the median of these is the final estimate. Therefore, the
QUERY time is also O(d). For a QUERY operation in Algorithm 3.12, the
procedure is quite similar to an UPDATE. A vector of estimates e is built,
and the median of this vector is returned as the final answer.

To MERGE two Count Sketch summaries, they must have the same
parameters, i.e., they must have the same t and d values, and use the
same sets of hash functions h and g. Then they can be merged by sum-
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Figure 3.2 Count Sketch data structure with t = 9 and d = 4

ming the corresponding entries in the arrays. This works since the re-
sulting sketch is identical to the one obtained if all UPDATE operations
had been made to a single sketch.

Example. Figure 3.2 shows an example of the Count Sketch: during an
UPDATE operation, an item is mapped into one entry in each row by
the relevant hash function, and multiplied by a second hash function
g. The figure serves to emphasize the similarities between the Count
Sketch and Count-Min Sketch: the main difference arises in the use of
the g j functions.

Further Discussion. As with the Count-Min Sketch summary, the
accuracy of the estimate obtained is analyzed by considering the
distribution of the “noise” of other items that affect the estimate.
This is shown to be very likely to be small, under the random
choice of the hash functions. Let v denote the characteristic vec-
tor of the multiset summarized, so that vi is the total weight of all
update to entry i. Then we can write the sketch C as

C[ j, k] =
∑

1≤i≤M:h j(i)=k

g j(i)vi.

So the kth entry in the jth row is a sum of frequencies of items i
mapped to k by the jth hash function h j, where each is multiplied
by either +1 or −1, according to g j. The intuition is that by hashing
to different entries, i is unlikely to collide with too much “weight”
from other items. Further, the use of g j functions is intended to
help the colliding items to ‘cancel’ out with each other.
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L1 error bound. Formally, let v̂i, j = g j(i)C[ j, h j(i)] be the estimator in
the j-th row for vi. We consider the random variable |vi− v̂i, j|, which
is the absolute error in the estimator. Its expectation is

E[|vi − v̂i, j|] = E


∣∣∣∣∣∣∣∑
`,i

I(h j(`) = h j(i)) · v` · g j(i) · g j(`)

∣∣∣∣∣∣∣


≤
∑
`,i

E[|I(h j(`) = h j(i)) · v` · g j(i) · g j(`)|]

=
∑
`,i

|v` | · E[I(h j(`) = h j(i))]

=
1
t

∑
`,i

|v` | ≤ ‖v‖1/t.

Applying the Markov inequality to the (non-negative) variable
|vi − v̂i, j|, we have that the error in this estimate is at most 3‖v‖1/t
with probability at least 2/3. Taking the median of O(log 1/δ) repe-
titions reduces this failure probability to δ, via a Chernoff bounds
argument. So we have an L1 error bound for the Count Sketch that
is asymptotically the same as the Count-Min Sketch:

Fact 3.4 The error in the estimate of vi from a Count Sketch is at most
ε‖v‖1 with probability 1 − δ from a sketch with parameters t = O( 1

ε
) and

d = O(log 1/δ).
Although the Count Sketch has asymptotically the same L1 er-

ror guarantee as the Count-Min Sketch, the hidden constants are
worse. This is due to the use of the median operator to select one
out of the d rows to return as the final estimate. The estimate will
be outside of the error interval as long as half of the d estimates are
outside. This is to be contrasted with the Count-Min Sketch, which
uses the min operator, and thus fails only if all the d estimates ex-
ceed the error limit. In addition, to be able to use the Chernoff
bound argument, the success probability of each individual esti-
mate has to be strictly greater than 1/2, whereas in the case of the
Count-Min Sketch, any constant will do.

L2 bound. The Count Sketch can similarly provide an L2 error guar-
antee. First, we show that the estimator from each row is unbiased:

E[v̂i, j] = E[g j(i) ·C[ j, h j(i)]] = E

g j(i)
∑

1≤`≤M:h j(i)=h(`)

g j(`)v`


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= (g j(i))2vi + E

∑
`,i

g j(i)g j(`)v`


= vi +

∑
`,i

v`(Pr[g j(i)g j(`) = +1] − Pr[g j(i)g j(`) = −1])

= vi.

This analysis breaks the expectation of the result into two pieces:
the contribution from vi, and the contribution from the other items.
Whatever the value of g j(i), we obtain a contribution of vi from
this term. For the second term, the expectation is multiplied by
g j(i)g j(`). Since we chose g j from a pairwise independent family of
hash-functions, over this random choice, the product is +1 half the
time, and −1 the rest of the time, and so is zero in expectation. Of
course, while this product is zero in expectation, it is never actually
zero (it is either +1 or −1), and so we consider the variance of the
estimator from row j in order to study its accuracy.

Var[v̂i, j] = Var[g j(i)
∑

1≤`≤M:h j(`)=h j(i)

g j(`)v`]

= Var[v` + g j(i)
∑
`,i

g j(`)v`I(h j(`) = h j(i))]

=
∑
`,i

Var[g j(i)g j(`)v`I(h j(`) = h j(i))]

=
∑
`,i

v2
`Var[I(h j(`) = h j(i)] ≤

‖v‖22
t
.

This analysis uses the standard properties of variance (Section 1.4),
along with the fact that the events of two items both being mapped
to h j(i) have zero covariance, due to the independence properties of
the hash functions. Thus, applying a Chebyshev bound (Fact 1.3),
we have (for any row j)

Pr
[
|v̂i, j − vi| >

2‖v‖2
√

t

]
≤

1
4
,

showing that the estimate is within two times the standard devi-
ations of its expectation with probability at least 3/4. Taking the
median of O(log 1/δ) repetitions and applying a Chernoff bounds
argument (Section 1.4.1) reduces the probability to δ.

We can also observe that the random variable v̂i, j has a pdf that
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is symmetric around its expectation, so the median of an odd num-
ber of such estimators retains the expectation. So the Count Sketch
returns an unbiased estimator.

Fact 3.5 The Count Sketch returns an unbiased estimator for any point
query. The error in the estimate, with parameters t = O(1/ε2) and d =

O(log 1/δ), is at most ε‖v‖2 with probability at least 1 − δ.

Note that the Count Sketch achieves both the L1 and the L2 er-
ror guarantees with the same QUERY algorithm, namely, the esti-
mate returned always obeys the smaller of the two error guaran-
tees. This can be considered as an additional benefit of the Count
Sketch over the Count-Min Sketch, which needs to use different
QUERY algorithms for achieving different error guarantees.

L2 residual bound. We can also express the error in terms of ‖v‖res(k)
2 ,

the residual L2 norm, after removing the k largest (absolute) entries
of v. This follows by adjusting the argument used to show Fact 3.5.
Consider the estimate of v̂i, j from row j. The probability that the
heaviest item collides with i in row j of the sketch is at most 1

t ,
using the pairwise independence of the hash functions. This also
holds for the rest of the k heaviest items. The probability that all k of
these items avoid i in row j is at least 1− k

t , using a union bound. So
for k = O(t), this holds with at least constant probability. If we con-
dition on this event, then the variance of the estimator is reduced
to ‖v‖res(k)

2 /t. Applying the Chebyshev bound to this case, there is

constant probability that the estimate is at most
√
‖v‖res(k)

2 /t from
its expected value. This constant probability captures the proba-
bility of avoiding collisions with the k heaviest items, and then of
the conditioned random variable falling close to its expectation.
Thus, with some rescaling of constants, we also have that a sketch
of width t = O(1/ε2) and d = O(log 1/δ) estimates vi with error at
most ε‖v‖res(k)

2 /t for k = O(t).

Converting Count-Min Sketch to Count Sketch. A different QUERY

algorithm on the Count-Min Sketch can actually turn the Count-
Min Sketch into a Count Sketch. We use the following estimator:

v̂i, j = C[ j, h j(i)] −C[ j, h j(i) + 1 − 2(h j(i) mod 2)],

where the term 1− 2(h j(i) mod 2) has the result of picking a neigh-
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boring entry in the sketch. The effect of this is to produce an es-
timate which is identical to that arising from the Count Sketch of
size t/2: the effect of the subtraction is to mimic the role of the hash
function g j. Consequently, a Count-Min Sketch structure can simu-
late a Count Sketch and provide the same guarantees as the Count
Sketch, though at the cost of twice the space.

Implementation Issues. The pairwise hash functions needed are very
simple: picking parameters a and b uniformly in the range 1 to p for
a prime p, then computing ((ax + b) mod p) mod t is sufficient (Sec-
tion 1.4.2). Still, in some high performance cases, where huge amounts
of data is processed, we wish to make this part as efficient as possible.
One way to reduce the cost of hashing is to compute a single hash func-
tion for row j that maps to the range 2t, and use the last bit to determine
g j (+1 or −1), while the remaining bits determine h j. This is essentially
equivalent to the above observation that a Count Sketch is equivalent
to taking a Count-Min Sketch of twice the width, and computing the
differences of pairs of adjacent entries.

History and Background. The Count Sketch summary was first pro-
posed by Charikar, Chen and Farach-Colton in 2002 [51], although tech-
nically it can be thought of as an extension of the earlier AMS Sketch [10],
which also used the idea of +1/-1 hash values to provide an unbiased
estimator. The key innovation is the use of hashing in the Count Sketch
to select a cell in each row, instead of averaging all cells. This means
that the UPDATE operation is much faster than in the AMS sketch.

The Count Sketch has found many practical uses, due to its relative
simplicity, and good accuracy. It is implemented in various tools for
manipulating large data, such as the Sawzall system at Google for ana-
lyzing log structured data [203]. The simple structure has also allowed
it to be extended to solve other problems. Pagh [199] showed that one
could rapidly construct a Count Sketch of the product of two matri-
ces, without explicitly performing the matrix multiplication; this is ex-
plained in Section 6.4. For similar reasons, it is possible to efficiently
build a Count Sketch of polynomial kernels used in machine learn-
ing [202].

The Count Sketch is a key tool in the design of advanced algorithms
for problems in high dimensional data analysis. Many problems in ran-
domized numerical linear algebra such as regression can be approxi-
mately solved using Count Sketch [205, 55]. Problems relating to com-
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pressed sensing — recovering approximately sparse vectors from few
linear measurements — make use of the Count Sketch [117]. Lastly, the
Count Sketch is the core part of a general approach to approximately
computing functions over high dimensional vectors [38].

3.6 (Fast) AMS Sketch for Euclidean norm

Brief Summary. The AMS Sketch summary maintains an array of counts
which are updated with each arriving item. It gives an estimate of the
`2-norm of the vector v corresponding to the multiset being summa-
rized, by computing the norm of each row, and taking the median of all
rows. Given parameters ε and δ, the summary uses space O(1/ε2 log 1/δ),
and guarantees with probability at least 1 − δ that its estimate is within
relative ε-error of the true `2-norm, ‖v‖2.

Algorithm 3.13: AMS Sketch: QUERY (x)

1 for j← 1 to d do
2 e j ← 0 ;
3 for k ← 1 to t do
4 e j ← e j + (C[ j, k])2 ;

5 return median(e)

Operations on the summary. The AMS Sketch summary is almost iden-
tical to the Count Sketch summary, with one key difference—sometimes
the terms Count Sketch and AMS Sketch are used interchangeably. It is
represented as a compact array C of d × t counters, arranged as d rows
of length t. In each row j, a hash function h j maps the input domain U
uniformly to {1, 2, . . . t}. A second hash function g j maps elements from
U uniformly onto {−1,+1}. So far, this is identical to the description of
the Count Sketch. An additional technical requirement is that g j is four-
wise independent (Section 1.4.2). That is, over the random choice of g j

from the set of all possible hash functions, the probability that any four
distinct items from the domain get mapped to {−1,+1}4 is uniform: each
of the 16 possible outcomes is equally likely.

The INITIALIZE, UPDATE and MERGE operations on the AMS Sketch
summary are therefore identical to the corresponding operations on the
Count Sketch summary (Section 3.5). Hence the algorithms for INITIAL-
IZE and UPDATE match those given in Algorithms 3.10 and 3.11, the



DRAFT

106 Summaries for Multisets

difference being the stronger requirements on hash functions g j. Only
QUERY is different. Here, the QUERY operation takes the sum of the
squares of row of the sketch in turn, and finds the median of these
sums. That is, for row j, it computes

∑t
k=1 C[ j, k]2 as an estimate, and

takes the median of the d such estimates. Algorithm 3.13 gives code for
the QUERY operation on AMS Sketch summaries: each estimate e j is
formed as the sum of squares of the jth row, and the median of these
is chosen as the final estimate. The QUERY time is linear in the size of
the sketch, O(td). The time for INITIALIZE and MERGE operations is the
same, O(td). Meanwhile, UPDATE operations take time O(d).

Further Discussion. To understand the accuracy of the estimates,
consider the expectation and variance of the result obtained from
each row. Let X j denote the estimate obtained from row j, i.e., X j =∑t

k=1 C[ j, k]2. We have

E[X j] =

t∑
k=1

E[C[ j, k]2]

=

t∑
k=1

E


 ∑

i:h j(i)=k

vig j(i)


2

=

t∑
k=1

E

 ∑
i:h j(i)=k

v2
i + 2

∑
i,`,h j(i)=h j(`)=k

g j(i)g j(`)viv`


=

t∑
k=1

∑
i:h j(i)=k

v2
i =

∑
i

v2
i = ‖vi‖

2
2,

because the expectation of terms in g j(i)g j(`) is zero: this product is
+1 with probability 1

2 and −1 with probability 1
2 . For the variance,

we have

Var[X j] = Var

 t∑
k=1

C[ j, k]2


= Var

‖v‖22 + 2
t∑

k=1

∑
i,`

g j(i)viI(h j(i) = k) · g j(`)v`I(h j(`) = k)


= Var[2

∑
i,`

g j(i)vig j(`)v`I(h j(i) = h j(`))].
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We will use random variables Yi,` = g j(i)vig j(`)v`I(h j(i) = h j(`))
to simplify this expression. Note that E[Yi,`] = 0, by the pairwise
independence of g j. We will use the fact that Yi,` is independent
from Yq,r when all four of {i, `, q, r} are different, using the four-wise
independence property of g j. That implies Cov[Yi,`,Yq,r] = 0 under
this condition. Then

Var[X j] = Var

2 ∑
i,`

Yi,`


= 4

∑
i,`,q,r,h j(i)=h j(q)

Cov[Yi,`,Yq,r]

= 4
∑
i,`

Cov[Yi,`,Yi,`] + 4
∑

i,`,i,q

Cov[Yi,`,Yi,q]

= 4
∑
i,`

E[Y2
i,`] + 0

= 4
∑
i,`

v2
i v2
`/t ≤ ‖v‖

4
2/t.

Here, we use the fact that E[Yi,`Yi,q] = 0 when i , q, ` , q (again,
using the four-wise independence of g j), and hence Cov[Yi,`,Yi,q] =

0 also.
To summarize, we have that E[X j] = ‖v‖22 and Var[X j] ≤ 4‖v‖42 ≤

4E[X j]2/t. Thus, via the Chebyshev inequality, the probability that
|X j − E[X j]| ≥ ‖v‖22/

√
t is at most a constant. Taking the median of d

repetitions drives this probability down to δ. So we conclude

Fact 3.6 The error in the estimate of ‖v‖22 from an AMS Sketch with pa-
rameters t = O(1/ε2) and d = O(log 1/δ) is at most ε‖v‖22 with probability
at least 1 − δ.

Equivalently, we have that the estimate is between (1−ε)‖v‖22 and
(1 + ε)‖v‖22. Taking the square root of the estimate gives a result that
is between (1−ε)1/2‖v‖2 and (1+ε)1/2‖v‖2, which means it is between
(1 − ε/2)‖v‖2 and (1 + ε/2)‖v‖2.

Note that since the input to AMS Sketch can be general, it can
be used to measure the Euclidean distance between two vectors v
and u: we can build an AMS Sketch of v and one of −u, and MERGE

them together. Note also that a sketch of −u can be obtained from
a sketch of u by negating all the counter values.
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Implementation Issues. For the analysis, we required that the random
variables Yi,` and Yq,r have zero covariance. This requires that the ex-
pectation of terms in g j(i)g j(`)g j(q)g j(r) are zero. For this to hold, we re-
quired that the hash functions g j are drawn from a family of four-wise
independent hash functions. This can be achieved by using polynomial
hash functions, g j(x) = 2((ax3 + bx2 + cx + d mod p) mod 2) − 1 (Sec-
tion 1.4.2).

History and Background. The AMS Sketch was introduced in the work
of Alon, Matias and Szegedy in 1996 [10]. That version had the same
size, but was structured differently. Instead of hashing into a row of
t entries, all entries are used to make a single estimator (with hash
functions g mapping to +1/-1 values). The average of O(1/ε2) estimates
was taken to reduce the variance, then the median of O(log 1/δ) repe-
titions used to drive down the error probability. The idea to use hash-
ing instead of averaging to achieve the same variance but with a lower
UPDATE time cost is seemingly inspired by the Count Sketch sum-
mary (the hashing-to-replace-averaging technique is also referred to as
“stochastic averaging” in the earlier work of Flajolet and Martin [107]).
Several works adopted this idea, notably that of Thorup and Zhang [221].
The version with hashing to a row of t counters is often referred to as
the “fast AMS Sketch” summary (see Cormode and Garofalakis [66]).
The AMS Sketch has many other applications, due to the importance of
estimating the `2 norm (i.e., the length of a vector in Euclidean space).
In particular, its application to estimating the inner-product between
pairs of vectors is discussed in Section 6.1.

3.7 Lp sketch for vector norm estimation

Brief Summary. An `p sketch gives an estimate of the `p-norm of the
vector v corresponding to the multiset being summarized. It is similar
in nature to the AMS Sketch, in that it builds a set of estimates, where
each estimate is a projection of the input vector, and the median of all
the estimates gives an approximation to the desired `p norm. Given
parameters ε and δ, the summary uses space O(1/ε2 log 1/δ), and guar-
antees that its estimate is within relative ε-error of the true `p norm ,
‖v‖p.
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Operations on the summary. The `p sketch is based on taking projec-
tions with vectors whose entries are randomly chosen from so-called
“stable” distributions. Each entry of the projection vector is drawn in-
dependently from an identically distributed symmetric and strictly sta-
ble distribution. Stable distributions are parameterized by α, where Gaus-
sian distributions are stable with parameter α = 2, and Cauchy distribu-
tions are stable with parameter α = 1. The class of stable distributions
are defined by the property that if X and Y are independent random
stable variables with parameter α, then aX +bY is distributed as a stable
distribution scaled by (|a|α+|b|α)1/α. So to estimate ‖v‖p, we take the inner
product of v with a vector s whose entries are sampled iid p-stable. The
result is then distributed as ‖v‖p scaling a p-stable variable. We repeat
this multiple times to estimate the scaling parameter, which we report
as the answer.

To INITIALIZE the sketch, we initialize the seeds for k = O( 1
ε2 log 1

δ
)

independent repetitions, and create an empty sketch of k entries, all set
to 0.

Algorithm 3.14: `p sketch: UPDATE (i,w, p)

1 for j← 1 to k do
2 C[ j]← C[ j] + w ∗ stablep(i, j)

To process an UPDATE to the sketch, we make use of a function stablep(i, j),
which consistently draws a random value from a stable distribution
with parameter p. We assume that stablep(i, j) gives the same value ev-
ery time it is called with the same values of i, j, and that stablep(i, j) is
independent of stablep(i′, j′) if i , i′ or j , j′.

To QUERY a sketch, we compute the scaled median of the (absolute)
stored values, i.e., median j=1...k |C[ j]|/βp. Here, βp is the median of abso-
lute values drawn from the p-stable distribution.

Finally, to MERGE two sketches together which are built using the
same stablep(i, j) values, we simply have to add together their sketch
vectors C.

Example. Consider the input vector
v = [1, 2, 3,−4]

so we have that ‖v‖1 = 10.
We will sample from the Cauchy distribution, since this distribution
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is stable with parameter 1, and has β1 = 1. We draw the following sets
of four random values from iid Cauchy random variables for k = 3:

−1.639 −1.722 0.338 −0.238
0.450 −0.015 −0.212 −7.742
−1.641 12.280 −1.048 7.914

Taking the inner product of v with each row of these draws generates
{3.117, 30.752,−11.81}. We can observe that there is quite high variation
among these three estimates, but that taking the median of the absolute
values returns 11.81, which is tolerably close to the true value of 10.

Further Discussion. The sketch relies on the fact that linear scal-
ing composes with the operations of taking absolute values and
taking medians. That is, we have that for a random variable X,

median(|sX|) = s median(|X|).

In particular,

median(|‖v‖pXp|) = ‖v‖p median(|Xp|).

Combined with the defining properties of stable distributions, we
have that each random projection yields an estimate centered on
our target value of ‖v‖p.

The repetitions allow us to invoke concentration of measure re-
sults, and give bounds on the repetitions. The analysis follows us-
ing an additive Chernoff-Hoeffding bound (Fact 1.4) in a variant of
the standard median argument (Section 1.4.1). We outline the steps.
Let τ be the value so that Pr[X ≤ τ] = 1

2 −ε, and consider the median
of k copies of the estimator defined above. A necessary condition
for this empirical median to fall below τ is for more than half the
samples to fall below τ. The probability of each one falling below τ

is captured by a Bernoulli random variable with probability 1
2 − ε.

Applying the Chernoff-Hoeffding bound to these k = O( 1
ε2 log 1/δ)

Bernoulli variables gives us a probability of at most δ/2 for this
failure mode. The case for the estimate going above τ′ such that
Pr[X ≤ τ′] = 1

2 + ε is symmetric. This ensures that, with probabil-
ity at least 1 − δ, we obtain an estimate which is close to the true
median.
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This argument shows that the estimate is close to the true me-
dian in terms of the quantiles of the distribution. It is desirable to
transform this into being close in absolute value. This is done by
arguing that the relevant stable distribution is not flat close to the
median. That is, that τ and τ′ are both close to the median of the
distribution. This can be verified analytically for the Cauchy dis-
tribution (stable with p = 1), and empirically for other values of
p.

Implementation Issues. The key technical step needed is to sample
from a stable distribution. We first observe that certain stable distribu-
tions have a closed form. The Gaussian distribution is 2-stable, while
the Cauchy distribution is 1-stable. We can sample from the Cauchy
distribution by transforming a uniform distribution. If U is a uniform
random distribution over [0, 1], then tan(π(U− 1

2 )) follows a Cauchy dis-
tribution.

For other p values in the range 0 < p < 2, a transformation due to
Chambers, Mallows and Stuck [47] generates a sample from a stable
distribution using two random variables. Let U and V be independent
uniform variables from [0, 1]. Define the transform θ(U) = π(U − 1

2 ).
Then the value

Xp =
sin(pθ(U))

cos1/p(θ(U))

(
cos((1 − p)θ(U))

− ln V

) 1−p
p

is distributed according to a p-stable distribution.
We also need to compute βp = median |Xp|, the median of absolute

values drawn from the p-stable distribution. For p = 1, the Cauchy dis-
tribution yields β1 = 1 (and similarly, for p = 2, β2 = 1 for the Gaussian
distribution). For other values of p, βp can be found with high accuracy
by sampling a large enough number of values, and taking the median
of them.

A practical consideration is that for very small values of p, approach-
ing 0, the values sampled from stable distributions are typically very
large in magnitude, and can exceed the capacity of fixed-size variables.
Consequently, working with small p requires higher precision arith-
metic, and the true space cost grows larger as p gets asymptotically
close to zero. Note that p close to zero is interesting, since it tends to flat-
ten out the contribution of each non-zero value, and so approximately
counts the number of non-zero values.

When k the number of projections is large, the UPDATE procedure can



DRAFT

112 Summaries for Multisets

be rather slow, since O(k) time is needed each update. Li [170] proposes
a sparse random projection, where many entries in the projection ma-
trix are chosen to be 0, and we only need to process the non-zero entries.
Formally, Li shows that it suffices to ensure that only a 1/

√
M fraction

of the entries need to be non-zero, where M is the dimensionality of the
input vector. Li also shows that a modified estimation procedure based
on taking the geometric mean of the individual estimates, rather than
the median, provides accurate guarantees.

History and Background. Stable distributions have been extensively
studied within the statistics literature – see the book by Zolotarev [243].
Their use in data summarization was pioneered by Indyk [138]. Exper-
iments on the use of stable distributions with low p values are given
in [64]. Extensions on the method for p = 1 to obtain fast, small sum-
maries are due to Nelson and Woodruff [196].

3.8 Sparse vector recovery

Brief Summary. A SparseRecovery structure summarizes a multiset A
of items under insertions and deletions of items. It allows the multiset
to be recovered in its entirety, but only when the number of distinct
items in the multiset is small. It is of value when at some intermediate
point the multiset A may be very large, but due to deletions it later be-
comes small again. The structure is defined based on a parameter s, so
that when the multiset has at most s distinct items, it will almost cer-
tainly recover them correctly; when the number of items is more than s
then no guarantee is made (the structure may return FAIL indicating it
could not recover the full multiset). The summary keeps structures sim-
ilar to the sketches discussed previously, and uses extra information to
retrieve the identity and count of items currently in the multiset.

Operations on the summary. The sparse recovery structure resembles
the BloomFilter as described in Section 2.7. As with the BloomFilter, we
use k hash functions h1, . . . , hk to map each item to k locations in the ar-
ray. For technical reasons, we will need these k hash functions to map
any item to distinct locations. Unlike the BloomFilter, which uses a sim-
ple bit array, SparseRecovery uses an array C of t cells, where each
cell stores more information about the elements that are mapped there.
Specifically, each cell contains three pieces information: a count of the
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items that have been mapped to that location, a sum of all the item iden-
tifiers, and a fingerprint (Section 3.1) of the collection of items there.

Algorithm 3.15: SparseRecovery: INITIALIZE (t)

1 for j← 1 to t do
2 C[ j].count← 0;
3 C[ j].sum← 0;
4 C[ j].fingerprint.INITIALIZE ();

To INITIALIZE the structure (Algorithm 3.15), the array is created,
with all counts and sums set to zero; the fingerprints are initialized to 0
or 1 depending on which version of Fingerprint is used (see Section 3.1).

Algorithm 3.16: SparseRecovery: UPDATE (i,w)

1 for j← 1 to k do
2 C[h j(i)].count← C[h j(i)].count + w;
3 C[h j(i)].sum← C[h j(i)].sum + w · i;
4 C[h j(i)].fingerprint.UPDATE(i,w);

Each UPDATE maps the given item to its corresponding locations in
the array, and updates the sums, counts and fingerprints there based on
the weight w (w can be either positive or negative). The count is mod-
ified by adding on w, while the sum is updated by adding on w times
the item identifier i. We invoke the procedure to update the fingerprint
as described in Section 3.1. Pseudocode is shown in Algorithm 3.16.

As with the BloomFilter, the procedure to MERGE two SparseRecov-
ery structures requires that they are created with the same parameters
(the same t and the same hash functions h j). Then we merge the sets of
sums, counts and fingerprints. That is, pairs of corresponding sums are
added, as are counts. The MERGE procedure for pairs of corresponding
fingerprints is applied (Algorithm 3.2).

The QUERY process is a bit involved. The idea behind QUERY is that
if the size of the multiset stored in the structure is small, then we can
search the array and pick out the entries one by one, potentially uncov-
ering more as we go. In particular, if there is some entry of the array
that only stores information about a single item, then we use the infor-
mation to retrieve the identifier and weight of that item. In this case, the
total weight w can be read directly from the count value of the cell. Us-
ing standard arithmetic, since the sum contains i ·w, we can divide it by
w to find i. However, there are additional issues to be concerned with:
we need some way to know for sure whether a particular cell contains
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a single item, or contains a mixture of different items. Simply checking
that the sum is an integral multiple of the count is not sufficient — it is
possible that a mixture of different items add up to give the impression
of a single one. A simple example is if one copy of each of items with
identifiers 1 and 3 are placed in the same cell, then it would appear
that there are two copies of the item with identifier 2 in the cell. This is
why we also store the fingerprint: we attempt to recover an item from
the cell, then compute the fingerprint corresponding to the conjectured
item and weight. If it matches the stored fingerprint, then we are (al-
most) certain that this is a correct decoding, else we assume that it is an
error.

The key observation behind the ability to recover many items is the
following: Once an item has been recovered, it can be removed from
the other cells in which it has been placed. That is, we can perform the
operation UPDATE (i,−w) on the item i with weight w. This can cause
more cells to become decodable (removing colliding items and leaving
a single undecoded item left in the cell). This process is repeated until
no more items can be identified and removed. At this point, either the
structure is empty (i.e., all items have been recovered and every cell in
the array is empty), or some items remain and have not been identified.
In this case, the process might output FAIL. This approach is sometimes
called “peeling”, since once an item is found, it is “peeled” away from
the structure. This peeling process can also be implemented to run effi-
ciently in O(t) time, and the full pseudocode is provided in Algorithm
3.17.

The analysis presented below argues that the size of the array C just
needs to be O(s) to allow this recovery to happen almost certainly, if no
more than s items are stored in the structure. It has been suggested to
use some k between 3 and 7, which will make the failure probability
O(t−k+2) as long as t > ck s, where ck is some constant depending on
k. The precise values of ck are known, and are actually quite small, as
given in Table 3.1.

Example. A small example is shown in Figure 3.3 with 6 elements in an
array with 8 cells and k = 3. For simplicity, the figure shows in each cell
the set of elements that are mapped there, rather than the correspond-
ing sums, counts and fingerprints. Successive rows show the state of
the structure after successive steps of peeling have recovered one or
more items from the structure. Initially, only item 2 can be recovered,
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Algorithm 3.17: SparseRecovery: QUERY ()

1 Q← empty queue;
2 for j← 1 to t do
3 if C[ j].count ≥ 1 and

(C[j].fingerprint = fingerprint of (C[j].sum / C[j].count, C[j].count))
then

4 Q.enqueue(C[ j].sum/C[ j].count, C[ j].count)

5 while Q , ∅ do
6 (i,w)← Q.dequeue();
7 output (i,w);
8 for j← 1 to k do
9 C[h j(i)].count← C[ j, h j(i)].count − w;

10 C[h j(i)].sum← C[ j, h j(i)].sum − w · i;
11 C[h j(i)].fingerprint.UPDATE(i,−w);
12 if C[h j(i)].count ≥ 1 and

(C[h j(i)].fingerprint = fingerprint of (C[h j(i)].sum/C[h j(i)].count,C[h j(i)].count))
then

13 Q.enqueue(C[h j(i)].sum/C[h j(i)].count, C[h j(i)].count)

k 3 4 5 6 7

ck 1.222 1.295 1.425 1.570 1.721

Table 3.1 Values of ck for k = 3, 4, 5, 6, 7.

as all other cells have more than one items mapped there. However, as
the peeling proceeds, we are able to recover all items eventually.

3, 4 1, 3, 4, 6 2 1, 5 2, 3, 5 1, 4 2, 6 5, 6 2 recovered

3, 4 1, 3, 4, 6 1, 5 3, 5 1, 4 6 5, 6 6 recovered

3, 4 1, 3, 4 1, 5 3, 5 1, 4 5 5 recovered

3, 4 1, 3, 4 1 3 1, 4 1, 3 recovered

4 4 4 4 recovered

Figure 3.3 An example on the peeling process.
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Implementation Issues. Remember that we require the k hash func-
tions to map each item to distinct locations. There are three ways to
implement this.

The strictest way to follow this requirement is to have a single hash
function h that maps the universe of items to the range {0, 1, ...,

(
t
k

)
− 1}.

Note that there are a total of
(

t
k

)
subsets of k distinct locations in an array

of size t, so this hash function will pick one subset uniformly at random.
For any item i, the k actual locations can be then extracted from the hash
value h = h(i) as follows. The first location is h1 = h mod t. Then we
update h← h− t · h1. The second location is h2 = h mod (t− 1), counting
from the beginning of the array but skipping location h1. So we need to
add 1 to h2 if h1 ≤ h2. Then we update h ← h − (t − 1)h2. This process
continues until we get hk.

Alternatively, one can have k separate tables each of size t, with hash
function h j mapping items to the j-th table. This will also ensure that
any item is hashed to k distinct locations. However, the downside is
that the structure size is now k times larger. It is believed that using this
version, the size of each table can be smaller than ck s, but no formal
analysis is known so far.

Finally, one can simply discard the duplicated hash values returned
by the k hash functions, that is, an item may be mapped to fewer than k
locations when there are duplicated hash values. Strictly speaking, the
analysis below does not hold for this version, but empirically this may
not lead to much difference for t not too small.

There are cases where the SparseRecovery structure can be further
simplified. If we are not dealing with a multiset but a set, i.e., at most
one copy of each item can exist in the structure, then the sum field can
be replaced by the XOR of all the item identifiers mapped there. This
eliminates any concern of bit overflow. Second, if we are dealing with
a set and we are guaranteed that there will be no extraneous deletions,
i.e., deleting a nonexistent item, then the fingerprint field is not needed.
We simply check if the count is 1 for a cell, and recover the item from
the cell if it is.

Further Discussion. The analysis relies on the connection between
the peeling process and the existence of a 2-core in a random hy-
pergraph. A hypergraph G = (V, E) is similar to a standard graph,
the only difference being that an edge in a standard graph connects
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two vertices but a hypergraph edge (or ‘hyperedge’) may connect
any number of vertices, i.e., each edge is now any subset of V .

To make the above connection, think of the cells as being ver-
tices in the hypergraph, and the items as being hyperedges, with
the vertices for an edge corresponding to the cells that the item is
mapped to. In our case, each edge covers k randomly chosen ver-
tices in the hypergraph. The 2-core is the largest sub-hypergraph
that has minimum degree at least 2, i.e., each vertex must be cov-
ered by at least 2 edges. The peeling process for SparseRecovery
is then exactly the same as the standard peeling algorithm to find
the 2-core of a hypergraph: while there exists a vertex with degree
1, delete it and the corresponding hyperedge. The equivalence be-
tween the peeling process and the QUERY algorithm for SparseRe-
covery is thus immediate.

We can recover the vector completely if the 2-core of the corre-
sponding hypergraph is empty. This is determined by the random
choice of the hash functions, which we can treat as generating a
random hypergraph. Prior studies on the 2-core in a random hy-
pergraph have established tight bounds on its existence probabil-
ity. Let t be the number of vertices and s the number of hyper-
edges. If t > (ck + ε)s for any constant ε > 0 and the values of ck

in Table 3.1, then the probability that a non-empty 2-core exists is
O(t−k+2), which yields the claimed bounds above.

A full analysis on the existence probability of 2-cores is rather
technical and can be found in [87, 187]; here we just provide some
intuition. First let us consider the probability that any two given
hyperedges form (part of) a 2-core. For this to happen, they must
cover exactly the same set of k vertices, which happens with prob-
ability O(t−k). As there are O(s2) = O(t2) pairs of hyperedges, by
the union bound, the probability that there exists a 2-core with 2
hyperedges is O(t−k+2).

The full analysis will similarly examine the probability that there
exists a 2-core with j hyperedges, for j = 3, 4, . . . , s, and the cal-
culation is quite involved. What has been shown is that, when
t > (ck + ε)s, these larger 2-cores are unlikely to occur, and the total
probability of their existence is dominated by that of a 2-hyperedge
2-core.

History and Background. Structures which allow the recovery of a
small number of items have appeared in many different problems within
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computer science. For example, many problems in coding theory re-
late to sending information (a bit string), which is corrupted in a small
number of places. The difference between the transmitted and received
bit string can be interpreted as a set of locations, and the goal of er-
ror correction is to identify these locations, and correct them. Hence,
many techniques from coding theory, such as Reed-Solomon and Reed-
Muller codes [190], can be adapted to solve this sparse recovery prob-
lem.

More recently, interest in problems of “compressed sensing” have
also produced algorithms for sparse recovery. The area of compressed
sensing is concerned with defining a matrix M so that given the product
Mx for a vector x, x can be recovered accurately. Note that exactly re-
covering x is impossible unless M has many rows, in which case simply
setting M to be the identity matrix would solve the problem. Instead, it
is usually assumed that x is ‘sparse’ in some sense, in which case much
more compact matrices M can be defined. This sparsity could manifest
in the sense that few entries of x are large and most are small (but non-
zero). The case when only k entries are non-zero and the rest are zero is
known as the strict k-sparsity or exactly k sparse case. The idea of using
sum and count in this way to simply decode an isolated item seems to
have appeared first in the work of Ganguly [109]. This technique can
also be understood as a limiting case of Reed-Solomon coding, when
two polynomial extensions of the input are taken, corresponding to the
sum and count of the symbols.

Most recently, there has been a line of work developing “invertible
Bloom look-up tables” (IBLT) [98, 122]. The goal of these is to func-
tion as a BloomFilter but with the additional property of being able to
recover the encoded set when the number of items is small enough.
In some cases, the focus can be limited to where the input describes
a set rather than a multiset (i.e., the multiplicity of each item is re-
stricted to 1); this slightly simplifies the problem. Our description of the
SparseRecovery structure is close to that of Eppstein and Goodrich [98],
though the simple (slightly weaker) analysis was presented in [65]. A
distillation of these ideas appears in the form of “Biff codes”, whose
name acknowledges the Bloom Filter [186]. The key idea is to use an
IBLT data structure to act as the error correcting part of a code, to handle
character errors (or erasures). The resulting code is considered to be at-
tractive, as encoding and decoding is very fast – encoding is essentially
linear in the size of the input, while error correction takes time propor-
tional to the number of errors. Although the constant factors that result
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for using the Biff code are not the smallest possible, the fast operation
and simple algorithm make the code attractive for settings where there
are large volumes of data in large blocks, and quite low error rates,
which is a common scenario.

3.9 Distinct Sampling / `0 Sampling

Brief Summary. An `0-sampler structure summarizes a multiset A of
items under insertions and deletions. It allows one (or more) items to
be sampled uniformly from those items currently in A, i.e., those that
have non-zero count. Formally, if |A| denotes the distinct cardinality of
the multiset, that is, the number of items with non-zero count, then the
summary promises to sample each item with probability (1 ± ε)/|A| ± δ,
for parameters ε and δ. With ε and δ sufficiently small, this sampling
is approximately uniform. The structure is based on multiple instances
of a SparseRecovery structure, where each instance samples its input
with decreasing probability.

Operations on the summary. The sampling process is applied to items
drawn from a known universe of possibilities, denoted U. The `0-sampler
structure consists of m SparseRecovery data structures, where m = log n
and n = |U | is the size of the set of possible items in the multiset A (or
a bound on the largest value of |A|). The i’th SparseRecovery struc-
ture is applied to a subset of U where items are included in the subset
with probability 2−i+1, which we call “level i”. If we write S i to denote
the i’th SparseRecovery structure, then S 1 applies to all possible items,
S 1 applies to half, S 3 to a quarter, and so on. Let Ui be the subset of
the universe selected at level i, and we write Ai to denote the input
multiset restricted to Ui. The idea is that there is some level i where
0 < |Ai| < k, where k is the parameter of the SparseRecovery structures.
At this level, we can recover Ai exactly, and from this we can sample
an item. The subsequent analysis shows that this is sufficiently close to
uniform.

Algorithm 3.18: `0-sampler: INITIALIZE (n, δ)

1 m← log n;
2 for j← 1 to m do
3 S j ← SparseRecovery.INITIALIZE (log2 1/δ) ;

4 h← randomly chosen hash function ;
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To INITIALIZE the structure, we fix the value of m, and INITIALIZE m
SparseRecovery data structures. We also initialize the mechanism that
will be used to determine the mapping of items to subsets. This is done
with a hash function (so the same item is mapped consistently). Picking
a hash function h that maps to the range [0 . . . 1], we define Ai to contain
all those items j so that h( j) ≤ 2−i+1.

Algorithm 3.19: `0-sampler: UPDATE ( j,w)

1 for i← 1 to m do
2 if h( j) ≤ 2−i+1 then
3 S i.UPDATE ( j,w)

The UPDATE procedure applies the hash function to map to levels.
Given an update to an item j and a change in its weight w, we apply
the hash function h to determine which levels it appears in, and update
the corresponding SparseRecovery structures. Algorithm 3.19 makes
this explicit: h( j) is evaluated, and compared against 2−i+1 to determine
if j ∈ U j.

Algorithm 3.20: `0-sampler: QUERY ()

1 for i← 1 to m do
2 Ai ← S i.QUERY ();
3 if Ai , FAIL and Ai , ∅ then
4 j← random item from Ai ;
5 return (j) ;

To QUERY the structure, we iterate over each level, and find the first
level at which we can successfully retrieve the full set Ai (i.e., the size
of Ai is not too large). Then a random element from this set is returned
(Algorithm 3.20). For this to work, we have to ensure that there is some
Ai for which Ai is not too large and is not empty. This is determined by
the analysis. Lastly, to MERGE two `0-sampler structures (provided they
were initialized with the same parameters, and share the same h func-
tion) we just have to MERGE corresponding pairs of SparseRecovery
structures.

Example. Figure 3.4 shows a schematic of how the `0-sampler structure
stores information. Each level is shown with the list of items that are
stored at that level. The input describes the set A = {3, 6, 7, 8, 10, 14, 18, 19, 20},
which is also represented as A1. About half of these elements are also
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3, 8, 10, 14, 20

3, 10, 14

14

Level 1:

Level 2:

Level 4:

3, 6, 7, 8, 10, 14, 18, 19, 20

Level 3:

Figure 3.4 Example of `0-sampler structure with four levels

represented in A2 = {3, 8, 10, 14, 20}. At level 5 and above, no elements
from A are selected, so A5 = ∅ (not shown).

Suppose we set the parameter k of the SparseRecovery structure to
be 4. Then it is not possible to recover A1 or A2 — their cardinality is
too large. However, A3 can be recovered successfully, and one of these
items can be picked as the sample to return.

If occurrences of items 3, 10 and 14 happened to be deleted, then level
A4 and A3 would become empty. However, it would now be the case
that |A2| = 3, and so A2 could be recovered and sampled from. The
analysis detailed below argues that it will be possible to return a sample
with good probability whatever the pattern of updates.

Further Discussion. The analysis has two parts. The first part is
to argue that with a suitable setting of the parameter k for the
SparseRecovery structures, there will be a level at which recov-
ery can succeed. The second is to argue that the item(s) sampled
will be chosen almost uniformly from A.

Given a particular input A, consider the event that some item is
returned by the structure in response to a QUERY. For a level i, let
the random variable Ni = |Ai| be the number of (distinct) elements
from the input that are mapped there. For the structure to succeed,
we need that 1 ≤ N j ≤ k. Observe that

E[Ni] =
∑
j∈A

Pr[ j ∈ Ai] =
∑
j∈A

2−i+1 =
|A|

2i−1 ,

by linearity of expectation since the chance that any item is in-
cluded in Ai is 2−i+1.

To ensure that there is at least one level with sufficiently many
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items, consider the level i such that

k
4
≤ E[Ni] ≤

k
2

We will be able to successfully recover Ai if its size is not too far
from its expected size. Specifically, we need that the absolute dif-
ference between Ni and E[Ni] is at most E[Ni]. If we assume that the
choices of which items get included in Ai are fully independent,
then we can apply Chernoff bounds of the form stated in Fact 1.5,
and obtain that the probability of this event is exponentially small
in k, i.e., Pr[1 ≤ Ni ≤ k] ≥ 1 − exp(−k/16). We note that it is not
necessary to assume that the choices are fully independent; similar
results follow assuming only k-wise independence [208, 65].

For the second part, we want to show that the sampling is almost
uniform. This requires an argument that the items which survive
to level i or above are uniformly selected from all items. This is the
case when the selection is done with full independence, and this
also holds approximately when limited independence is used. The
fact that the sampling may fail with some small probability may
also bias the distribution, but this gives only a very small distor-
tion. Consequently, it holds that each item is sampled with prob-
ability (1 ± ε)/|A| ± δ, where both ε and δ are exponentially small
in k [65]. Equivalently, if we pick k to be log 1/δ, then the sampling
probability is 1/|A| ± δ.

Implementation Issues. As discussed in the analysis, an implementa-
tion must use hash functions to select items to level i that have only
limited independence. The analysis shows that it is sufficient to have
small (log 1/δ) independence for the guarantees to hold. Further, rather
than map to {0 . . . 1}, it is more common to have hash functions that map
to integers and select items that hash to a 2−i+1 fraction of the range.
However, provided the range of the integers is sufficiently large (say,
more than n3 given the bound n on the size of the input), this does not
affect the selection probabilities. For the analysis to hold, it seems that
we should select the level i such that k

4 ≤ |A|/2
i−1 ≤ k

2 to perform the
recovery. This requires knowing a good estimate of |A|. However, it is
seen that simply greedily picking the first level where recovery suc-
ceeds does not substantially affect uniformity, and does not decrease
the failure probability [65].

The discussion and analysis has assumed the case where the goal is to
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recover a single sample. However, when the goal is to recover a larger
set of size s, the structure is almost identical. The only changes needed
are to increase the size of k proportional to s [21].

History and Background. The notion of `0-sampling was first intro-
duced under the name of distinct sampling, in order to solve problems
in geometric data analysis [108] and to capture properties of frequency
distributions [78]. Variations on the basic outline followed above have
been presented, based on how sampling to levels is performed, and
what kind of sparse recovery is applied. The underlying concept, of
hashing items to levels and using recovery mechanisms, is universal [108,
78, 188, 150]. More recently, the variant where multiple items must be
recovered has also been studied using similar constructions [21].

The notion has a surprising number of applications in computer sci-
ence, although mostly these are more theoretical than practical. The
chief surprise is that graph connectivity can be tracked in near-linear
space, as edges are added and removed. This construction, reliant on `0

sampling, is described in Section 7.1. Other applications of `0 sampling
appear in computational geometry, where they can be used to track the
width (a measure of spread) of a pointset [15], the weight of a span-
ning tree in Euclidean space [108], and for clustering high dimensional
data [36].

3.10 Lp sampling

Brief Summary. An `p-sampler structure summarizes a multiset A of
items under insertions and deletions. It allows items to be sampled
from those currently in A according to the `p distribution, where each
item is weighted based on the p’th power of its current frequency. For-
mally, the objective is to sample each element j whose current frequency

is v j with probability proportional to (1 ± ε)
vp

j

‖v‖pp
± δ, where ε and δ are

approximation parameters. The structure is built on top of the Count
Sketch data structure which allows items to be selected based on the `2

distribution. With appropriate re-weighting, this achieves the desired
sampling distribution.

Operations on the summary. The `p-sampler structure uses a hash func-
tion u to re-weight the input, where each hash value u( j) is treated as
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a uniform random real number in the range 0 to 1. We describe the
method that works for 0 < p < 2.

Algorithm 3.21: `p-sampler: INITIALIZE (p, ε, δ)

1 k ← 2dlog(2/ε)e ;
2 u← random k-wise independent hash function to [0, 1];
3 if p = 1 then
4 m← O(log 1/ε)
5 else
6 m← O(ε−max(0,p−1))

7 Count Sketch.INITIALIZE (m,log 1/δ);
8 `p sketch.INITIALIZE ()

To INITIALIZE the structure (Algorithm 3.21), we sample the neces-
sary hash function u, and initialize the sketches that will be used to
track the frequencies.

Algorithm 3.22: `p-sampler: UPDATE ( j,w)

1 Count Sketch.UPDATE ( j, u( j)−1/p · w) ;
2 `p sketch.UPDATE ( j,w, p)

To UPDATE the structure (Algorithm 3.22), we update the associated
sketches: we use the hash function u to adjust the update to the Count
Sketch, and we update the `p sketch to estimate the `p norm of the
(unadjusted) input.

To query the structure and attempt to draw a sample according to
the `p distribution, we try to identify the largest element in the rescaled
vector. If the input defines a vector v, let z be the vector so that z j =

v j/u( j)1/p. We use the Count Sketch to find the (estimated) largest entry
of z, as zi, and also estimate ‖v‖p by setting r = `psketch.QUERY (). We
also use the Count Sketch to find the m largest entries of z, and esti-
mate the `2 norm of the vector z after removing these (approximated)
entries as s. We apply two tests to the recovered values, whose pur-
pose is explained further below. These tests require s ≤ ε1−1/pm1/2r and
|zi| ≥ ε−1/pr. If these tests pass, we output i as the sampled index; oth-
erwise, we declare that this instance of the sampler failed. To ensure
sufficiently many samples are generated, this process is repeated inde-
pendently in parallel multiple times.

Example. Consider the vector v = [1, 2, 3,−4], so that ‖v‖1 = 10. We con-
sider trying to `1 sample from this vector with ε = 1

2 . For simplicity of
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presentation, we assume that we obtain m = 1, and the sketch correctly
find the largest items.

Suppose that the hash function u gives us a random vector

u = [0.919, 0.083, 0.765, 0.672].

Then we have the rescaled vector z as

z = [1.08, 24.09, 3.92,−5.95]

The largest magnitude entry of z is z2 = 24.09. Suppose our estimate
of ‖v‖1 gives r = 11.81, and we find s (the 2-norm of z after removing
z2) as 6.67. Our two tests are that ‖1.08, 3.92,−5.45‖2 = 6.67 ≤ 11.81 and
24.09 ≥ 2 · 11.81. Consequently, both tests pass, and we output 2 as the
sampled index.

Further Discussion. The essence of the `p sampling algorithm is
that the values of u( j)1/p give a boost to the probability that a small
value becomes the largest entry in the rescaled vector z. It is chosen
so that this probability corresponds to the desired sampling distri-
bution. However, reasoning directly about an element becoming
the largest in the rescaled vector is a little tricky, so we modify the
requirement to considering the probability that any given element
takes on a value above a threshold τ, and that no other element
also exceeds that threshold.

We start by observing that the probability that the reciprocal of
a uniform random value ui in [0, 1] exceeds a threshold τ is exactly
1/τ. That is, Pr[u−1

i ≥ τ] = 1/τ. Now set τ = ‖v‖pp/|vi|
p and substitute

this in: we get

Pr[u−1
i ≥ ‖v‖

p
p/|vi|

p] = |vi|
p/‖vi‖

p
p.

Rearranging, we have

Pr[|vi|
p/ui ≥ ‖v‖

p
p] = |vi|

p/‖vi‖
p
p

and so Pr[|vi|/u
1/p
i ≥ ‖v‖p] = |vi|

p/‖vi‖
p
p

This looks promising: the quantity |vi|/u
1/p
i corresponds to the

entries of the rescaled vector z, while |vi|
p/‖vi‖

p
p is the desired `p

sampling probability for element i.
However, there are some gaps to fill, which the formal analy-

sis takes account of. First, we are not working with the exact vec-
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tor of vi/u
1/p
i values, but rather a Count Sketch, with u given by a

hash function. This is addressed in the analysis, using similar argu-
ments based on properties of limited independence hash function
and concentration of measure that we have seen already. Secondly,
it turns out that using the threshold of ‖v‖p is not desirable, since
it could be that multiple indices pass this threshold once rescaled
by u. This is handled by raising the threshold from ‖v‖p to a higher
value of ‖v‖p/ε1/p. This decreases the chance that multiple indices
exceed the threshold. However, this also lowers the chance that
any one index does pass the threshold. The analysis shows that the
probability of returning any index from the structure is approxi-
mately proportional to ε. By repeating the procedure O(1/ε log 1/δ)
times, the method returns a sample according to the desired distri-
bution with probability at least 1 − δ.

The formal analysis is rather lengthy and detailed, and can be
found in the references below.

History and Background. The notion of `p sampling was foreshad-
owed in some early works that provided algorithms for `0 sampling
by Cormode et al. [78] and Frahling et al. [108]. The first solution to the
more general problem was given by Monemizadeh and Woodruff [188],
and subsequently simplified by Jowhari et al. [150]. More recently, Ja-
yaram and Woodruff [142] showed that `p-sampling can be done per-
fectly, i.e., achieving ε = 0 in the sampling distribution, only using poly-
logarithmic space, although the summary is allowed to fail (i.e., not re-
turning a sample) with a small probability.
`p sampling has numerous applications for computational problems.

It can be applied to sampling rows and columns of matrices based on
their so-called leverage scores, which reduces to `2 sampling [90], allow-
ing the solution of various regression problems. More complex norms
of data, known as “cascaded norms” can be approximated by `p sam-
pling [188]. `2 sampling can also be used as the basis of estimating `q

norms for q > 2, as first observed by Coppersmith and Kumar [62]. In
graph algorithms, `2 sampling can be used to sample “wedges” nearly
uniformly, as part of an algorithm to count triangles: a wedge is a pair
of edges that share a vertex [180]. For a more comprehensive survey of
`p sampling and its applications, see [70].
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Summaries for Ordered Data

This chapter continues to work on multisets, but in addition we assume
that the items are drawn from an ordered universe U (in this chapter,
we will use U to denote both the domain and its size). As in Chapter 3,
we use a vector representation for the multiset, and the input consists
of (x,w) pairs, where x is an item from U and w is its integer weight.
Some summaries only allow the input to have positive weights, while
others allow both positive and negative weights. Some summaries al-
low only unweighted input, which means w is always taken to be 1. The
multiplicity of x, vx, is the sum of all the weights of x in the input. We
require every vx to be non-negative.

Queries to the summaries will exploit the ordering of items, e.g., find-
ing the median of the multiset. Formally, for an element x, either in the
data set or not, we define rank(x) =

∑
y<x vy to be the total weight of

elements from the data that are strictly less than x. This allows the com-
putation of various “order statistics”. For example, the median will be
largest element whose rank is no greater than W/2, where W is the total
weight of all elements. The summaries discussed in this chapter sup-
port two types of queries. A rank query finds the rank of a given element
x, while a quantile query returns an element with a given rank. These
queries are important in describing the distribution of the underlying
data. As the summaries are lossy, they do not return the exact ranks. Let
ε be an error parameter. For a rank query with a given element x, the
summary will return an approximate rank r̃, such that rank(x) − εW ≤

r̃ ≤ rank(x) + εW. Similarly, for a quantile query with a given rank r, the
summary will return an element x such that r − εW ≤ rank(x) ≤ r + εW.
Note that in a multiset, such an element may not exist, when there is
an x with rank(x) < r − εW and rank(x) + vx > r + εW. In this case the
summary returns x.

127
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In this chapter, we consider four quite distinct approaches to this
problem, which apply to different restrictions on the input data.

• The Q-Digest summary (Section 4.1) is based on maintaining a subset
of simple counters of ranges, when the input is drawn from a fixed
integer domain, and can be weighted.

• The GK summary (Section 4.2) can be viewed as maintaining a (de-
terministic) sample of the input. It is a comparison-based summary,
meaning that it can be applied to any data type for which a compara-
tor is defined, such as real numbers, user-defined types, etc., so it
has a wider applicability than Q-Digest. However, it can only handle
items with unit weights.

• The KLL summary (Section 4.3) is a randomized summary and pro-
vides a probabilistic guarantee, i.e., it answers queries within the ε-
error bound with a high probability, which can be controlled by ap-
propriate parameters. There is always a small chance that the error
may exceed ε. This summary can also handle weighted items.

• The DCS summary (Section 4.4) is a sketching-based summary, so
it can handle both insertion and deletion of items, which is its dis-
tinctive feature. However, it is also a randomized summary with a
probabilistic guarantee. It also requires the input be drawn from a
fixed integer domain. This summary can handle weighted items.

The following table summarizes the various features of these four
quantile summaries:

Summary Domain Guarantee Weights Deletions

Q-Digest Integer Deterministic Yes No
GK Comparison Deterministic No No
KLL Comparison Probabilistic Yes No
DCS Integer Probabilistic Yes Yes

4.1 Q-Digest

Brief Summary. The Q-Digest provides a compact summary for data
drawn from a fixed discrete input domain U, represented by the inte-
gers 0 to U − 1. Each input is an (x,w) pair where w must be positive.
The summary takes space at most O( 1

ε
log U), which is fixed and inde-

pendent of the input. Summaries can be easily merged together. The
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summary works by maintaining a tree-structure over the domain U:
nodes in the tree correspond to subranges of U, and simple statistics
are maintained for a small set of nodes.

Operations on the summary. The Q-Digest structure is represented
as a collection of nodes within a binary tree whose leaves are the or-
dered elements of U. Each node v is associated with a weight wv. Only
nodes with non-zero weight are explicitly stored. The maintenance pro-
cedures on the data structure ensure that the number of nodes stored
is bounded by O( 1

ε
log U). The sum of all weights of nodes is equal to

the total weight of the input items summarized, W. The INITIALIZE op-
eration creates an empty Q-Digest, i.e., all the nodes in the binary tree
have (implicit) weight 0.

At any time, there is a notion of the “capacity” C of the non-leaf nodes
in the structure. This capacity is set to be εW/ log U. The intuition is that
error in answering queries will come from a bounded number of nodes
in the tree. By bounding the weight associated with each node, this will
lead to a bound on the error.

UPDATE. Each UPDATE operation of an item x performs a walk down
the tree structure, starting from the root, with the aim of adding the
weight w associated with x to nodes in the tree. The algorithm proceeds
recursively: given a current node v, if the current weight associated with
the node wv is equal to the capacity C, then it finds which child node x
belongs to (either the left or the right child) and recurses accordingly.
When the node is below capacity, the algorithm tries to store the new
weight there. If v is a leaf node, since leaf nodes do not have to enforce
a capacity, we can add w to wv, and finish. For a non-leaf node v, if the
sum of the weights, wv + w is at most the capacity C, then we can safely
update the weight of node v to wv + w and finish. Otherwise, adding
the full weight would take v over capacity. In that case, we update the
weight of v to wv ← C. This leaves w − (C − wv) of the weight of the
update x still unassigned, so we recurse on the appropriate child of v
as before. This procedure will take at most log U steps, since the length
of a path from the root to the leaf level is log U, and the procedure will
always stop when it reaches the leaf level, if not before.

Algorithm 4.1 shows the pseudocode to update the data structure
with an item x of weight w. The central while-loop determines what to
do at a given node v. If v is below capacity, then lines 5–8 put as much of
the weight w there as possible, and adjust w accordingly. If this reduces
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w to zero, then the algorithm can break out of the loop. Otherwise, it
recurses on either the left or right subtree of v (denoted by v.left and
v.right, respectively). Finally, any remaining weight is assigned to node
v in line 14: if v is not a leaf, then w will be 0 at this point.

Algorithm 4.1: Q-Digest: UPDATE (x,w)

1 W ← W + w ;
2 C ← εW/ log U ;
3 v← root ;
4 while v is not a leaf node do
5 if (wv < C) then
6 d ← min(C − wv,w) ;
7 wv ← wv + d;
8 w← w − d;

9 if w = 0 then break;
10 if x is in left subtree of v then
11 v← v.left
12 else
13 v← v.right

14 wv ← wv + w ;

QUERY. A rank query for an element x is answered by computing the
sum of weights of all nodes in the structure which correspond to ranges
of items that are (all) strictly less than x. Note that all the weights stored
in such nodes arose from the insertion of items which were strictly
less than x, so this gives a correct lower bound on the answer. Simi-
larly, nodes in the structure corresponding to ranges of items that are
(all) strictly more than x do not contribute to rank(x). This only leaves
nodes in the structure which include x: the weight of these nodes may
have arisen from items that were below, above, or equal to x. These lead
to the approximation in the answer. Note however that there are only
log U such nodes: only nodes on the root-to-leaf path for x contain x.
As the weight of each non-leaf node is bounded by the capacity C, we
have that the error in the answer is bounded by at most C log U. Since
we require that C ≤ εW/ log U, this error is in turn bounded by εW.

Algorithm 4.2 shows code for the query procedure. The algorithm
proceeds down from the root. It assumes that the values of Wv, the total
weight of all nodes below (and including) node v have already been
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calculated. This can be done with a single depth-first walk over the data
structure. The algorithm computes the sum of weights of all nodes that
are strictly less than x. The algorithm walks the path from the root down
to x. At each step, if x belongs to the right subbranch of the current node
v, then it adds in the count of all nodes in the left sub-ranch as Wu (line 8)
to the running sum r.

Algorithm 4.2: Q-Digest: QUERY (x)

1 v← root ;
2 r ← 0;
3 while v is not a leaf node do
4 u← v.left ;
5 if x is in left subtree of v then
6 v← u
7 else
8 r ← r + Wu ;
9 v← v.right

10 return (r)

COMPRESS. If we only follow the above procedures, then the number of
nodes stored in the structure can grow quite large. This is because the
capacity C = εW/ log U is growing as more elements are inserted into
the summary, so nodes that are full will become underfull over time.
To counter this, we shall COMPRESS the structure from time to time.
The COMPRESS operation ensures that the number of nodes stored in
the structure is bounded by O(log U/ε), while retaining all the proper-
ties needed to give the accuracy guarantees. The first step is to update
the capacity C as εW/ log U. Then the central idea of COMPRESS is to
ensure that as many nodes in the structure as possible are at full capac-
ity, by moving weight from nodes lower down in the tree up into their
ancestors.

First, we compute for each node v the total weight of the subtree at
v, as Wv. This can be done with a single depth-first walk over the tree.
Then COMPRESS proceeds recursively, starting from the root. Given a
current node v, if it is below capacity, i.e., wv < C, then we seek to in-
crease its weight by “pulling up” weight associated with its descen-
dants. If Wv is sufficient to bring the node up to capacity, then we can
adjust wv up to C. This incurs a “debt” of (C−wv) which must be passed
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on to the descendants of v. This debt is apportioned to the left and right
children of v so that neither child is given a debt that exceeds the weight
of their subtree. One way to do so is to assign as much of the debt as
possible to one of the children (e.g., always the left child), while re-
specting this condition. The procedure continues recursively, although
now the weight Wv of a subtree has to be reduced by the debt inherited
from the parents. If this causes the weight of the subtree to be 0, then
the node, and all its descendants now have zero weight, and so do not
have to be retained. The recursion halts when a leaf node is reached:
leaf nodes have no descendants, so no further weight can be pulled up
from them.

Algorithm 4.3: Q-Digest: COMPRESS (v, d)

1 if wv = 0 then return;
2 if v is a leaf node then
3 wv ← wv − d
4 else
5 if Wv − d > C then
6 d ← d + C − wv;
7 wv ← C ;
8 u← v.left ;
9 COMPRESS (v.left, min(d,Wu)) ;

10 COMPRESS (v.right, max(d −Wu, 0));
11 else
12 wv ← Wv − d ;
13 Set weight of all descendants of v to 0 ;

Algorithm 4.3 outlines the procedure for performing a COMPRESS.
Again, we assume that the values Wv have been computed for each
node as the sum of all weights in the subtree rooted at v. The algo-
rithm is called initially with COMPRESS (v = root, d = 0), where v indi-
cates the node for the algorithm to work on, and d indicates the current
debt inherited from ancestor nodes. At the leaf level, the current debt is
applied to the weight of the current node (line 3). The test at line 5 de-
termines whether the current weight of the subtree, less the inherited
debt, exceeds the capacity of the node v. If so, then the weight of v is
increased to the capacity, and the debt adjusted to reflect this. Then as
much of the debt as possible is passed on to the left subtree (rooted at
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Figure 4.1 Example Q-Digest summary over U = 0 . . . 7

u), which can be up to Wu, by the recursive call in line 9. The remainder
of the debt is passed on to the right subtree in line 10. In the case that the
weight of the tree rooted v less the current debt is below the current ca-
pacity, then line 12 updates the weight of v accordingly. All descendants
of v have had all their weight assigned to ancestors, so their weight is
now set to zero.

It is clear that this COMPRESS operation preserves the property that
the weight associated with each node v is due to input items from the
leaves of the subtree of v: since we can view the movement of weights in
the tree as going towards the root, it is always the case that the weight
of an input item x is associated with a node that is an ancestor of x in the
tree. The COMPRESS operation can be implemented to take time linear
in the number of nodes, since each node is visited a constant number of
times, and is processed in constant time.

MERGE. It is straightforward to perform a MERGE operation on two
Q-Digest summaries over the same domain U. We simply merge the
nodes in the natural way: the weight of node v in the new summary is
the sum of the weights of node v in the two input summaries. Following
a MERGE, it may be desirable to perform a COMPRESS to ensure that the
space remains bounded.

Example. Figure 4.1 shows a schematic illustration of an example Q-
Digest summary. It shows a binary tree structure over the domain 0 . . . 7.
Shaded nodes have non-zero counts, while empty nodes are associated
with zero counts, and are not explicitly represented. Currently, the ca-
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Figure 4.2 Example Q-Digest summary after COMPRESS operation with
C = 3

pacity of nodes is set to C = 2. If we perform a rank query operation
for x = 5, we obtain an answer of 14, which is the sum of all nodes
strictly to the left of the 6th leaf (the one with a weight of 3 in the ex-
ample of Figure 4.1). The uncertainty in this answer is 6, given by the
sum of weights on the path from the root to x. Suppose we UPDATE

the summary with an item with x = 6 and w = 1. Then the algorithm
would walk down from the root until it reached the internal node with
weight 1. This is below capacity, and so the weight can be increased to
2. Lastly, suppose we perform a COMPRESS operation on the version
of the summary shown in Figure 4.1 after setting the capacity of nodes
C = 3. Then we obtain the result shown in Figure 4.2. Three units of
weight are taken from the third leaf to bring its ancestors up to the new
capacity. One unit of weight is taken from each of the fifth and sixth
leaves to give to their ancestors. This uses up all of the weight of the
fifth leaf, so it is no longer stored. Thus, the COMPRESS operation has
reduced the number of nodes stored by one.

Further Discussion. Following a COMPRESS operation, the num-
ber of nodes with non-zero count is bounded by O(log U/ε). This
holds because, where possible, nodes now have a weight of C.
Some nodes will have weight below capacity, but these nodes have
no descendants with positive weight: if they did have such de-
scendants, then the COMPRESS algorithm would have taken all this
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weight and distributed it to the ancestors. Consequently, each node
below capacity can be associated with its parent which is at ca-
pacity; and each node at capacity has at most two children that
are below capacity. Suppose there are nc nodes that are at capacity
C = εW/ log U. Then nc can be at most log U/ε, since the weights
of all nodes sum to W. Thus there can be at most O(log U/ε) nodes
with non-zero count in total. This bounds the space of the data
structure following a COMPRESS operation.

The algorithm above to perform an insert takes time O(log U), as
it performs a walk along the path from the root to x. Studying this
path, it turns out that there should be a prefix of the path where
all nodes have weight C, a suffix where all nodes have weight 0,
and at most one intermediate node with weight between 0 and C.
It is therefore possible to improve the running time to O(log log U),
by performing a binary search along this path to find the transition
between nodes of weight C and nodes of weight 0. This assumes
that the nodes are stored in an appropriate dictionary data struc-
ture, such as a hash table or BloomFilter.

A limitation of the Q-Digest summary is the requirement that
the domain of items U be fixed, and known in advance. The sum-
mary is suitable for dealing with items from a well-understood,
structured domain, such as 32-bit integers or IP addresses. How-
ever, it does not easily apply to arbitrary text strings or arbitrary
precision real numbers. For these cases, other summaries such as
the GK summary can be used.

Implementation Issues. In the initial phase of the algorithm, it is not
sensible to directly follow the UPDATE procedure, since this will lose
too much information. Instead, while W < 1

ε
log U, it is better to simply

buffer the input items (and so provide exact answers to queries). Only
when W exceeds this bound is it suitable to switch from buffering to
using the approximate Q-Digest structure.

For a given element x, let r be the sum of the weights of all nodes that
are strictly less than x, and ∆ be the sum of the weighs of all ancestor
nodes of x. As discussed about, we have r ≤ rank(x) ≤ r + ∆ and ∆ < εW,
and we use r to estimate rank(x). But r + ∆/2 is a better estimate, whose
(two-sided) error is at most ∆/2. Using this estimator, we may double
the threshold C and thus make the summary even more compact.

When there are a series of QUERY operations, we may pre-process
the summary in order to speed up the query process. For each node in
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the summary, we calculate the estimated rank of the largest value in
the range represented by that node. All these ranks can be calculated
with a post-order traversal, which can be done in time linear in the size
of the summary. Now to find the rank of a given element x, we return
the estimated rank of the largest value that is no greater than x; to find
the element with a given rank, we return the item in the list whose
estimated rank is closest to the given one. Both operations can be done
efficiently with binary search.

The summary as defined above does not specify exactly when to per-
form a COMPRESS operation. This can be done whenever needed, with-
out affecting the guarantees of the structure. For example, one could
even perform a COMPRESS after every UPDATE operation, although
this would slow down performance considerably. To keep the space
bounded at O(log U/ε), we could only COMPRESS every time the weight
W doubles: using the analysis from the discussion of COMPRESS, we
still have that each node below capacity C is the child of a node whose
weight is C, and we can have only O(log U/ε) such parents.

An intermediate strategy is to perform a compress operation every
time the capacity C can increase by 1, i.e., every time W increased by
log U/ε. In this case, the amortized cost of an update is dominated by
the cost of the UPDATE procedure, since the amortized cost of COM-
PRESS is O(1) per step. However, in some high-throughput applications,
we may want to ensure a worst-case time performance per update. In
this case, the periodic execution of COMPRESS (as well as the need to
switch over from buffering updates to using the Q-Digest) may cause
an unacceptable delay. This can be resolved by performing small pieces
of the COMPRESS operation with every UPDATE, at the cost of signifi-
cantly complicating the implementation.

History and Background. The Q-Digest summary was first proposed
by Shrivastava et al. in 2004 [211]. This version did not require that
the nodes formed a tree: instead, it was proposed to maintain just a
set of nodes and associated weights. Cormode et al. [71] observed that
the same guarantees could be provided while additionally requiring
that the nodes formed a tree. This simplifies the COMPRESS operation,
and ensures that the space bounds are met following each execution of
COMPRESS. This “top-down” version of the Q-Digest is then quite simi-
lar to a data structure proposed to track the “hierarchical heavy hitters”
in streaming data by Zhang et al. , also in 2004 [241].
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Available Implementations. Several implementations of Q-Digest
are available across various languages, differing in how they choose
to implement the COMPRESS operation. The implementation from
stream-lib (https://github.com/addthis/stream-lib/tree/
master/src/main/java/com/clearspring/analytics/stream/
quantile) uses a similar root-to-leaf version of COMPRESS as dis-
cussed here.

4.2 Greenwald-Khanna (GK)

Brief Summary. The GK summary provides a compact summary of
data drawn from an ordered input domain U. In contrast with Q-Digest,
the GK summary does not need U to be a domain of integers. It is a
comparison-based algorithm, i.e., it works on any ordered domain U
where a comparison operator is defined. But it only accepts insertions
of unweighted elements. So here the total number of elements inserted
into the summary, N, is the same as the total weight W. This summary
can be merged but its size grows after each MERGE.

Operations on the summary. The GK summary stores information about
its input as a list of triples, of the form (xi, gi,∆i). Here, xi is an item from
the input, gi indicates the total number of items that are represented by
this triple, and ∆i records information about the uncertainty in the po-
sition of xi in the sorted order of the input. The summary ensures that,
at any time, for each triple (xi, gi,∆i), we have that

i∑
j=0

g j ≤ rank(xi) + 1 ≤ ∆i +

i∑
j=0

g j, (4.1)

gi + ∆i < 2εN. (4.2)

As a result, we have that the number of input items between xi−1 and
xi is at most 2εN − 1.

To INITIALIZE a new GK summary, we create a list which contains
only one triple (∞, 1, 0).

To UPDATE the summary with an item x, we find the smallest i such
that x < xi. If gi + ∆i + 1 < 2εN, we simply increase gi by 1, in which case
no extra space is used. Otherwise we insert a new triple (x, 1, gi + ∆i − 1)
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right before the i-th triple. Then we try to find an adjacent pair of triples
(x j, g j,∆ j) and (x j+1, g j+1,∆ j+1) such that g j + g j+1 + ∆ j+1 < 2εN. If such
a pair can be found, we remove the first triple, and increase g j+1 by g j,
such that the size of the list will remain the same despite of the new
element. If there is not such a pair, the size of the list is increased by 1.
The pseudocode for UPDATE is shown in Algorithm 4.4.

Algorithm 4.4: GK: UPDATE (x)

1 N ← N + 1;
2 Find the smallest i such that x < xi ;
3 if gi + ∆i + 1 < 2εN then
4 gi ← gi + 1 ;
5 else
6 Insert (x, 1, gi + ∆i − 1) before the i-th triple ;
7 if ∃ j : (g j + g j+1 + ∆ j+1 < 2εN) then
8 g j+1 ← g j + g j+1 ;
9 remove the j-th triple ;

To MERGE two GK summaries, we perform a merge of the sorted
lists of triples. Let the head of the two lists be (x, g,∆) and (x′, g′,∆′),
and assume that x ≤ x′. Then we remove the first triple from its list,
and create a new triple in the output GK structure with (x, g,∆+ g′+∆′).
When one list is exhausted, we just copy over the tail of the other list.
This has the effect of combining the bounds on the ranks in the correct
way. In the end we try to reduce the size by removing some tuples as in
UPDATE. This is spelled out in Algorithm 4.5.
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Algorithm 4.5: GK: MERGE (S ,T )

1 i← 0;
2 j← 0;
3 R← ∅;
4 while i < |S | and j < |T | do
5 if S i.x ≤ T j.x then
6 R← R ∪ (S i.x, S i.g, S i.∆ + T j.∆ + T j.g − 1);
7 i← i + 1;
8 else
9 R← R ∪ (T j.x,T j.g, S i.∆ + T j.∆ + S i.g − 1);

10 j← j + 1;

11 while i < |S | do
12 R← R ∪ (S i.x, S i.g, S i.∆);
13 i← i + 1;

14 while j < |T | do
15 R← R ∪ (T j.x,T j.g,T j.∆);
16 j← j + 1;

17 while there is j such that g j + g j+1 + ∆ j+1 < 2εN do
18 g j+1 ← g j + g j+1 ;
19 remove the j-th triple ;

To QUERY a GK summary to find the estimated rank of a given item
y, we scan the list of triples to find where it would fall in the summary.
That is, we find triples (xi, gi,∆i) and (xi+1, gi+1,∆i+1) so that xi ≤ y < xi+1.
We have

i∑
j=0

g j − 1 ≤ rank(xi) ≤ rank(y) and

rank(y) ≤ rank(xi+1) ≤
i+1∑
j=0

g j + ∆i+1 − 1.

This bounds the rank of y, and leaves uncertainty of at most gi+1 + ∆i+1.
So we return

∑i
j=0 g j − 1 + (gi+1 + ∆i+1) /2 as the approximate rank of

y. Therefore, the maintenance algorithms ensure that this quantity is
bounded. Similarly, suppose we want to QUERY to find an item of rank
approximately r. Then we seek for a triple (xi, gi,∆i) so that
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input N d2εNe GK summary

0 0 (∞, 1, 0)
1 1 1 (1, 1, 0), (∞, 1, 0)
4 2 1 (1, 1, 0), (4, 1, 0), (∞, 1, 0)
2 3 2 (1, 1, 0), (2, 1, 0), (4, 1, 0), (∞, 1, 0)
8 4 2 (1, 1, 0), (2, 1, 0), (4, 1, 0), (8, 1, 0), (∞, 1, 0)
5 5 2 (1, 1, 0), (2, 1, 0), (4, 1, 0), (5, 1, 0), (8, 1, 0), (∞, 1, 0)
7 6 3 (1, 1, 0), (2, 1, 0), (4, 1, 0), (5, 1, 0), (7, 1, 0), (8, 1, 0), (∞, 1, 0)

(1, 1, 0), (2, 1, 0), (4, 1, 0), (5, 1, 0), (8, 2, 0), (∞, 1, 0)
6 7 3 (1, 1, 0), (2, 1, 0), (4, 1, 0), (5, 1, 0), (6, 1, 1), (8, 2, 0), (∞, 1, 0)

(2, 2, 0), (4, 1, 0), (5, 1, 0), (6, 1, 1), (8, 2, 0), (∞, 1, 0)
7 8 4 (2, 2, 0), (4, 1, 0), (5, 1, 0), (6, 1, 1), (7, 1, 0), (8, 2, 0), (∞, 1, 0)

(2, 2, 0), (4, 1, 0), (5, 1, 0), (6, 1, 1), (8, 3, 0), (∞, 1, 0)
6 9 4 (2, 2, 0), (4, 1, 0), (5, 1, 0), (6, 1, 1), (6, 1, 2), (8, 3, 0), (∞, 1, 0)

(4, 3, 0), (5, 1, 0), (6, 1, 1), (6, 1, 2), (8, 3, 0), (∞, 1, 0)
7 10 4 (4, 3, 0), (5, 1, 0), (6, 1, 1), (6, 1, 2), (7, 1, 2), (8, 3, 0), (∞, 1, 0)

(4, 3, 0), (6, 2, 1), (6, 1, 2), (7, 1, 2), (8, 3, 0), (∞, 1, 0)
2 11 5 (2, 1, 2), (4, 3, 0), (6, 2, 1), (6, 1, 2), (7, 1, 2), (8, 3, 0), (∞, 1, 0)

(4, 4, 0), (6, 2, 1), (6, 1, 2), (7, 1, 2), (8, 3, 0), (∞, 1, 0)
1 12 5 (1, 1, 3), (4, 4, 0), (6, 2, 1), (6, 1, 2), (7, 1, 2), (8, 3, 0), (∞, 1, 0)

(1, 1, 3), (4, 4, 0), (6, 2, 1), (7, 2, 2), (8, 3, 0), (∞, 1, 0)

Table 4.1 Example of a GK summary, ε = 1/5

rank(xi) ≥
i∑

j=0

g j − 1 ≥ r − εN and rank(xi) ≤ ∆i +

i∑
j=0

g j − 1 ≤ r + εN.

For such an i, we report xi as the item with approximate rank r:
from (4.1), we have that

r − εN ≤ rank(xi) ≤ r + εN.

Note that we can always find such an xi in the summary. If r + 1 ≤
N − εN (otherwise, picking the maximum value will suffice), then we
consider the first triple such that ∆i +

∑i
j=0 g j > r + 1 + εN. Then, neces-

sarily, rank(xi−1) ≤ r + εN, and

rank(xi−1) ≥
i−1∑
j=0

g j−1 = ∆i +

i∑
j=0

g j−1− (gi +∆i) ≥ (r +εN)− (2εN) = r−εN.

Example. Table 4.1 shows how a GK summary works with input 1, 4, 2,
8, 5, 7, 6, 7, 6, 7, 2, 1. In this example we set ε = 1/5, and after each inser-
tion, we always remove the first triple that can be removed. In the end
we have 6 triples, and Table 4.2 shows the accuracy of this summary.
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x rank(x) r̃(x) Error

1 0 2 2
2 2 2 0
4 4 5.5 1.5
5 5 5.5 0.5
6 6 8 2
7 8 9.5 1.5
8 11 11.5 0.5

Table 4.2 QUERY with the example GK summary

We need to estimate each rank within error of εN = 2.4, and indeed the
summary can estimate all ranks well.

Further Discussion. The original paper [123] introduced two ver-
sions of the GK summary, a complicated one with a strict bound
on the summary size, and a simplified one without proven guar-
antees on its size (hence also update and query time). The version
introduced above is the second version. Despite the lack of a proof
bounding its size, this version of the GK summary performs very
well in practice, with size often smaller than the strict version. It is
also faster since it is much simpler.

In the strict version, the new triple inserted on the arrival of x
is always (x, 1, b2εN − 1c) regardless of the successor triple. And
the UPDATE algorithm does not attempt to removed tuples im-
mediately. Instead, a COMPRESS procedure is introduced, which
guarantees to reduce the space of the summary to O

(
1
ε

log(εN)
)
.

The COMPRESS procedure essentially takes the search through the
data structure for triples that can be combined out of the UPDATE

procedure, but also enforces some additional restrictions on which
triples can be merged. The interested readers may find the proof
and more details about the strict version in the original paper [123].

The MERGE operation is always guaranteed to be correct, in that
it allows us to answer queries with the required accurate. How-
ever, performing a MERGE operation doubles the size of the sum-
mary. We can then perform a COMPRESS to reduce the size if there
is redundancy, but it is not clear that the size will always be re-
duced substantially. It remains an open question whether the GK
summary can be merged while keeping a small size.
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Implementation Issues. The list of triples can be kept sorted in a bi-
nary tree (e.g., using std::map in C++), such that in line 2 of Algo-
rithm 4.4, we may find i by performing a binary search.

The naive implementation of line 7 of Algorithm 4.4 requires a linear
scan of the whole list. Alternatively, we may also maintain an auxiliary
min-heap, which manages the values of g j + g j+1 + ∆ j+1. Now, we can
simply check the minimum value in the heap, and remove the corre-
sponding triple if possible; otherwise it would be safe to claim that no
triples can be merged. For each incoming element, the heap may be up-
dated in the same time as UPDATE, so it will not introduce much over-
head. Additional speed improvements can be achieved (at the expense
of adding some complexity) by standard techniques, such as buffering
the most recent set of new items to add to the structure, then sorting
them and performing a bulk UPDATE at the same time as a COMPRESS.
This will reduce the amortized cost of maintaining the data structure.
To answer multiple queries, we can calculate the prefix sums of the gi’s
with a linear scan. Subsequently, a query can be answered easily by
binary search.

History and Background. The GK summary was introduced by Green-
wald and Khanna in 2001 [123]. It has been widely used: for example,
in systems for large scale log analysis [203], or for summarizing data
arising from networks of sensors [124]. The limitations that no strong
guarantees hold for the size of summaries subject to many MERGE oper-
ations, and requirement for unit weight input, has led to much interest
in generalizations and variations that can overcome these limitations.

While very effective in practice, the bound of O( 1
ε

log εn) is unsatisfy-
ing. A lower bound of Ω( 1

ε
log 1

ε
), due to Hung and Ting [136], applies

to any deterministic, comparison-based algorithm. The lower bound
takes advantage of the assumed deterministic algorithm, to generate
input sequences that force the algorithm to keep track of sufficiently
much information if it is to give an acceptable algorithm. As shown in
the next section, if a small probability of failure is allowed, then this
lower bound can be broken with a randomized summary whose size is
only O( 1

ε
log log 1

ε
).

Available Implementations. Several implementations of GK are
available online, across a variety of languages.
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4.3 Karnin-Lang-Liberty (KLL)

Brief Summary. The KLL summary provides a summary of data drawn
from an ordered domain U. It is a comparison-based summary, just like

GK. The size of the summary is O
(

1
ε

√
log 1

ε

)
after any number of UP-

DATE and MERGE operations. It is more space- and time-efficient than
the GK summary, but it is a randomized algorithm that may exceed the
ε error bound with a small probability. The version of KLL described
below assumes unweighted items; weighted items can also be handled,
and a pointer is given under History and Background.

Algorithm 4.6: KLL: UPDATE (x)

1 B[0]← B[0] ∪ {x};
2 COMPRESS;

Operations on the summary. The KLL summary consists of a list of
buffers B of varying capacities. Buffer B[l] is said to be at level l, and
all items in B[l] have weights 2l. Intuitively, each item in B[l] represents
2l original input items. The capacity of buffer B[l] is defined to be ch−lk
(but at least 2), where h is the highest level with a non-empty buffer,
k = O

(
1
ε

√
log(1/ε)

)
, and c ∈ (0.5, 1) is a constant. Note that with c < 1,

the buffer capacities decrease as we go down the levels.
The UPDATE procedure is shown in Algorithm 4.6. To UPDATE the

summary with an item x, we simply add it to B[0]. At this point, there
is no loss of information. When B[0] reaches its capacity, we perform
an operation called compaction, (i.e., a COMPRESS routine) which moves
half of the items of B[0] to B[1], while resetting B[0] to empty. This in
turn may cause B[1] to reach or exceed its capacity, and a series of com-
paction operations might be triggered as a result, as shown in Algo-
rithm 4.7. Each compaction introduces some error to the rank estima-
tion, but we will show that the accumulated error for any rank is at
most εN with high probability, where N is the number of items summa-
rized.

The compaction operation is spelled out in line 3–9 of Algorithm 4.7,
where we compact B[l] and move half of items to B[l + 1]. First, we sort
all items in B[l] (ties can be broken arbitrarily). Then with probability
1/2 we take all items at odd positions, and with probability 1/2 take all
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Algorithm 4.7: KLL: COMPRESS

1 for l = 0, . . . , h do
2 if |B[l]| ≥ max{2, ch−lk} then
3 Sort B[l];
4 i← a fair coin toss;
5 if i is heads then
6 B[l + 1]← B[l + 1] ∪ {items at odd positions in B[l]};
7 else
8 B[l + 1]← B[l + 1] ∪ {items at even positions in B[l]};

9 B[l]← ∅;

10 if B[h + 1] has been created then
11 h← h + 1;

items at even positions. These items are added to B[l + 1], while B[l] is
reset to empty.

To MERGE two KLL summaries S 1 and S 2, we first merge the two
buffers at the same level (if they exist). Then we perform a series of
compaction operations in a bottom-up fashion, just like in the UPDATE

algorithm, to make sure that every buffer is below its capacity. See Al-
gorithm 4.8.

Algorithm 4.8: KLL: MERGE (S 1, S 2)

1 for l = 0, . . . ,max{S 1.h, S 2.h} do
2 S .B[l]← S 1.B[l] ∪ S 2.B[l];

3 S .COMPRESS;

To QUERY about rank(x) of an element x, we return the value

r̃(x) =
∑

l

2l rankl(x),

where rankl(x) denotes the number of elements in the buffer B[l] that
are strictly less than x. This can be done with a single pass over the
summary, as shown in Algorithm 4.9. Recall that, each item in B[l] rep-
resents 2l original items, so r̃(x) is really just the rank of x among the
weighted items in all the buffers.

On the other hand, to QUERY for an element whose rank is r, we
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Algorithm 4.9: KLL: QUERY (x)

1 r ← 0;
2 foreach l do
3 foreach y ∈ B[l] such y < x do
4 r ← r + 2l

5 return r

return an element x in the summary whose estimated rank r̃(x) is closest
to r.

Example. Suppose that the following table represents the current sta-
tus of the KLL summary, where we use k = 8, c = 1/

√
2.

l weight capacity B[l]

5 32 8 33, 71, 105, 152, 165, 184
4 16 6 61, 112, 123, 175
3 8 4 23, 81, 134
2 4 3 92, 142
1 2 2 16
0 1 2 84

First consider a query that asks for the estimated rank of 100. This is
estimated as

r̃(100) = 1 · 1 + 2 · 1 + 4 · 1 + 8 · 2 + 16 · 1 + 32 · 2 = 103.

Next, consider the operation UPDATE(44). We first add 44 to B[0],
which causes a compaction on B[0] = {44, 84}. Suppose we take the odd-
positioned items. Then B[0] = ∅, B[1] = {16, 44} after the compaction.
This in turn will trigger a series of compaction operations, as follows.

1. Compact B[1]: Suppose we take the even-positioned items. Then
B[1] = ∅, B[2] = {44, 92, 142}.

2. Compact B[2]: Suppose we take the odd-positioned items. Then B[2] =

∅, B[3] = {23, 44, 81, 92, 142}.
3. Compact B[3]: Suppose we take the even-positioned items. Then

B[3] = ∅, B[4] = {44, 61, 92, 112, 123, 175}.
4. Compact B[4]: Suppose we take the even-positioned items. Then

B[4] = ∅, B[5] = {33, 61, 71, 105, 112, 152, 165, 175, 184}.
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5. Compact B[5]: Suppose we take the odd-positioned items. Then B[5] =

∅, B[6] = {33, 71, 112, 165, 184}.

After UPDATE(4), h has increased by one, so the capacities of the
buffers will change (but the weights do not), as follows.

l weight capacity B[l]

6 64 8 33, 71, 112, 165, 184
5 32 6 ∅

4 16 4 ∅

3 8 3 ∅

2 4 2 ∅

1 2 2 ∅

0 2 2 ∅

Now on this summary, the result of a rank QUERY for item 100 will
result in 64 ∗ 2 = 128, increased somewhat from before.

Further Discussion. Error analysis. As seen above, each item in
buffer B[l] represents 2l original, potentially different, items, so
there will be some loss of information after each compaction opera-
tion. Consider, e.g., the compaction operation on B[4] = {44, 61, 92, 112, 123, 175}
in the example above by taking the even-positioned items and mov-
ing them to B[5]. Before this operation, B[4] contributed 3 items to
the computation of r̃(100), each with a weight of 16. After this op-
eration, only one item, 61, has survived with a weight of 32, so we
have incurred an error of −16. On the other hand, if we had taken
the odd-positioned items, then two items would survive and we
would incur an error of +16. So, we accumulate an error of +2l or
−2l from this compaction, each with equal probability. More im-
portantly, the expected error is 0, meaning that if r̃(100) was an un-
biased estimator, it would remain so. On the other hand, no new
error will be introduced for queries like r̃(120), whether the odd-
or even-positioned items are taken.

Before doing any compaction operations, r̃(x) is obviously ac-
curate. The observations above then imply that, for any x, r̃(x) is
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always an unbiased estimator, with error equal to

Err =

h−1∑
l=0

ml∑
i

2lXi,l, (4.3)

where the Xi,l’s are independent random variables, each taking +1
or −1 with equal probability. Here ml is the number of compaction
operations done on level l, and it can be shown [141, 155] that
ml = O((2/c)h−l). This is quite easy to understand: The top level
must have not seen any compactions (otherwise level h + 1 would
have been created), so mh = 0. Level h − 1 have had at most 2/c
compactions, because each compaction at level h−1 promotes ck/2
items to level h, so 2/c compactions will make level h overflow.
In general, because the capacities of two neighboring levels differ
by a factor of c, and each compaction on the lower level promotes
half of it capacity to the higher level, so every 2/c compactions on
the lower level triggers one compaction on the higher level, hence
ml = O((2/c)h−l). This simple analysis ignores rounding issues (the
capacities of the bottom levels are all 2; see the example above),
which are handled in [141].

Next, we apply the Chernoff-Hoeffding bound (Fact 1.4) on (4.3):

Pr[|Err > εN|] ≤ 2 exp
 −2(εN)2∑h−1

l=0 O((2/c)h−l22l)


= 2 exp

 −2(εN)2∑h−1
l=0 O((2/c)h(2c)l)


= 2 exp

(
−2(εN)2

O((2/c)h) · O((2c)h)

)
(Recall c ∈ (0.5, 1))

= 2 exp
(
−2(εN)2

O(22h)

)
.

Since each item on level h represents 2h original items, and B[h] has
a capacity of k, so h will be the smallest integer such that N ≤ 2hk,
or h ≤ log2(N/k) + 1. Thus,

22h ≤ 22 log2 (N/k)+2 = 4 · 2log2 (N/k)2
= 4(N/k)2.

Thus, setting k = O( 1
ε

√
log(1/ε)) will reduce the failure probability

Pr[|Err > εN |] to O(ε). By the union bound, with at least constant
probability, the estimated ranks are accurate (within error of εN)
for all the 1/ε−1 elements that rank at εN, 2εN, . . . , (1−ε)N, which is
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enough to answer all rank queries within 2ε error. Rescaling ε can
bring the error down to ε. When all rank queries can be answered
within ε error, all the quantile queries can also be answered with
the desired error guarantee.

Space and time analysis. Because the buffer capacities decrease ge-
ometrically, the total space is dominated by the capacity of the
largest buffer at level h, which is O(k) = O( 1

ε

√
log(1/ε)). However,

since the smallest meaningful buffer capacity is 2, there might be a
stack of such small buffers at the lower end, as illustrated in the ex-
ample above, so the total space is O( 1

ε

√
log(1/ε)+h) = O( 1

ε

√
log(1/ε)+

log(εN)).
To analyze the time costs, observe that if we keep all buffers

sorted, the merge in line 6 or 8 of Algorithm 4.7 can be performed
in time proportional to |B[l]|. After this compact operation, |B[l]|/2
items have been promoted one level higher, so we can change the
cost of each compact operation to the promotion of these items.
Overall, half of the items have been promoted to level 1, 1/4 to
level 2, 1/8 to level 3, . . . , k to level h. Thus, the total cost of pro-
cessing N items is

∑h
l=1

N
2l = O(N), and the amortized cost per item

is O(1). Furthermore, as all the algorithm does is merging of sorted
arrays, this makes the summary very fast in practice due to good
cache locality.

By keeping all buffers sorted, a QUERY can also be done more ef-
ficiently, by doing a binary search in each buffer. The time needed
will be O(log2 1

ε
). For multiple QUERY operations without UPDATE

or MERGE, we may preprocess the summary by assigning each ele-
ment x from B[l] with a weight 2l, sorting elements from all buffers
and calculating prefix sums of the weights. After that a QUERY can
be done by a single binary search, which takes only O(log 1

ε
) time.

Further improvements. One can reduce the size of the summary, by
observing that the stack of capacity-2 buffers are not really nec-
essary. Every time we compact such a buffer, we simply promote
one of its two items randomly, so the stack of buffers can be re-
placed by a simple sampler, which samples one item out of 2h′

items uniformly at random, where h′ is the level of the highest
capacity-2 buffer. This reduces the size of the summary to O(k) =

O( 1
ε

√
log(1/ε)). However, this makes the MERGE algorithm more

complicated, as discussed in detail in [155].
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Furthermore, by replacing the top O(log log(1/ε)) buffers with
the GK summary, the size of KLL can be reduced to O( 1

ε
log log 1

ε
)

[155]. This improvement in theory may be of less interest in prac-
tice: for ε = 2−16 (i.e., less than 1 in 65,000), the absolute values of√

log 1/ε = log log 1/ε = 4. Hence, the overhead in costs for the GK
summary are such that we will not see much improvement in space
efficiency unless ε is much, much smaller than this already small
value. Consequently, this optimization may be considered only of
a theoretical interest.

Implementation Issues. As described in [141], there are several tech-
niques that can be applied to improve the practical accuracy and effi-
ciency of KLL. We mention two simple but effective ones here.

First, as observed in the example above, the actual size of the sum-
mary fluctuates over time. In most practical scenarios, we are given a
fixed space budget. Thus, instead of compacting a buffer as soon as it
reaches its capacity, we only have to do so if the total space budget is
also exceeded. This means that sometimes buffers may exceed their ca-
pacities. Note that this will not affect the error analysis; in fact, this will
reduce the error even more, because each compaction will compact a
larger buffer, resulting in smaller ml’s.

The second technique reduces randomness via anti-correlation. Again
consider the error introduced when compacting B[4] = {44, 61, 92, 112, 123, 175}
in the example above. As seen above, this compaction introduces an er-
ror of ±16 to r̃(100), each with equal probability. Suppose at a later time
B[4] becomes {34, 50, 90, 101, 135, 145}, which is about to be compacted
again. Now, instead of making a random choice here, we determinis-
tically choose the opposite decision, i.e., if the last compaction chose
odd-positioned items, we would choose the even-positioned items this
time, and vice versa. This has the effect of canceling the previous error,
resulting in a net error of 0. On the other hand, if the contents of B[4]
are {34, 50, 90, 95, 135, 145}, then this compaction will not cancel the pre-
vious error, but will not introduce new error, either. So, the total error
of the every two compactions is at most ±16, effectively reducing ml by
half. More precisely, we flip a fair coin for every two consecutive com-
pactions: with probability 1/2, we do even→ odd, and with probability
1/2, we do odd→ even.

History and Background. Quantile summaries based on the compaction
operation date back to Munro and Paterson [193], who gave a simple
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algorithm that made multiple passes over the data. By considering the
guarantee from the first pass of the Munro-Paterson algorithm, Manku
et al. [177] showed that this offered an ε accuracy guarantee with a
space bound of O( 1

ε
log2(εN)). Manku et al. [178] combined this with ran-

dom sampling, giving an improved bound of O( 1
ε

log2 1
ε
). By random-

izing the compaction operation (choose odd- and even-position items
with equal probability), Agarwal et al. [2] pushed the space down to
O( 1

ε
log1.5 1

ε
), and they also show how to merge their summaries. The

space was then further improved to O( 1
ε

log 1
ε
) by Felber and Ostro-

vsky [103], and finally to O( 1
ε

log log 1
ε
) by Karnin, Lang, and Liberty

[155]. The algorithm described in this section is a simpler version of

their algorithm which instead obtains O( 1
ε

√
log 1

ε
). The extra O(log log 1

ε
)

factor is due to the requirement that all queries must be correct with a
constant probability. If only a single quantile (say, the median) is re-
quired with probability 1 − δ, then the space needed is O( 1

ε
log log 1

δ
),

which is known to be optimal [155].

Finally, the KLL summary can also handle weighted items. The size
remains O( 1

ε

√
log(1/ε)) but the time to UPDATE the summary becomes

O(log(1/ε)) [141].

Available Implementations. Implementations of KLL are available
across multiple languages. There is a reference implementation from
the authors themselves in Python (https://github.com/edoliberty/
streaming-quantiles), which shows how the COMPRESS op-
eration can be written very concisely. There is a more robust imple-
mentation in the DataSketches library in Java (https://datasketches.
github.io/docs/Quantiles/KLLSketch.html). The DataS-
ketches implementation is compared with the antecedent method
from Agarwal et al. [2], as well as to various heuristic approaches.
Heuristic methods for quantile tracking, such as t-digest and mo-
ment sketch, have been widely implemented, but are shown to
have poor performance on some input data sets that can occur.
The implementation of KLL is shown to have strong accuracy in
practice, while performing tens of millions of updates per second.
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4.4 Dyadic Count Sketch (DCS)

Brief Summary. The DCS summary provides a compact summary of
data drawn from an integer domain [U] = [0, 1, . . . ,U − 1]. It takes (x,w)
pairs as input where w can be an integer that is either positive or nega-
tive. But the multiplicity of x for any x in the data set must remain non-
negative when the summary is queried for it to be meaningful. It is a
randomized algorithm. This summary takes space O( 1

ε
log1.5 U log1.5 log U

ε
),

and returns all ranks within εW error with constant probability, where
W is the total weight of input integers. The summary works upon a
dyadic structure over the universe U and maintains a Count Sketch
structure for frequency estimation in each level of this dyadic structure.

Operations on the summary. The DCS structure is represented as log U
levels of sub-structures. Each one supports point queries over a parti-
tion of [U] into subsets, which we refer to as a “reduced domain of [U]”.
These log U levels make up a dyadic structure imposed over the uni-
verse. More precisely, we decompose the universe U as follows. At level
0, the reduced domain is [U] itself; at level j, the universe is partitioned
into intervals of size 2 j, and the projected domain consists of U/2 j ele-
ments which are intervals in [U]: [0, 2 j−1], [2 j, 2·2 j−1]], . . . , [U−2 j,U−1];
the top level thus consists of only two intervals: [0,U/2−1], [U/2,U−1].
Each interval in every level in this hierarchy is called a dyadic interval.
Each level keeps a frequency estimation sketch that should be able to
return an estimate of the weight of any dyadic interval on that level.
Specifically, the DCS makes use of a Count Sketch at each level but
with a different set of parameters. Note that in the j-th level, an element
is actually a dyadic interval of length 2 j, and the frequency estimation
sketch summarizes a reduced universe [U/2 j]. So for j such that the
reduced universe size U/2 j is smaller than the sketch size, we should
directly maintain the frequencies exactly, rather than using a sketch.
We call a level a lower level if it maintains a Count Sketch, and an upper
level if it maintains the frequencies exactly.

Recall that the Count Sketch consists of an array C of ω × d counters.
For each row, we use pairwise independent hash functions: hi : [U] →
{0, 1, . . . , ω− 1}maps each element in [U] into a counter in this row, and
gi : [U] → {−1,+1} maps each element to −1 or +1 with equal probabil-
ity. To update with (x,w) in the sketch, for each row i, we add gi(x) · w
to C[i, hi(x)]. To estimate the frequency of x, we return the median of
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gi(x) · C[i, hi(x)], i = 1, . . . , d. Note that the Count Sketch has size ω · d,
which can be large. For the highest (upper) levels of aggregation, it is
more space efficient to simply keep exact counts. So we only use such a
sketch for levels 0, 1, 2, . . . , s = blog( U

ω·d )c.
The INITIALIZE operation creates a dyadic structure over the uni-

verse U. For each upper level j, we allocate an array D j[.] of U/2 j coun-
ters for recording frequencies of all dyadic intervals. For each lower
level j, we allocate a Count Sketch structure, i.e., an array C j[., .] with

parameters ω = 1
ε

√
log U log ( log U

ε
), d = log ( log U

ε
).

The UPDATE operation of item x with weight w performs an update
on each of the log U levels. An update operation on level j consists of
two steps: (1) map x to an element on this level, denoted by k; and (2)
update the element k in the Count Sketch or the frequency table. In step
(1), the element on level j corresponding to x is simply encoded by the
first log U − j bits of x. In step (2), when level j is an upper level, we
add the weight w to the counter D j[k]; otherwise, we add w · gi(x) to
each C j[i, hi(k)] for 1 ≤ i ≤ d just as performing an update in the Count
Sketch.

Algorithm 4.10: DCS:UPDATE (x,w)

1 for j← 0 to dlog Ue do
2 if ( j > s) then
3 D j[x]← D j[x] + w ;
4 else
5 for 0 ≤ i ≤ d do
6 C j[i, hi(x)]← C j[i, hi(x)] + w · gi(x) ;

// UPDATE the jth Count Sketch

7 x← bx/2c;

Algorithm 4.10 shows the pseudocode to update the data structure
with an item x of weight w. The for-loop traverses the dyadic levels
from bottom to top. Within this loop, it updates the structures on each
level. At the start x is the full item identifier; after each step it updates
x to be the index for the next level, by halving it and ignoring any re-
mainder. If the level index j > s, it simply adds the weight w to the x-th
counter of D, else it updates d counters in the sketch array C.

Rank Queries. The routine “rank QUERY” takes a parameter x ∈ U, and
returns the (approximate) rank of x. We first decompose the interval
[0, x − 1] into the disjoint union of at most log U dyadic intervals, at
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most one from each level; then we estimate the weight of the interval
from each level, and add them up. More precisely, we can view this
dyadic structure as a binary tree. The rank QUERY procedure can be
carried out by performing a binary search for x, which yields a root-
to-leaf path in the binary tree. Along this path, if and only if a node
is a right child, its left neighbor corresponds to a dyadic interval in
the dyadic decomposition of range [0, x). For these dyadic intervals,
we can query them from the corresponding frequency estimation struc-
tures: for the k-th dyadic interval on an upper level j, its frequency is
D j[k]; and for the k-th dyadic interval on a lower level j, its frequency
is median1≤i≤d{C j[i, hi(k)]g j(k)}.

Algorithm 4.11: DCS:rank QUERY (x)

1 R← 0 ;
2 for i← 0 to dlog Ue do
3 if x is odd then
4 if j > s then
5 R← R + D j[x − 1] ;
6 else
7 R← R + median0≤i≤d{C j[i, hi(x − 1)] · gi(x − 1)} ;

8 x← bx/2c;

9 return R;

Algorithm 4.11 shows the pseudocode to query for the rank of x for
an given item x. The algorithm proceeds down from the top level. It
uses a variable R recording the sum of weights of all dyadic intervals
in the dyadic decomposition of [0, x − 1]. When this algorithm halts, R
gives an estimate of the rank of the queried item.

Quantile query. However, for a quantile query, we want to find which
item achieves a particular rank. So we provide a second “quantile QUERY”
function that takes parameter φ ∈ [0,W − 1] as the desired rank, and re-
turns the integer x whose rank is approximately φ. We still view this
dyadic structure as a binary tree. The quantile QUERY can be carried
out by performing a binary search. More precisely, supposing the pro-
cedure arrives at a node u, it computes the rank of u’s right child in the
reduced universe on that level from the corresponding frequency esti-
mation structures, and check whether it is smaller than φ. If yes, it visits
u’s right child; otherwise it visits u’s left child. At the end, this proce-
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0: 4 1: 1 2: 1 3: 3 4: 3 5: 0 6: 1 7: 2Level 0

Level 1

Level 2

Insert(4, 1)

0 ∼ 1: 5 2 ∼ 3: 4 4 ∼ 5: 3 6 ∼ 7: 3

0 ∼ 3: 9 4 ∼ 7: 6

query rank(6)query quantile(7)

Figure 4.3 Example DCS summary over U = 0 . . . 7

dure reaches a leaf corresponding to an integer x at the bottom level,
which is then returned.

Algorithm 4.12: DCS:quantile QUERY (φ)

1 x← 0;
2 R← 0 ;
3 for j← dlog Ue down to 0 do
4 x← 2 · x ;
5 if j > s then
6 M ← D j[x];
7 else
8 M ← median0≤i≤d{C j[i, hi(x)]gi(x)};

9 if R + M < φ then
10 x← x + 1;
11 R← R + M;

12 return x;

Algorithm 4.12 shows the pseudocode to query for the integer x whose
(approximate) rank interval contains the given rank φ. The algorithm
proceeds down from the top level. It uses a variable x to indicate the in-
dex of the node visited by it, and uses another variable R recording the
rank of the visited node in its reduced universe. In addition, another
variable M is used to store the (approximate) weight of the left child of
the current visited node. Obviously, if R + M < φ, the rank of its right
child is smaller than φ and it should go to the right child, i.e., update x
and R; else it goes to the left child with no change to x and R.

Example. Figure 4.3 shows a DCS summary. It maintains a dyadic struc-
ture over the domain 0 . . . 7. The j-th row consists of all dyadic intervals
of the form [b · 2 j, (b + 1)2 j − 1] for b = 0, 1, . . . , 8/2 j − 1, and maintains
a Count Sketch for the reduced universe consisting of all the dyadic
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intervals. Each rectangle in the figure corresponds to a dyadic interval,
labeled by its dyadic range and its estimated weight from the Count
Sketch and the stored counts in arrays D j. Suppose we UPDATE the
summary with an item 4 with weight 1. The algorithm walks down the
levels, and at each level it finds the rectangle where the item 4 falls into.
In this example, the dyadic intervals that need to be updated are those
labeled (4 ∼ 7) on level 2, labeled (4 ∼ 5) on level 1, and labeled 4 on
level 0. Suppose we QUERY the rank of a given integer x = 6 on the sum-
mary. The algorithm again walks down these levels and visits the rect-
angles labeled (4 ∼ 7) on level 2, labeled (6 ∼ 7) on level 1 and labeled
6 on level 0. For each rectangle, the algorithm checks whether it corre-
sponds to an odd number in the reduced universe. If yes, it adds the
weight of its left neighbor to the final estimation. In this example, the
rectangles on level 2 and 1 satisfy this condition, so it adds the weights
of rectangle labeled (0 ∼ 3) on level 2 and rectangle labeled (4 ∼ 5) on
level 1 together and return 12 as the estimation. Suppose we QUERY the
quantile of a given rank φ = 7 on this summary. This algorithm walks
down these levels by performing a binary search and visits the rectan-
gles labeled (0 ∼ 3) on level 2, labeled (2 ∼ 3) on level 1 and labeled 3
on level 0, and reaches element 3 on the bottom level.

Further Discussion. In principle, any summary that provides good
count estimation for multisets could be used in place of the Count
Sketch, such as the Count-Min Sketch. However, the Count Sketch
is chosen as the workhorse of this summary as it has additional
properties that allow it to obtain a better space/accuracy trade off.
Specifically, rather than just add up the accuracy bounds of the dif-
ferent sketches pessimistically, we combine them together to give
a tighter analysis of the distribution of the errors.

It should be clear that the DCS summary has space cost O(ω · d ·
log U) = O( 1

ε
log1.5 U log1.5( log U

ε
)) and its update time is O(log U log( log U

ε
)).

Next we analyze its accuracy when answering a rank QUERY. An
each level, note that the Count Sketch produces an unbiased es-
timator. Since we add up the estimates from log U sketches, it is
likely that some of the positive and negative errors will cancel each
other out, leading to a more accurate final result. Below, we formal-
ize this intuition. Let us consider the estimator Yi = gi(x) ·C[i, hi(x)]
on each level. Clearly each Yi is unbiased, since gi(x) maps to −1
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or +1 with equal probability. Let Y be the median of Yi, i = 1 . . . , d
(assuming d is odd). The median of independent unbiased esti-
mators is not necessarily unbiased, but if each estimator also has
a symmetric pdf, then this is the case. In our case, each Yi has a
symmetric pdf, so Y is still unbiased. To keep the subsequent anal-

ysis simple, we let ε′ = ε

/√
log U log ( log U

ε
) . Then using the same

Markov inequality-based argument as for the Count-Min sketch,
we have

Pr[|Yi − E[Yi]| > ε′W] < 1/4.

Since Y is the median of the Yi’s, by a Chernoff bound, we have

Pr[|Y − E[Y]| > ε′W] < exp(−O(d)) = O
(

ε

log U

)
.

Now consider adding up log U such estimators; the sum must
still be unbiased. By the union bound, the probability that every
estimate has at most ε′W error is at least 1−O(ε). Conditioned upon
this event happening, we can use Hoeffding’s inequality (Fact 1.4)
to bound the probability that the sum of log U such (independent)
estimators deviate from its mean by more than t = εW as

2 exp
(
−

2t2

(2ε′W)2 log U

)
= 2 exp

−2t2 log ( log U
ε

)
(2εW)2

 = O
(

ε

log U

)
.

We can understand a quantile query in terms of this analysis
of rank queries: we obtain a sufficiently accurate approximation
of each quantile under the same conditions that a rank query suc-
ceeds, and so each quantile is reported accurately except with prob-
ability O(ε/ log U). Applying another union bound on the 1/ε dif-
ferent quantiles, the probability that they are all estimated correctly
is at least a constant. We can further increase d by a factor of log 1/δ
to reduce this error probability to δ.

Implementation Issues. In a DCS structure, at each level, it uses a
Count Sketch that is ω × d array of counters. The above settings of ω
and d is chosen to ensure that the analysis will go through. In practice,

it is usually sufficient to set parameters smaller, with ω =

√
log U
ε

and
d = 5 or 7.
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History and Background. The general outline of using a dyadic struc-
ture of aggregations, and expressing a range in terms of a sum of a
bounded number of estimated counts has appeared many times. The
choice of which summary to use to provide the estimated counts then
has knock-on effects for the costs of the compound solution. Gilbert et
al. [118] first proposed the random subset sum sketch for this purpose,
which results in an overall size of O( 1

ε2 log2 U log( log U
ε

)). The disadvan-
tages of this method are that the time to update was very slow, and
the leading factor of 1

ε2 is very large, even for moderate values of ε.
Cormode and Muthukrishnan introduced the Count-Min sketch and
showed how when used within the dyadic structure it can reduce the
overall size by a factor of 1

ε
[76]. This use of DCS was proposed and an-

alyzed in [231]. Directly placing the Count Sketch in the dyadic struc-
ture and applying its standard bounds would not provide the right de-
pendence in terms of ε, so a new analysis was made that reduced the
overall size to O( 1

ε
log1.5 U log1.5( log U

ε
)). Further applications of dyadic

decompositions with summaries are discussed in Section 9.3.

Available Implementations. Compared to the other summaries
surveyed in this chapter, the DCS has attracted fewer implementa-
tions, to the extent that there do not appear to be any conveniently
available online. Code generally implementing dyadic sketches for
range queries is available, for example in the Apache MADlib li-
brary, https://github.com/apache/madlib.
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Geometric Summaries

This chapter deals with data in a multidimensional space, that is, how
to summarize a point set P in the d-dimensional Euclidean space Rd. As
many geometric summaries are just (carefully chosen) subsets of the
points in P that approximately preserve certain properties of P, they
are often called the coresets of P (for the respective properties).

We assume that the coordinates of the points in the data set are real
numbers. For simplicity, we will assume that all computations involv-
ing real numbers are exact; in actual implementation, using floating
point numbers (single or double precision) usually works fine; when
rounding errors may cause robustness issues, or a higher precision is
desired, some exact computation package (such as the one provided in
CGAL) can be used. In this chapter, ‖ · ‖ always denotes the Euclidean
norm.

5.1 ε-Nets and ε-Approximations

Brief Summary. ε-nets and ε-approximations are small summaries about
a set of points P with respect to a certain class of ranges R. In the plane,
for example, R can be all the orthogonal rectangles, or all the half-
planes1. Let |P| = n. Given 0 < ε < 1, a set N ⊆ P is called an ε-net
for P with respect to R if, for any range R of Rwith |R∩P| ≥ εn, we have
N ∩ R , ∅, i.e., N “hits” every range in R that contains at least a fraction
of ε of the points of P. This allows us to perform one-sided threshold
tests for the ranges in R: For any R ∈ R, we simply check if R contains
any point of N. If no, we are certain that R contains less than εn points

1 A halfplane is the region on either side of an infinite straight line.
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of P; but if yes, R may or may not contain at least εn points of P. In
other words, an ε-net can be used to detect all the “heavy” ranges on P,
although it might return some false positives.

A set A ⊆ P is called an ε-approximation for (P,R) if, for any R ∈ R,∣∣∣∣∣ |R ∩ P|
|P|

−
|R ∩ A|
|A|

∣∣∣∣∣ ≤ ε,
i.e., the fraction of points of P contained in R is approximately the same
(at most ε apart) as that of A. Therefore, we can approximately count
the number of points of P inside any range R by simply counting the
number of points in R ∩ A and scaling back. The additive error will be
at most εn.

Note that an ε-approximation is also an ε-net, but not vice versa.
The easiest way to construct ε-nets and ε-approximations is by sim-

ply drawing a random sample from P, and remarkably, the sample size
only depends on ε and d, but not n, for almost all natural geometric
range spaces (the notion will be made more precise below).

Operations on the summary. Suppose the range spaceR has VC-dimension
d (see precise definition below), a random sample of size d

ε
(log 1

ε
+2 log log 1

ε
+

3) from P is an ε-net for (P,R) with probability at least 1−e−d, and a ran-
dom sample of size O( 1

ε2 (d + log 1
δ
)) is an ε-approximation with proba-

bility at least 1−δ. Then one can simply use the random sampling algo-
rithms to CONSTRUCT, UPDATE, or MERGE ε-nets or ε-approximations.
Please refer to Section 2.2.

Note that although a random sample of a certain size is an ε-net or
an ε-approximation with high probability, it is very expensive to actu-
ally verify that the obtained sample is indeed one [112]. In practice, we
can only increase the sample size to reduce the probability of failure.
Alternatively, there are deterministic algorithms for constructing ε-nets
and ε-approximations, but they are also expensive and complicated, as
mentioned under “History and Background” below.

Further Discussion. The proofs for the claimed bounds above are
quite technical; below we give proofs for slightly weaker results,
which nevertheless still capture all the basic ideas.

Consider ε-nets first. For any particular range R with |R ∩ P| ≥
εn, a randomly sampled point from P hits R with probability at
least ε, thus if we sample s points to form N, then N misses R with
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probability at most (1 − ε)s ≤ e−εs. This means that with a sample
size of O(1/ε), we can hit R with constant probability. However,
the challenge is that there are infinitely many ranges in R. A first
observation is that if two ranges R and R′ contain the same set of
points in P, the two can be considered as the same. Let πR(n) be
the maximum number of distinct ranges for any P with |P| = n.
Clearly, πR(n) depends on R: For halfplanes, πR(n) = O(n2), as each
distinct halfplane must be uniquely defined by two points on its
boundary; for ellipses, the problem is more complicated. In order
to derive a general result, we need the concept of VC-dimensions
for range spaces.

Consider a range space R. A set of points X ⊂ Rd is shattered by R
if all subsets of X can be obtained by intersecting X with members
of R, i.e., for any Y ⊂ X, there is some R ∈ R such that Y = X ∩ R.
For example, if R consists of all the halfplanes in two dimensions,
then the following figure shows 3 point sets that can be either shat-
tered or not shattered, respectively. On the other hand, ifR is all the
ellipses, then all 3 point sets can be shattered. Thus intuitively, el-
lipses are more powerful, hence have higher complexity, than half-
planes.

(i) (ii) (iii)

Shattered by halfplanes Not shattered by halfplanes

The Vapnik-Chervonenkis dimension, or VC-dimension, of a range
spaceR captures this complexity, and is defined to be the size of the
largest point set X that can be shattered by R. It can be verified that
no 4-point set can be shattered by halfplanes, so the range space of
halfplanes has VC-dimension 3. On the other hand, the range space
of all ellipses has VC-dimension at least 4. (To be precise, the actual
VC-dimension of ellipses is 5: The 5 points on a regular pentagon
is shattered by ellipses, and no 6 points can be shattered). Figuring
out the exact VC-dimension for any given range space may not be
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easy, but luckily for most natural geometric range spaces, the prob-
lem has already been studied. As a rule of thumb, if the ranges are
defined by some shape of constant description size (e.g., simplices,
balls, but not, say, arbitrary convex sets), then the VC-dimension is
also a constant.

If there is no assumption on R, πR(n) can be as high as 2n. It
turns out if R has bounded VC-dimension, πR(n) can be effectively
bounded.

Fact 5.1 For any range space R of VC-dimension d, πR(n) = O(nd).

A proof of this fact can be found in [227]. Intuitively, each dis-
tinct range can be characterized by up to d points in P, so πR(n) ≤(

n
0

)
+

(
n
1

)
+ · · · +

(
n
d

)
= O(nd). Note that, however, Fact 5.1 may not

give the tightest bound on πR(n). For example, halfplanes have
VC-dimension 3, but πR(n) is actually only O(n2). Nevertheless, this
does not affect the bounds on ε-nets and ε-approximations asymp-
totically.

Now with Fact 5.1, we can continue the analysis on the size of
ε-net from above. Since a random sample of size s misses any par-
ticular heavy range with probability at most e−εs, it misses any one
of the ≤ πR(n) heavy ranges with probability at most nde−εs, by a
simple union bound. Thus, setting s = O( d

ε
log n

δ
) suffices for the

random sample to hit all heavy ranges, i.e., become an ε-net, with
probability at least 1 − δ.

The analysis for ε-approximations is similar. First, consider any
particular range R, and suppose |R∩P|

n = β. Recall that for a ran-
dom sample A of size s to be an ε-approximation of P, |A∩R|

s should
be within β ± ε, which translates to (β − ε)s ≤ |A ∩ R| ≤ (β + ε)s.
However, each sampled point falls inside R with probability β, so
we have E[|A ∩ R|] = βs. Since each sampled point being inside R
or not is an independent Bernoulli event, we can use the Chernoff
bound (Fact 1.5) to bound its probability that |A ∩ R| deviates from
its expectation by more than εs as

exp

−O

(εβ
)2

βs

 = exp
(
−O

(
ε2s
β

))
≤ exp(−O(ε2s)).

By the union bound, the probability that A deviates from the cor-
rect fraction for any of the πR(n) ranges is at most nd exp(−O(ε2s)).
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Thus, choosing s = O( d
ε2 log n

δ
) gives us an ε-approximation with

probability at least 1 − δ.
To get the tighter bound as mentioned previously, one has to

use more careful analysis than simply applying the union bound.
In particular, to remove the dependency on n, one has to more
carefully bound the number of distinct ranges where two ranges
should be considered the same if they differ by no more than εn
points. Some pointers are given in the “History and Background”
section below.

Finally, it is worth pointing out that all the analysis in this section
can be carried over to any set system (P,R), where P is any set
of objects and R is a collection of subsets of P. For instance, we
can define P to be all lines in the plane, and define R to be all the
subsets of the following form: Each subset Ps included in R is the
set of lines intersected by some segment s. This set system has VC-
dimension 4, and all the results in this section continue to hold
with d = 4.

History and Background. The notion of VC-dimension originated in
statistics, introduced by Vapnik and Chervonenkis [227], who also es-
tablished initial random sampling bound for ε-approximations. It has
been subsequently applied and further developed in many areas such
as computational learning theory, computational geometry, and com-
binatorics. The O( 1

ε2 (d + log 1
δ
)) bound was proved by Talagrand [217]

and Li et al. [171], who also showed that it is optimal within a constant
factor.

The notion of ε-net is due to Haussler and Welzl [131]. The depen-
dence on d was subsequently improved by Blumer et al. [32] and by
Komlós et al. [162], who gave the result mentioned above, which is al-
most tight.

The easiest way to construct an ε-net or an ε-approximation is by ran-
dom sampling. By using more careful constructions and/or exploiting
the special properties of the range space, asymptotically smaller ε-nets
and ε-approximations can be obtained. In one dimension with all the
intervals as the range space, we can simply sort all the points of P and
take every (εn)-th point. It is easy to see that this gives us an ε-net as
well as an ε-approximation. So for this range space, the size of ε-net or
an ε-approximation is Θ(1/ε). Note that such an ε-approximation is also
a summary that supports ε-approximate rank and quantile queries as
in Chapter 4, but this summary cannot be updated or merged.
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Figure 5.1 The minimum enclosing ball in two dimensions is defined by
either 3 points (the example on the left) or 2 points (the example on the
right) of P, assuming no 4 points are on the same circle.

In two and higher dimensions, asymptotically smaller ε-nets and ε-
approximations are also known, but these results are mostly of a theo-
retical nature and the corresponding algorithms are quite complicated.
For orthogonal rectangles in the plane, an ε-net of size O( 1

ε
log log 1

ε
) can

be constructed [16, 198], while an ε-approximation of size O( 1
ε

log2.5 1
ε
)

exists [213]. For a general range space with VC-dimension d, the size of
an ε-net cannot be improved, but ε-approximations can be reduced to
size O(1/ε2−2/(d+1)) [179], where the hidden constant depends on d. With
some extra logarithmic factors, such ε-approximations can be updated
and merged [2, 214].

5.2 Coresets for Minimum Enclosing Balls

Brief Summary. Let Bo,r be the ball of radius r centered at point o ∈ Rd,
i.e., Bo,r = {p ∈ Rd : ‖p − o‖ ≤ r}. Let P be a set of n points in Rd. The
minimum enclosing ball of P, denoted as MEB(P), is the minimum-radius
ball containing P. Note that the center of MEB(P) may not be a point
of P. Figure 5.1 gives two examples of MEBs in two dimensions. In
general, in d dimensions, the MEB is defined by up to d + 1 points of P.
As it turns out, if some approximation is allowed, this number can be
made independent of d, which is captured by the notion of an ε-coreset.

Given ε > 0, a subset K ⊆ P is an ε-coreset (for MEB) of P if P ⊂
Bo,(1+ε)r, where Bo,r = MEB(K), i.e., the (1 + ε)-factor expansion of the
MEB of K contains P. It turns out that such a coreset of size O(1/ε)
exists, which is independent of both n and d. This makes it especially
appealing for large high-dimensional data. In particular, many kernel
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Algorithm 5.1: ε-coreset for MEB: CONSTRUCT(P)

1 K ← {p}, where p is an arbitrary point in P;
2 while true do
3 Bo,r ← MEB(K);
4 if P ⊂ Bo,(1+ε)r then return K;
5 q← arg maxx∈P ‖o − x‖;
6 K ← K ∪ {q};

Algorithm 5.2: ε-coreset for MEB: UPDATE(p)

1 A← A ∪ {p};
2 if A is not full then return;
3 if A *

⋃u
i=1(1 + ε)Bi then

4 K′ ← CONSTRUCT (
⋃u

i=1 Ki ∪ A);
5 B′ ← MEB(K′);
6 foreach Ki ∈ K do
7 if r(Ki) ≤ ε/4 · r(B′) then Remove Ki from K ;

8 Renumber the indexes of K if necessary;
9 Append K′ to K ;

10 A← ∅;

methods in machine learning can be equivalently formulated as MEB
problems in high dimensions, and much faster machine learning algo-
rithms have been designed by using this coreset [226].

Operations on the summary. For a ball B, we use (1 + ε)B to denote
its (1 + ε)-expansion, and use r(B) to denote the radius of B. To CON-
STRUCT the ε-coreset of P, we start with K = {p}, where p is an arbitrary
point in P. Then we add points from P into K iteratively. In each itera-
tion, we first check if (1 + ε) MEB(K) encloses all points of P. If yes, we
are done and the current K must be an ε-coreset of P. Otherwise, we
pick the furthest point in P from the center of MEB(K) and add it to K.
The pseudocode of this algorithm is given in Algorithm 5.1. It has been
shown that the algorithm always finishes in at most 2/ε iterations, so
the resulting coreset has size as most 2/ε [41].

To be able to UPDATE the ε-coreset, we maintain a sequence of core-
sets K = (K1, . . . ,Ku). We maintain their MEBs explicitly Bi = MEB(Ki)
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oi oi+1di

q

H+

p

ri

Figure 5.2 Algorithm 5.1 in the (i + 1)-th iteration.

for i = 1, . . . , u. The sequence is ordered such that r(Bi) < r(B j) for all
i < j. There is also a buffer A for new points. Initially, the buffer is
empty and u = 0. To UPDATE the summary with a new point p, we
first add it to the buffer A. When the size of the buffer reaches a cer-
tain limit, we perform the following procedure. If all the points in A
are inside

⋃u
i=1(1 + ε)Bi, we just clear A and we are done. Otherwise,

we CONSTRUCT an (ε/3)-coreset K′ on
⋃u

i=1 Ki ∪ A, and add it K . Let
B′ = MEB(K′). Then we clear A. Finally, we delete all Ki’s inK for which
r(Bi) ≤ ε

4 r(B′). This removes a prefix of K , so we need to renumber the
indexes of the Ki’s. The pseudocode of this algorithm is given in Al-
gorithm 5.2. The limit on the buffer A controls the tradeoff of the size
of the summary and update time, and can be usually set to 1

ε
log 1

ε
. To

query the summary for the MEB of all the points P that have ever been
added, we first flush the buffer A by following the procedure above, and
then return MEB

(⋃u
i=1 Bi

)
. However, this only returns an (1.22 + O(ε))-

approximation of MEB(P), namely, we no longer have an ε-coreset for
P. In fact, there is a lower bound stating that any summary that main-
tains an ε-coreset under insertions must have size Ω(exp(d1/3)) [4].

It is not known if this summary can be merged.
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Further Discussion. Now we show that Algorithm 5.1 always ter-
minates in at most 2/ε iterations, resulting in a coreset of size at
most 2/ε.

Fact 5.2 For any set of n points P in Rd, Algorithm 5.1 terminates in at
most 2/ε iterations.

Proof We follow the argument in [41]. Let Ki be the coreset after
the i-th iteration, let Boi,ri = MEB(Ki), and let Bo∗,r∗ = MEB(P). In
the (i + 1)-th iteration, the algorithm adds q, the furthest point in P
from oi, to Ki. Please refer to Figure 5.2. We must have ‖q− oi‖ > r∗,
otherwise Boi,‖q−oi‖ would have been the MEB of P. Consider the
distance that the center oi moves in this iteration di = ‖oi+1 − oi‖. If
di = 0, then the algorithm terminates, since MEB(Ki+1) = Boi,‖q−oi‖

encloses all points of P. If di > 0, consider the hyperplane H that
passes through oi and is orthogonal to oioi+1. Let H+ be the closed
halfspace bounded by H that does not contain oi+1. Since Boi,ri is the
MEB of Ki, there must be a point p ∈ Ki∩H+ that lies on the surface
of Boi,ri (see e.g., [120] for a proof for this property of MEBs). So

we have ‖oi − p‖ = ri and ri+1 ≥ ‖oi+1 − p‖ ≥
√

r2
i + d2

i . In addition,
r∗ ≤ ‖oi − q‖ ≤ di + ‖oi+1 − q‖ ≤ di + ri+1. Therefore,

ri+1 ≥ max
{
r∗ − di,

√
r2

i + d2
i

}
. (5.1)

The RHS of (5.1) is minimized when

r∗ − di =

√
r2

i + d2
i ,

or

di =
r∗ − r2

i /r
∗

2
.

So we have

ri+1 ≥ r∗ −
r∗ − r2

i /r
∗

2
=

r∗ + r2
i /r
∗

2
. (5.2)

Setting ri = λir∗ for all i, (5.2) becomes

λi+1 ≥
1 + λ2

i

2
. (5.3)
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Substituting λi = 1 − 1
γi

in recurrence (5.3), we get

γi+1 ≥
γi

1 − 1
2γi

= γi

1 +
1

2γi
+

1
4γ2

i

+ · · ·

 ≥ γi +
1
2
.

Since λ0 = 0, γ0 = 1, so γi ≥ 1 + i/2 and λi ≥ 1 − 1
1+i/2 . Therefore, to

get λi > 1 − ε, it is enough that 1 + i/2 ≥ 1/ε, or i ≥ 2/ε. �

The analysis of Algorithm 5.2 is more involved. For the proofs of
the following fact, we refer the reader to [4, 49].

Fact 5.3 Algorithm 5.2 maintains O(log(1/ε)) coresets K1,K2, . . . , such
that P ⊂ MEB

(⋃
i MEB(Ki)

)
, whose radius is at most 1.22 + O(ε) times

that of MEB(P).

Implementation Issues. There are various ways to implement the al-
gorithm efficiently with little or no impact on the quality of the result-
ing coreset. To start with, instead of initializing the algorithm with an
arbitrary point p (line 1 of Algorithm 5.1), we can find the furthest
neighbor of p in P, i.e., the point that maximizes the distance from p,
say q, and start the algorithm with K = {q}. This usually reduces the
size of the resulting coreset by 1.

Computing the MEB (line 3 of Algorithm 5.1) can be formulated as
a quadratic programming problem, for which many efficient solvers
are available. Most of them use some iterative method to gradually ap-
proach the optimal solution, which is the MEB in our case. For the pur-
pose of this algorithm, finding the exact MEB is unnecessary. Kumar et
al. [163] proved that it suffices to find the MEB in each iteration of the
algorithm up to error O(ε2) to still guarantee that the resulting K is an
ε-coreset , while in practice it seems that an error of ε works just fine.
Moreover, since only one point is added to K in each iteration, the cor-
responding quadratic program only changes slightly. So one can use
the MEB solution obtained from the previous iteration as the starting
point, so that the quadratic programming solver can converge quickly.

Finally, instead of finding the furthest neighbor from the center of
MEB(K) (line 5 of Algorithm 5.1), which requires O(n) time, we can take
a random sample of the points in P, and choose the furthest one in
the sample. This may increase the size of the resulting coreset slightly,
but can significantly improve the running time. When all the sampled
points are within the (1 + ε)-expansion of MEB(K), we still have to ex-
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amine all points in P. But when this happens, the algorithm will usually
soon terminate in a few more iterations.

History and Background. The notion of ε-coreset for MEBs, as well
as Algorithm 5.1 for constructing ε-coresets, was proposed by Bădoiu
et al. [43], who showed that this algorithm terminates in O(1/ε2) rounds.
Later, Bădoiu and Clarkson [41] improved the bound to 2/ε as described
above. Independently, Kumar et al. [163] also showed an O(1/ε) bound,
as well as an efficient implementation with some experimental results.
Their experimental results suggest that for typical inputs, the algorithm
returns coresets that are much smaller than the 2/ε bound. Bădoiu and
Clarkson [42] later gave an example on which the coreset has size 1/ε,
and presented an algorithm that always finds a coreset at most this size,
so this problem can be considered as completely solved even up to the
constant. But the new algorithm usually returns the same coreset as the
one produced by Algorithm 5.1.

Algorithm 5.2 was proposed by Agarwal and Sharathkumar [4]. They
showed that this algorithm maintains a sequence of O(log 1

ε
) coresets

(thus using space O( d
ε

log 1
ε
)) and returns a 1+

√
3

2 +ε = (1.366+ε)-approximation
to the MEB. The approximation ratio (of the same algorithm) was sub-
sequently improved to 1.22 + ε by Chan and Pathak [49]. On the other
hand, Agarwal and Sharathkumar [4] proved that any summary that
returns a 1+

√
2

2 (1−2/d1/3)-approximation of the MEB while being able to
support the addition of new points has to have size Ω(exp(d1/3)), which
rules out any small ε-coresets for MEBs in high dimensions. For low
dimensions, ε-coresets that support addition of new points are known;
please see the next section.

5.3 ε-Kernels

Brief Summary. Let P be a set of n points in Rd. The ε-kernel is an
approximation of the convex hull of P. Unlike the convex hull itself
which can have as many as n points, its ε-kernel has a small size which
is independent of n. In this section, d is assumed to be a constant.

Let u be a unit directional vector in d dimensions, i.e., u ∈ Rd with
‖u‖ = 1. For any direction u, define the directional width of P in direction
u, denoted by ω(u, P), to be

ω(u, P) = max
p∈P
〈u, p〉 −min

p∈P
〈u, p〉,
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ω(u, P )

ω(u,Q)

u

Figure 5.3 An example of a point set P and its ε-kernel (circled points).
For any direction u, the width of the circled points (spanned by the two
dashed lines) is only a (1 + ε)-factor smaller than the width of the whole
point set.

where 〈·, ·〉 is the inner product. The directional width of P is thus the
span of P when projected onto u. Let ε > 0 be an error parameter. A
subset Q ⊆ P is called an ε-kernel of P if for every direction u,

(1 + ε)ω(u,Q) ≥ ω(u, P).

Clearly, ω(u,Q) ≤ ω(u, P). Please refer to Figure 5.3 for an example.
The ε-kernel is a coreset for many measures on P that depend on the

convex hull of P, such as diameter (the distance between the two fur-
thest points), width (maximum directional width), radius of the min-
imum enclosing ball, and the volume of the minimum enclosing box,
etc.

Operations on the summary. There are two steps to CONSTRUCT an ε-
kernel. In step one, we compute an affine transformation π so that π(P)
is an α-fat point set, namely, P is contained in [−1, 1]d but its convex hull
encloses [−α, α]d, where 0 < α < 1 is a constant. This is done by finding
a bounding box C (not necessarily orthogonal) of P, as follows. Find
the two furthest points p, q ∈ P. The segment pq defines the direction
and length of one side of C. Then project all points in P into the (d − 1)-
dimensional hyperplane perpendicular to pq, and repeat the process
above to find the remaining sides of C. The affine transformation π is
thus the one that maps C to [−1, 1]d. Please see Figure 5.4 for an example
in two dimensions. This transformation gives a fatness α of at least 1/2.

In step two, we compute the ε-kernel of π(P). To compute the ε-kernel
of an α-fat point set, we set δ =

√
εα, and consider the sphere S of radius

√
d +1 centered at the origin. We place a set R of O(1/δd−1) = O(1/ε(d−1)/2)
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p1

p2

p3

p4

p4

p2

p3

p1⇒

Figure 5.4 Transforming P into a fat point set in two dimensions. First,
identify the two furthest points p1 and p2 ∈ P, which defines the first side
of C. Then project all points onto the line p1 p2 and find the two furthest
points on this line, p3 and p4, which defines the second side of C. Finally,
we take the affine transformation π that maps C to the unit square, and
apply it to all points of P.

“equally spaced” points on the sphere such that for any point x on the
sphere S , there is a point y ∈ R such that ‖x−y‖ ≤ δ. Then, for each point
in R, we find its nearest neighbor in π(S ) and add it to Q. The resulting
set of chosen points Q becomes the ε-kernel of π(P). Finally, we map the
points in Q back to the original space by applying π−1. Note that the
size of the ε-kernel is O(1/ε(d−1)/2). Figure 5.5 shows an example of how
to construct an ε-kernel for a fat point set.

C

S

Figure 5.5 Constructing the ε-kernel for a fat point set in two dimensions:
The points on the circle S are equally spaced and the distance between
any two of them is at least δ. Each point on S picks its nearest neighbor in
π(P) (the circled points) and they form the ε-kernel of P. Note that multiple
points in R on the sphere S can pick the same point in P as their nearest
neighbor. In this case, it is stored only once in the ε-kernel.
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To be able to UPDATE the ε-kernel, we apply a general method that
only relies on the CONSTRUCT procedure, known as the logarithmic method.
For simplicity we assume that 1/ε is an integer. Let a/ε(d−1)/2 be the max-
imum size of the ε-kernel built by the CONSTRUCT algorithm above, for
some constant a. For i ≥ 1, define ρi = ε/i2. Instead of maintaining one
kernel, we maintain a series of kernels, each associated with a rank. To
INITIALIZE the summary, we create only one kernel Q0 = ∅ and set its
rank to be 0. To UPDATE the summary with a new point p, we first add
it to Q0. If |Q0| ≤ a/ε(d−1)/2, we are done. Otherwise we CONSTRUCT a ρ1-
kernel of Q0, denoted by Q′, and set its rank to 1. Then we clear Q0 = ∅.
Next, we check if there is another kernel Q′′ in the summary with rank
1. If not, we are done; otherwise, we union Q′ and Q′′ together, and con-
struct a ρ2-kernel of their union, set its rank to 2, and delete Q′ and Q′′.
We carry out this procedure iteratively: Whenever there are two ker-
nels Q′ and Q′′ of the same rank i, we CONSTRUCT a ρi+1-kernel of their
union, set its rank to i + 1, and delete Q′ and Q′′. Eventually, there is at
most one kernel left for each rank. It should be clear that there are at
most O(log n) kernels in the summary after n points have been inserted.
To extract a kernel for all these points, we can simply return the union
of these O(log n) kernels, of total size O(log n/ε(d−1)/2). If a smaller size is
desired, we can CONSTRUCT an ε-kernel of the union of these O(log n)
kernels.

Two ε-kernel summaries as described above can be similarly merged.
We first merge the two kernels of rank 0 in the two summaries. If the re-
sulting kernel has size more than a/ε(d−1)/2, we CONSTRUCT a ρ1-kernel
for it and assign it rank 1. Next, we consider each rank i in the increas-
ing order iteratively. For each rank i, there can be 0, 1, 2, or 3 (in case a
new kernel of rank i has just been constructed by merging two kernels
of rank i − 1) kernels. Whenever there are 2 or 3 kernels of rank i, we
merge them together, and construct a ρi+1-kernel on their union. In the
end, we still have at most one kernel at each rank.

Further Discussion. Below, we briefly sketch the proof that the
CONSTRUCT algorithm computes a subset Q ⊆ P that is an ε-kernel
of P, following the argument in [238]. We assume that P is α-fat
for some constant α. We also assume that in the last step of the
algorithm, we find the exact nearest neighbors of the points in R.
Fix a direction u ∈ Sd−1. Let σ ∈ P be the point that maximizes 〈u, p〉
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Figure 5.6 Correctness proof of the CONSTRUCT algorithm.

over all p ∈ P. Suppose the ray emanating from σ in direction u hits
the sphere S at a point x. We know that there exists a point y ∈ R
such that ‖x − y‖ ≤ δ. Let ϕ(y) denote the nearest neighbor of y in P.
If ϕ(y) = σ, then σ ∈ Q and

max
p∈P
〈u, p〉 −max

q∈Q
〈u, q〉 = 0.

Now suppose ϕ(y) , σ. Let B be the d-dimensional ball of radius
‖y−σ‖ centered at y. Since ‖y−ϕ(y)‖ ≤ ‖y−σ‖, ϕ(y) ∈ B. Let us denote
by z the point on the sphere ∂B that is hit by the ray emanating from
y in direction −u. Let w be the point on zy such that zy ⊥ σw and h
the point on σx such that yh ⊥ σx; see Figure 5.6.

The hyperplane perpendicular to u and passing through z is tan-
gent to B. Since ϕ(y) lies inside B, 〈u, ϕ(y)〉 ≥ 〈u, z〉. Moreover, it can
be shown that 〈u, σ〉 − 〈u, ϕ(y)〉 ≤ αε. Thus, we can write

max
p∈P
〈u, p〉 −max

q∈Q
〈u, q〉 ≤ 〈u, σ〉 − 〈u, ϕ(y)〉 ≤ αε.

Similarly, we have minp∈P〈u, p〉 −minq∈Q〈u, q〉 ≥ −αε.
The above two inequalities together imply thatω(u,Q) ≥ ω(u, P)−

2αε. Since [−α, α]d is contained in the convex hull of P, ω(u, P) ≥ 2α.
Hence ω(u,Q) ≥ (1 − ε)ω(u, P). For sufficiently small ε (and also by
scaling ε slightly), this is essentially (1 + ε)ω(u,Q) ≥ ω(u, P).

Analysis of the UPDATE and MERGE algorithm. We will only need the
following two properties of kernels.
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1. If P2 is an ε1-kernel of P1, and P3 is an ε2-kernel of P2, then P3 is
an (1 + ε1)(1 + ε2) − 1 = (ε1 + ε2 + ε1ε2)-kernel of P1;

2. If P2 is an ε-kernel of P1, and Q2 is an ε-kernel of Q2, then P2∪Q2

is an ε-kernel of P1 ∪ Q1.
By simple induction, we can show that the kernel at rank i has

error
i∏

l=1

(1+ρi)−1 =

i∏
l=1

(
1 +

ε

l2

)
−1 ≤ exp

 i∑
l=1

ε

l2

−1 ≤ exp
(
π2ε

6

)
−1 = O(ε).

So, the union of all the O(log n) kernels, or after another CONSTRUCT

algorithm, still has error O(ε).
The total size of the data structure is
blog ε(d−1)/2nc+1∑

i=0

O
(
1/ρ(d−1)/2

i

)
=

blog ε(d−1)/2nc+1∑
i=0

O
(

id−1

ε(d−1)/2

)
= O

(
logd n
ε(d−1)/2

)
.

Implementation Issues. The CONSTRUCT algorithm can be implemented
with different choices in the various steps that can significantly reduce
its running time without affecting the quality of the resulting kernel
too much. In computing the bounding box C, we do not have to find
the exact diameter of P (two furthest points), which takes O(n2) time, in
deciding each side of C. Instead, one can use the following simple O(n)-
time algorithm to find a constant-approximation of the diameter [95].
Pick an arbitrary point p ∈ P. Find its furthest neighbor q ∈ P. Then find
the furthest neighbor of q in P, denoted by q′. Note that q, q′ must be
the two furthest points along the direction qq′, which can then be used
to decide one side of C.

Placing equally spaced points on a circle in 2D is easy, but the prob-
lem becomes nontrivial in higher dimensions. A good way is to start
with an arbitrary set of k points on the sphere, regarding each point as
an electron, and then using the gradient descent method to minimize
the total potential energy of the point set by repeatedly fine-tuning the
position of each point. The final configuration tends to be a regular dis-
tribution on the sphere. This method also gives us an explicit control on
the kernel size, and there is no need to compute the actual value of α.
The weaknesses of this approach are that it does not give a guarantee
on the error of the resulting ε-kernel, and that it can be slow in high di-
mensions or when k is large. But since this procedure is independent of
the point set, it just needs to be performed once, possibly in an offline
stage, for each desired kernel size.



DRAFT

5.4 k-Center Clustering 177

Finally, in the last step of the CONSTRUCT algorithm, we do not have
to find the exact nearest neighbors of the points in R; some approxima-
tion can be tolerated. One can for example use the ANN package [192]
for approximate nearest neighbor search.

History and Background. The notion of ε-kernels was introduced by
Agarwal et al. [3]. The construction algorithm described above was pro-
posed independently by Chan [48] and Yu et al. [238]. The O(1/ε(d−1)/2)
size of the resulting ε-kernels is optimal in the worst case. The practical
methods presented here are from [238]; while theoretically, an ε-kernel
can be constructed in time O(n + 1/εd−3/2) [48]. The experimental results
in [238] show that the algorithm works extremely well in low dimen-
sions (≤ 4) both in terms of the kernel size/error and running time.
However, it does not scale to high dimensions due to the exponential
dependency on d.

The UPDATE algorithm is also described in [3], which is a modifica-
tion of the logarithmic method of Bentley and Saxe [25]. This algorithm
is simple and practical, but it raises the theoretical question whether
it is possible to maintain an ε-kernel using space that is independent
of n. Chan [48] answered the question in the affirmative, by presenting
an algorithm that uses 1/εO(d) space. This result has been subsequently
improved by Agarwal and Yu [5] and Zarrabi-Zadeh [239], ultimately
yielding an algorithm using O(1/ε(d−1)/2 log(1/ε)) space.

5.4 k-Center Clustering

Brief Summary. Let Bo,r be the ball of radius r centered at point o ∈ Rd.
Let P be a set of n points in Rd. In the k-center clustering problem, we
wish to find the minimum radius r and k balls with radius r centered at
o1, . . . , ok ∈ R

d, such that Bo1,r∪· · ·∪Bok ,r contain all points in P. Note that
when k = 1, this degenerates to the minimum enclosing ball problem
discussed in Section 5.2. However, unlike the minimum enclosing ball
problem which can be solved in polynomial time, the k-center cluster-
ing problem is NP-hard. There is a simple 2-approximation algorithm
for the k-center clustering problem: Let O = ∅ be a collection of centers.
In each step, find the point p ∈ P with the largest d(p,O) and add it
to O, where d(p,O) denotes the minimum distance from p to any cen-
ter in O. This step is repeated k times so that we have k centers in O
in the end. This algorithm requires us to keep the entire set of points
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P. Below, we show how to turn this idea into a small summary of size
O(k/ε · log(1/ε)) that maintains a (2 + ε)-approximation of the optimal
k-center clustering.

Operations on the summary. If we knew the optimal radius rOPT, we
could turn the 2-approximation algorithm above into a summary of size
k, as shown in Algorithm 5.3. It is easy to see why the summary size, |O|,
never exceeds k when r ≥ rOPT. This is because all points can be covered
by k balls with radius r, and the algorithm never adds more than one
point from each ball into O. Meanwhile, we must not have seen any
point that is 2r away from any center in O (otherwise the algorithm
would have added it to O), so all points can be covered by balls with
radius 2r centered at the centers in O. Thus, if we ran Algorithm 5.3
with r = rOPT, we would find a 2-approximation of the optimal k-center
clustering.

Algorithm 5.3: k-center-with-r: CONSTRUCT(r, P)

1 O← ∅;
2 for p ∈ P do
3 if d(p,O) > 2r then O← O ∪ {p};

4 return O;

However, the problem is that we do not know rOPT in advance. Fur-
thermore, when more points are added to the set of points on which we
wish to summarize, rOPT will gradually increase . Therefore, the idea is
to run multiple instances of Algorithm 5.3 with different values of r. For
j = 0, 1, . . . , jmax−1 where jmax = dlog1+ε(1/ε)e, instance j maintains a col-
lection of centers O j with radius r j. The r j’s will be a (1 + ε)-factor apart
from each other. When more points are added, rOPT will increase, and
some instances will fail, i.e., having more than k centers. When |O j| > k
for some j, we re-run the algorithm with a larger r j ← r j/ε on O j. If
with the new r j, O j still has more than k centers, we increase r j again.

A technical problem is from what value of r we should start. If n ≤ k,
then the optimal clustering is just to put each point in a cluster on its
own. When n = k + 1, we find the closest pair of points, say p1, p2, and
set r0 = d(p1, p2)/2, r j = (1 + ε) jr0 to start running the algorithm.

The complete algorithm is shown in Algorithm 5.4. The algorithm
starts with n = 0 and P = ∅. Upon a QUERY, we return the O j with the
smallest r j.
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Algorithm 5.4: k-center: UPDATE(p)

1 n← n + 1;
2 if n ≤ k + 1 then P← P ∪ {p};
3 if n = k + 1 then
4 p1, p2 ← the two closest points in P;
5 r0 ← d(p1, p2)/2;
6 O0 ← CONSTRUCT (r0, P);
7 for j = 1, . . . , jmax − 1 do
8 r j = (1 + ε)r j−1;
9 O j ← CONSTRUCT (r j, P);

10 else
11 for j = 0, . . . , jmax − 1 do
12 if d(p,O j) > 2r j then O j ← O j ∪ {p};
13 while |O j| > k do
14 r j ← r j/ε;
15 O j ← CONSTRUCT (r j,O j);

It is not known if this summary can be merged.

Further Discussion. Now we show that Algorithm 5.4 returns a
(2 + ε)-approximation of the optimal k-center clustering. It is suffi-
cient to prove the following:

Fact 5.4 For any O j maintained by Algorithm 5.4,
⋃

o∈O j
Bo,(2+3ε)rOPT

covers all points.

Proof Algorithm 5.4 is actually running jmax instances indepen-
dently. Instance j starts with r j = (1 + ε) jr0, and increases r j ← r j/ε

and reconstructs O j from O j itself whenever |O j| > k. Suppose

r0(1 + ε) j−1/εi ≤ rOPT < r0(1 + ε) j/εi,

for some integers 0 ≤ j ≤ jmax−1, and i ≥ 0. Note that such i, j must
exist as we set jmax = dlog1+ε(1/ε)e. Then instance j must succeed,
i.e., |O j| ≤ k when it reaches r j = r0(1 + ε) j/εi. Below we argue that
the balls centered O j must be able to cover all points with a certain
radius. Recall the earlier argument. If we had run the instance with
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r j = r0(1 + ε) j/εi from the beginning, then a radius of 2r j is enough.
However, every time we rebuild O j with r j = r0(1 + ε) j/εt, we do
not have all points available, so have only built it from O j itself.
Nevertheless, observe that any point must be within a distance of
2r0(1 + ε) j/εt−1 of the centers in O j. Carrying out this argument in-
ductively and using the triangle inequality, we will need in total a
radius of

i∑
t=0

2r0(1 + ε) j/εt = 2r0(1 + ε) j 1/εi − 1
1/ε − 1

≤ 2r0(1 + ε) j−1/εi · (1 + ε)
1

1/ε − 1

≤ 2rOPT ·
1 + ε

1 − ε
≤ 2(1 + 3ε)rOPT, (assuming ε < 1/4)

to cover all points. �

If we replace ε with ε/3 to run the algorithm, then a (2 + ε)-
approximation is guaranteed.

History and Background. The algorithm presented in this section and
its analysis is from [126]. Many other theoretical papers have consid-
ered summaries for clustering under different clustering objective func-
tions. Early work due to Guha et al. and Charikar et al. provides results
for the k-median (sum of distances) function [127, 52].

5.5 The (Sparse) Johnson-Lindenstrauss Transform

Brief Summary. The (Sparse) Johnson-Lindenstrauss transform (Sparse
JLT) transforms a set of n points in Rd to a set P′ of n points in Rk for
k = Θ(1/ε2 log n), such that the pairwise distance of the points are pre-
served up to a multiplicative error of 1 + ε. More precisely, it states that
for any ε > 0, there exists a linear transform f : Rd → Rk such that for
all x, y ∈ P,

(1 − ε)‖x − y‖ ≤ ‖ f (x) − f (y)‖ ≤ (1 + ε)‖x − y‖.

It is thus a summary that reduces dimensionality, not the number of
points in the data set P. It is a fundamental result concerning low-
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distortion embeddings [139] of points from high-dimensional to low
dimensional Euclidean space.

It turns out that the linear transform f can be obtained by simply
picking a random k × d matrix S from a properly designed probabil-
ity distribution. It can be shown that for such a random S and k =

Θ(1/ε2 log(1/δ)), we have

Pr[(1 − ε)‖x‖ ≤ ‖S x‖ ≤ (1 + ε)‖x‖] > 1 − δ (5.4)

for any x ∈ Rd. Note that the transform S is independent of P and (5.4)
holds for any x ∈ Rd. Therefore, we can set δ = 1/n2, pick an S , and
apply (5.4) to each of the

(
n
2

)
pairs of the points in P so that all pairwise

distances are preserved with probability at least 1/2.

Operations on the summary. We now specify how the Sparse JLT lin-
ear transform S is decided. Let x1, . . . , xd denote the d coordinates of a
point x ∈ Rd. We use y to denote the transformed point y = S x, which
has k coordinates, for some k = Θ(1/ε2 log(1/δ)). Set r = Θ(1/ε log(1/δ))
such that it divides k. We will view the k coordinates of y as an r × k/r
array, i.e. r rows each of size k/r. The array is initialized to all 0. For
each row j of the array, we use a 2 log(1/δ)-wise independent hash func-
tion h j : [d] → [k/r], and a log(1/δ)-wise independent hash function
g j : [d] → {−1,+1}. For each coordinate xi of x and for each row j
of the array, we add xig j(i)/

√
r to y j,h j(i). From the right perspective,

the Sparse JLT of a single point is essentially the same as the Count
Sketch summary for that point, except that (1) the array has dimension
Θ(1/ε log(1/δ)) × Θ(1/ε) as opposed to Θ(log(1/δ)) × Θ(1/ε2) for Count
Sketch; (2) we use hash functions of a higher degree of independence;
and (3) we divide the values by

√
r to give the correct scaling factor, as

we do not take a median across rows but (effectively) average. Thus,
this summary of a point can be updated and merged in basically the
same way as with the Count Sketch, covered in Section 3.5. Finally, the
QUERY function provides an estimate of ‖x‖ by simply computing the
norm of y, i.e., taking the squared sum of all entries in the array, as op-
posed to taking the median of the rows as in Count Sketch. Distances
between points can similarly be computed by performing the corre-
sponding operations between their Sparse JLT transformations, then
applying the QUERY function.

Note that the Count Sketch also provides a summary that preserves
pairwise Euclidean distances between points with the same sketch size.
The time to perform an update is actually faster (it does not have the
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factor of 1/ε), but since it uses the median operator to produce an es-
timate, it does not offer an embedding in to a lower-dimensional Eu-
clidean space, which is needed in certain applications such as nearest-
neighbor search and some machine learning applications. For this rea-
son, the Sparse JLT may often be preferred due to its stronger mathe-
matical guarantees, even though the cost of UPDATE operations is higher.

Further Discussion. The analysis of this technique is not hugely
difficult to understand, but involves some concepts from combina-
torics and coding theory that go beyond the scope of this volume.
Consequently, we choose to sketch out the outline.

A first step is to assume that we are dealing with an input vec-
tor x with ‖x‖2 = 1. This is because the transformation is linear, so
any scalar multiple of x is passed through the estimation process.
Assuming ‖x‖2 = 1 threatens to make the analysis redundant, since
the objective is to form an estimate of ‖x‖2, but of course, the algo-
rithm does not rely on this assumption, and so we can proceed.

As noted above, this version of a Sparse JLT transform is very
similar in operation to the Count Sketch and the AMS Sketch. Con-
sequently, we use the same notation to describe its analysis. As in
Section 3.6, we can define a random variable X j as the estimate ob-
tained of ‖x‖22 from the jth row, as

X j =

k/r∑
p=1

C[ j, p]2 =

k/r∑
p=1

1
r

 ∑
i:h j(i)=p

x2
i + 2

∑
i,`,h j(i)=h j(`)=p

g j(i)g j(`)xix`


where, C[ j, p] denotes the contents of the pth cell in the jth row of
the sketch; xi are the entries of vector x; h j is the hash function as-
signing indices to cells in row j; and g j provides the {+1,−1} value
for each index in row j.

Observe that by the assumption that ‖x‖2 = 1, we can write a
random variable Z for the total error in estimation as

Z =
1
r

r∑
j=1

(X j − 1) =
2
r

r∑
j=1

k/r∑
p=1

∑
i,`,h j(i)=h j(`)=p

g j(i)g j(`)xix`

The analysis proceeds by bounding this random variable Z. For
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the analogous quantity in the analysis of AMS Sketch, it was pos-
sible to bound the second moment (i.e., to bound E[Z2]) in order
to show a constant probability of deviating far from zero error.
This was done by expanding out the square of Z, and arguing that
terms were bounded due to the independence properties of the
hash functions. The approach in this case is essentially the same,
but now we need to show a bound directly in terms of δ, rather
than a constant probability. This requires taking a higher moment
of Z — we apply Markov’s inequality to show that

Pr[|Z| > ε] < ε−qE[Zq]

where q is chosen to be an even number greater than log(1/δ).
However, Zq does not lend itself to direct expansion and bound-

ing, and so instead, we need a much more involved argument. The
high level idea is to use a graph representation of the polynomial
to encode the terms that arise: nodes represent indices, and edges
link indices that appear in the expansion of the polynomial Zq. This
allows a more convenient notation and bounding of the terms that
arise, so the desired inequality can be proven.

History and Background. The JL lemma was established by Johnson
and Lindenstrauss [148] in 1984. There have been a number of different
proofs of this lemma, based on different constructions of the transform
matrix S . Early constructions had S very dense – for example, where
every entry is drawn independently from a Gaussian or Rademacher
(Bernoulli with +1 or −1 values) distribution [140]. In this case UP-
DATE operations take time O(k) for each coordinate that is updated.
This construction remains of importance, as it leads to results in the
relatively new area of compressed sensing [89]. For a concise proof for
this Johnson-Lindenstrauss transform, see the proof of Gupta and Das-
gupta [82].

Due to the importance of the transform, considerable effort has been
invested in making it fast, by sparsifying the matrix S . We avoid a com-
plete history, and highlight some key points along the way. An initial ef-
fort was by Achlioptas [1], whose construction had entries chosen inde-
pendently from {−1, 0,+1}. This achieved a constant degree of sparsity,
i.e., a constant fraction of the entries were non-zero. Ailon and Chazelle
achieved a much faster result by introducing more structure into the
transformation. The “fast Johnson-Lindenstrauss” transform [8] writes
the matrix S as the product of three matrices, S = PHD. P is a sparse
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matrix where only a roughly log2 n/d fraction of the entries are non-
zero: the non-zero entries are chosen independently from a Gaussian
distribution. If we applied P directly on the input, we would achieve
the desired result (preservation of the Euclidean norm) — if the input
vector was dense (i.e., had few zero entries, and no particularly large
entries). The other parts of the transform are designed to preserve the
Euclidean norm of the vector, while (almost certainly) giving the dense
property. D is a diagonal matrix whose entries are randomly chosen as
{−1,+1}. Observe that this does not change the norm of the vector, and
is very similar to steps in the Count Sketch and Sparse JLT described
above that randomly flip signs of entries. H is the Hadamard transform
— this is an instance of a Fourier transform and so has some useful
properties: (1) it is an orthonormal basis transformation, so again does
not change the Euclidean norm of the vector (2) it can be computed
quickly using a Fast Fourier Transform algorithm, in time O(d log d).
The Hadamard transform ensures that if x was sparse in the original
space, it will be dense in the transformed space. The result of this con-
struction is an instance of a Johnson-Lindenstrauss transform that can
be computed for a vector of dimension d in time O(d log d). However,
this relies on computing the transformation for a whole vector in one
go. When the vector is being defined incrementally, the cost of a single
UPDATE operation is not guaranteed to be fast.

This limitation prompted the study of sparse JL matrices. The ver-
sion presented here is given by Kane and Nelson [152]. They also de-
scribe alternative approaches based on how the mapping to the sketch
allows overlaps, with differing guarantees and proofs. It is natural to
ask whether the sparsity can be reduced below the 1/ε dependency, or
whether the number of dimensions k can be reduced below 1/ε2. Both
questions have been answered in the negative. The number of dimen-
sions of the reduced space k = Θ(1/ε2 log(1/δ)) has been shown to be
optimal [146]. Nelson and Nguyen show no construction can achieve
sparsity less than 1/ε, as this would give too high a probability that
significant entries of the input vector are not picked up by the trans-
form [195].
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Vector, Matrix and Linear Algebraic
Summaries

In this chapter, we show how ideas from the summaries described pre-
viously can be applied directly or adapted to solve problems that arise
in the context of linear algebra: computations on vectors, matrices, and
their generalizations to tensors.

For vectors, many of the summaries apply directly. We can often
think of a vector as being synonymous with a frequency distribution,
where the ith entry in the vector corresponds to the frequency of an el-
ement i. Queries for a particular element of a vector then correspond to
a point query in the frequency distribution. Frequency moments have
a natural interpretation in terms of vector norms. However, there are
some problems over vectors which do not correspond to a natural ques-
tion over frequency distributions, and so require some additional work.

In the case of matrices, many of the ideas and techniques from vector
summaries carry over — in the extreme case, we can think of matrices
as ordered collections of vectors. We typically describe results in terms
of the Frobenius norm ‖M‖F of a matrix M, an “entry-wise” norm which
measures the (square root of the) sum of squares of entries, i.e., ‖M‖F =√∑

i, j M2
i, j.

6.1 Vector Computations: Euclidean Norm and Inner
Product Estimation

Given a high-dimensional vector v, we would like to find its Euclidean
norm, ‖v‖2. This problem is by now very well understood, and several
techniques directly solve it: the AMS Sketch (Section 3.6) in particu-
lar addresses this problem, but more generally, methods that imple-

185
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ment the Johnson-Lindenstrauss transform by computing an appropri-
ate “sketch” of the vector can be applied. These find an ε-relative error
approximation of ‖v‖2.

Equipped with such an approximation, we can solve a number of
other problems on vectors. Most immediately, given vectors v and w we
can find the Euclidean distance between them, defined as ‖v−w‖2. Func-
tionally, this can be achieved by building a summary of v, and a sum-
mary of the vector (−w) and applying a MERGE operation to these two.
Because the summaries are linear transformations of the input vectors,
one can more directly think of the summary of v as sk(v), where sk(·) de-
notes the operation of building the (sketch) summary. Then sk(v − w) =

sk(v)− sk(w), and so we can obtain the sketch of the difference by taking
the difference of the sketches. The Euclidean distance can therefore be
estimated with relative error.

We can also use this property to find an estimate of the inner product
between two vectors, albeit with additive error. The inner product be-
tween u and v is given by the sum of products of corresponding indices,
defined as

u · v =
∑

i

uivi

This can also be written in terms of Euclidean norm, using some alge-
bra. Observe that

‖u + v‖22 = ‖u‖22 + ‖v‖22 + 2(u · v).

To see this, note that the contribution to the sum represented by the
left hand side from any index i is u2

i + v2
i + 2uivi. Therefore, we can write

(u ·v) = 1
2 (‖u+v‖22−‖u‖

2
2−‖v‖

2
2). Using sketches, we can estimate the right

hand side as our approximation to the inner product.
This estimate does not provide overall relative error. Each of the com-

ponent quantities is found with relative error, but the additions and
subtractions mean that the error stays of the magnitude of ‖u‖22 + ‖v‖22
(at least, this gives a quick bound). It is reasonable to ask whether a rel-
ative error can be obtained. In particular, there are many applications
where a relative error guarantee for inner product would be most help-
ful. However, there are strong lower bounds (see Section 10.3) show-
ing that such a result cannot be obtained in general. In essence, this is
because such a sketch would allow us to distinguish between vectors
which have inner product zero (i.e., are orthogonal), and which have
inner product very close to zero (almost orthogonal).
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A more careful use of summaries can obtain an improved additive
error bound. Suppose, for the sake of concreteness, that we are using
the AMS Sketch to summarize u and v. Each summary is formed as an
array of d × t counters. A QUERY operation for the inner product takes
the inner product of each of the d rows of the pair of summaries, then
finds the median of these. Then a similar analysis to the original use of
the sketches shows that the result gives an estimate of u ·v with additive
error proportional to 1

√
t
· ‖u‖2‖v‖2, with probability 1− exp(−d). With the

usual setting of t = O(1/ε2) and d = O(log 1/δ), the result gives error
ε‖u‖2‖v‖2 with probability 1 − δ.

Further Discussion. We briefly sketch the outline of the proof,
which can be viewed as a generalization of the proof for the es-
timator for the `2 norm. Recall the construction of the AMS Sketch,
which is defined based on hash functions g and h, which map to ar-
rays of counters C. As before, define X j to be the estimate of u ·v ob-
tained from the j’th row of the sketch, i.e., X j =

∑t
k=1 Cu[ j, k]Cv[ j, k].

It follows quickly that

E[X j] =

t∑
k=1

E[Cu[ j, k]Cv[ j, k]]

=

t∑
k=1

∑
h j(i)=k

uivi +
∑

i,`,h j(i)=h j(`)=k

E[g j(i)]E[g j(`)]uiv`.

The first term in this sum is u · v, and the second term is zero, due
to the random properties of the g j hash functions.

Similarly, for the variance, after expanding out and collapsing
the terms that are zero in expectation, we obtain that

Var[X j] ≤ 4‖u‖22‖v‖
2
2/t

This bound on the variance ensures that the error is at most
ε‖u‖2‖v‖2 with constant probability when we set the parameter t
proportional to 1/ε2. This error probability is reduced to δ when
we choose d = O(log 1/δ) and take medians, following the Cher-
noff bounds argument (Section 1.4).

History and Background. The use of the summary to estimate the in-
ner product of vectors was described in a follow-up work by Alon, Ma-
tias, Gibbons and Szegedy [9], and the analysis was similarly gener-
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alized to the fast version of the AMS Sketch by Cormode and Garo-
falakis [66].

6.2 `p norms and Frequency Moments

Recall that, given a vector v, its `p norm is ‖v‖p = (
∑

i vp
i )1/p. For vec-

tors formed as the frequency distribution of a series of updates, the
k’th frequency moment is defined as Fk(v) =

∑
i vk

i . These definitions are
sufficiently similar (up to taking the p’th root) that we will use them
interchangeably. In earlier sections, we have discussed summaries that
allow estimating the `2 norm (AMS Sketch), and other `p norms for
p < 2 (`p sketch). We now consider how to estimate the `p norm for
p > 2.

An elegant solution is provided via the technique of `p sampling. We
provide an outline here, since the details are rather more technical, and
so this approach may be primarily of theoretical interest. In essence, the
idea is to sample each element of vector v with probability proportional
to its contribution to the (squared) `2 norm, i.e., apply an `2-sampling
sketch. Then for each sampled element i, include a contribution as a
function of its weight vi so that in expectation its contribution is vp

i .
Summing expectations over all elements, we will obtain an estimate of
‖v‖pp. The variance of this quantity can be bounded, and so the usual
approach of taking sufficient repetitions via averaging and median can
be used to provide an estimate with accuracy guarantees. The number
of repetitions required is O(n1−2/pε−2), where n represents the dimen-
sionality of the vector v. This polynomial dependence on n for p > 2 is
known to be optimal, and imposes a large space cost (O(n1/3) for p = 3,
for example), which is further compounded since each repetition of the
`2 sampling requires multiple sketches to be kept. Consequently, this
approach seems to need substantial engineering and careful parameter
setting in order to be put into practice.

Further Discussion. We provide more details of the analysis, to
give more insight into the method. Full details are provided in the
references listed below.

Suppose we could sample perfectly according to the `2 distribu-
tion. Then the chance of picking index i from vector v is exactly
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v2
i /‖v‖

2
2. Further, assume that our `p sampling summary allows us

to estimate vi and ‖v‖2 accurately. Then our estimator when we
sample i is X = vp−2

i ‖v‖
2
2. Observe that this is correct in expectation:

E[X] =
∑

i

Pr[i is sampled] · vp−2
i =

∑
i

v2
i

‖v‖22
vp−2

i ‖v‖
2
2 =

∑
i

vp
i = ‖v‖pp

The variance of this estimator can be computed similarly, as

Var[X] ≤ E[X2] =
∑

i

v2
i

‖v‖22
(vp−2

i ‖v‖
2
2)2 =

∑
i

v2
i v2p−4

i ‖v‖22 = ‖v‖2p−2
2p−2‖v‖

2
2

In order to provide a more useful bound, we need to rewrite this
last quantity in terms of E[X]2. First, for any p ≥ 2, we have that
‖v‖2p−2 ≤ ‖v‖p. Via Hölder’s inequality, we can show that ‖v‖22 ≤
n(p−2)/p‖v‖2p. Combining these two facts, we obtain that

‖v‖2p−2
2p−2‖v‖

2
2 ≤ n1−2/p‖v‖2p

p

That is, we have that Var[X] ≤ n1−2/pE[X]2. Taking the average of
n1−2/p/ε2 repetitions reduces the variance by a corresponding fac-
tor. This allows us to apply the Chebyshev inequality to show that
this mean is with an 1 + ε factor of E[X] with constant probability.
Repeating O(log 1/δ) times and taking the median amplifies this to
probability 1 − δ, via the Chernoff bounds argument.

In order to put this into practice, we need to remove the ide-
alized sampling assumption. That is, rather than sampling with
probability exactly v2

i /‖v‖
2
2, we use an `p sampler to sample with

approximately this probability. Similarly, we can only guarantee to
find approximations of vi and ‖v‖2. Putting these approximations
into the analysis complicates the notation, but otherwise does not
change the structure of the argument. Some care is needed in set-
ting the accuracy parameters of the sampling and sketching in or-
der to obtain an overall ε guarantee, but otherwise this is a straight-
forward exercise to analyze the algorithm’s properties.

History and Background. The idea of using `p sampling to estimate `p

norms and frequency moments is due to Coppersmith and Kumar [62],
but it was not until Monemizadeh and Woodruff provided the first
`2 sampling algorithm that this was possible [188]. A more detailed
survey of `p sampling and its applications is given by Cormode and
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Jowhari [70]. The presentation here follows outlines due to Andrew Mc-
Gregor presented in slides on “sketches for `p sampling”.

6.3 Full matrix multiplication

Perhaps the most fundamental problem in linear algebra is to perform
matrix multiplication: given matrices A and B, compute their matrix
product AB. Naive computation of the product for square n × n matri-
ces takes time proportional to n3, but faster computation is possible.
Strassen’s algorithm rewrites the computation in terms of a smaller
number of terms to obtain O(n2.807). Theoretical algorithms exist which
have cost O(n2.372), although these are considered far from practical.
These approaches work with the full matrices, and provide exact so-
lutions. However, thanks to summaries, it is possible to provide ap-
proximate answers.

A starting point is to observe that each entry of the matrix product
is an inner product: the entry Ci, j is given by A(i) · B( j), where A(i) de-
notes the i’th row of matrix A, and B( j) the j’th column of B. We can
then use sketches (such as AMS Sketch) to approximate these quanti-
ties. Assume we sketch every row of A and sketch every column of B.
Then we can estimate (with constant probability of success) any desired
entry of C, with error proportional to ε‖A(i)‖2‖B( j)‖2, for sketches of size
O(1/ε2). The space required is O(n/ε2) to store the n sketches of each row
of A and each column of B.

We can therefore take this approach to estimate every entry of C, as
approximate matrix Ĉ, using space O(n/ε2) and taking time O(n2/ε2).
The squared error in each entry is ε2‖A(i)‖22‖B( j)‖

2
2. This may appear some-

what large, but if we sum this over all entries to get the total squared
error, we obtain

‖(Ĉ − AB)‖2F ≤
∑
i, j

ε2‖A(i)‖22‖B( j)‖
2
2 = ε2(

∑
i

‖A(i)‖22)(
∑

j

‖B( j)‖
2
2) = ε2‖A‖2F‖B‖

2
F

where ‖ · ‖F denotes the Frobenius norm as defined at the start of this
chapter. Then we have that

‖(Ĉ − AB)‖F ≤ ε‖A‖F‖B‖F
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Further Discussion. Note that to have this property hold, we re-
quire each entry to meet its guarantee. This is achievable by in-
creasing the size of the sketches by a factor of O(log n). Then each
entry is estimated accurately with probability 1−1/n3, and so all n2

entries are accurate with probability 1 − 1/n, by a union bound.
Intuitively, this increased size of the sketches does not seem nec-

essary: while some entries might exceed their permitted error bounds,
others might lie comfortably within them, and we might expect
this variation to cancel out on average. Essentially this is indeed
the case, although proving it is rather more fiddly.

A first attempt is to consider the total squared error as a random
variable, and apply error bounds to this, rather than the each in-
dividual entry-wise error. We have already calculated the expecta-
tion and variance of the entry-wise errors, so we can immediately
obtain expectation and variance of their sum. It might seem that
we can then immediately apply the Chebyshev and Chernoff ar-
gument to this. However, there is a twist: previously, we were able
to take the median of a (scalar) quantity to obtain an estimate with
high probability of falling within our desired error bounds. But
now, each sketch yields a candidate approximate matrix product:
how should we take the median of a collection of matrices?

One approach is to use the fact that we can accurately estimate
the norms of matrices, and the norm of differences between pairs
of matrices. We can argue that with probability at least 1− δ, one of
our matrices is “central” among the estimates built from sketches:
it is at most a distance of ‖A‖F‖B‖F/2 to each of at least half of the
other estimated matrices. This follows by arguing that there is a
constant probability that each estimated matrix is “good”—that is,
close (as a function of ‖A‖F‖B‖F) to the target C; and therefore, by
the triangle inequality, any pair of “good” matrices must also be
close to each other. Performing this distance test helps to identify
one good matrix, which can be reported as the approximate prod-
uct.

A more direct approach is to go back to the original approach
and argue that the sketches provide a stronger property: that they
estimate not just one inner product accurately with constant prob-
ability, but that (with constant probability) they estimate all inner
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products accurately, and so we can work directly with the results
of sketching. This stronger property is referred to as subspace em-
bedding, and is discussed in more detail when we consider the re-
gression problem.

History and Background. The observation that (dense) sketches allow
us to estimate all entries is due to Sarlós [205], and uses an additional
randomized trick to pick the estimate of C that is closest to C. Clarkson
and Woodruff argue that sparse sketches are sufficient, and introduce
the technique based on finding one matrix that is close to a majority of
the others [55]. They also show a stronger bound on sketch estimators,
when constructed with more powerful hash functions. A more thor-
ough survey which expands on the subspace embedding approach is
given by Woodruff [235].

6.4 Compressed matrix multiplication

Given two matrices A and B, both of size n × n, computing their prod-
uct C = AB is a fundamental problem. Despite years of extensive re-
search, exact matrix multiplication remains an expensive operation. In
this section, we present a method that allows us to compute C approx-
imately in a compressed form. More precisely, we first compute the
Count Sketch of each column of A and each row of B. Then from these
sketches we will compute the Count Sketch of C, interpreted as a long
vector of size n2. As a result, all the properties of the Count Sketch from
Section 3.5 apply here. For example, from this sketch, we can estimate
any entry in C with error at most ‖C‖F/

√
t with high probability, where,

as before, ‖ · ‖F denotes the Frobenius norm, i.e., ‖C‖F =
√∑

i, j C2
i, j.

Recall from Section 3.5 that (one row of) the Count Sketch of a vector
v of size n is another vector S (v) of size t � n (both vectors are indexed
starting from 0), where

S (v)[k] =
∑

i∈[n]:h(i)=k

g(i)vi, k = 0, . . . , t − 1.

Here, h : [n] → [t] is a pairwise independent hash function, and g :
[n]→ {−1,+1} is also a pairwise independent hash function. Also recall
that S (v) can be constructed from v easily in one pass; in particular,
this is still true if v is represented in a “compressed form”, i.e., a list of
(index, value) pairs consisting of all the nonzero entries of the vector.
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Let u, v be two column vectors of size n. At the heart of the method is
a nice way to compute S (uvT ) from S (u) and S (v), where uvT is the outer
product of u and v, and S (uvT ) is a Count Sketch built on uvT interpreted
as a vector of size n2. Recall that the outer product of u and v is

uvT =


u1v1 u1v2 . . . u1vn

u2v1 u2v2 . . . u2vn
...

...
. . .

...

unv1 unv2 . . . unvn

 .
Let the two hash functions used in constructing S (u) and S (v) be hu, gu

and hv, gv, respectively. The idea is to compute the convolution of S (u)
and S (v). Recall that given two vectors a and b of size n, their convolu-
tion a ∗ b is vector of size 2n − 1, where

(a ∗ b)[k] =

k∑
j=0

a[ j]b[k − j], k = 0, . . . , 2n − 2.

The nice thing about convolution is that it can be computed efficiently
using the Fast Fourier Transform (FFT) in O(n log n) time [63].

Next, we will interpret the convolution S (u) ∗ S (v) as a sketch of a
new object. The convolution yields a vector of size 2t − 1, where for
k = 0, 1, . . . , 2t − 2,

(S (u) ∗ S (v))[k] =

k∑
j=0

S (u)[ j]S (v)[k − j]

=

k∑
j=0

 ∑
i∈[n]:hu(i)= j

gu(i)ui


 ∑

i∈[n]:hv(i)=k− j

gv(i)vi


=

∑
i, j∈[n]:hu(i)+hv( j)=k

gu(i)gv( j)uiv j.

This is exactly a Count Sketch built on uvT , but using hash functions
h(i, j) = hu(i) + hv( j) and g(i, j) = gu(i)gv( j). Since both gu and gv are pair-
wise independent functions mapping [n] to {−1,+1}, g(i, j) = gu(i)gv( j) is
still a pairwise independent function mapping [n] to {−1,+1}. However,
h(i, j) = hu(i) + hv( j) is no longer a pairwise independent function. In
particular, it is not uniform on [2t− 1]. The last trick is to fold S (u) ∗ S (v)
into a vector of size t, getting a true Count Sketch on uvT , where

S (uvT )[k] =

{
(S (u) ∗ S (v))[k] + (S (u) ∗ S (v))[k + t], k = 0, 1, . . . , t − 2;
(S (u) ∗ S (v))[k], k = t − 1.
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=
∑

i∈[n]:hu(i)+hv( j) mod t=k

gu(i)gv( j)uiv j.

Observing that h(i, j) = hu(i)+hv( j) mod t is a pairwise independent func-
tion from [n] to [t], we conclude that S (uvT ) is a valid Count Sketch on
uvT .

Finally, to use this technique to compute a Count Sketch on C = AB,
we write A in terms of column vectors a1, . . . , an and B in terms of row
vectors b1, . . . , bn. The matrix product AB can be written as a sum of n
products of these vectors (effectively, these are outer products), as

AB =

n∑
i=1

aibT
i ,

and the fact that the Count Sketch is a linear sketch, we can compute
the Count Sketch of C = AB as

S (C) =

n∑
i=1

S (aibT
i ).

Further Discussion. In practice, one does not have to compute the
convolution S (u) ∗ S (v) in full and then fold the result as described
above. The Count Sketch S (uvT ) can be computed more directly by
slightly adjusting the FFT algorithm. In computing the full convo-
lution, we use the convolution theorem:

S (u) ∗ S (v) = FFT−1
2t (FFT2t(S (u)) · FFT2t(S (v))).

Here, we perform the FFT using the (2t)-th root of unity. However,
if we simply use the t-th root of unity ωt, then the result of the
convolution will be the folded S (uvT ) directly. This is also known
as a circular convolution. The intuition is that since ωt

t = 1, it has
exactly the effect of doing the mod t operation. More detailed argu-
ments can be found in [199].

The algorithm above also easily extends to non-square matrices.
Suppose A is an n1×n2 matrix and B is an n2×n3 matrix, then C = AB
will be a sum of n2 outer products. Although each outer product is
between two vectors of different lengths, this does not affect the
algorithm in any way, as the sketch sizes of the two vectors are
always the same, which is t.

The running time of the algorithm is O(N + n2t log t), where N is
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the number of nonzero entries in A and B. Note that this can be
even smaller than O(n1n3), which is the size of C. This is because
we compute C = AB in a compressed form, represented by the
Count Sketch of C. Reconstructing the full C (approximately) still
takes O(n1n3) time, since we have to query the Count Sketch for
every entry of C. In [199], a method is given to extract the most
significant entries of C more quickly.

History and Background. The algorithm described in this section is
due to Pagh [199]. Subsequent work generalized the approach of taking
convolutions of sketches to quickly build a sketch of the tensor product
of a vector: essentially, a polynomial generalization of the outer prod-
uct [202].

6.5 Frequent directions

Other summaries of matrices are possible, depending on what proper-
ties of the matrix we would like to (approximately) preserve. The Fre-
quentDirections summary captures information about the action of the
summarized matrix on other matrices and vectors. It does so by iter-
atively using the Singular Value Decomposition (SVD) on summaries
computed so far to capture the information needed while keeping the
summary small.

The summary applies to a data matrix A of dimension n × d, where
we assume that n will grow very large, while d is of moderate size. The
matrix A is formed as the collection of n row vectors, each of dimen-
sion d, where each row vector is seen together, i.e., rows arrive one by
one. The summary of A will be a smaller matrix B with up to ` rows of
dimension d, so that B approximates A. We will focus on the action of
A on approximating an arbitrary vector x of dimension d. That is, our
objective is to show that our summary B of matrix A ensures that the
norm of Bx is close to the norm of Ax.

Operations on the summary. To INITIALIZE a new FrequentDirections
summary B, we simply instantiate a new zero matrix of size ` × d. The
UPDATE procedure for a new row vector ai involves the computation of
the SVD of B. We append the new row ai to B to obtain B′, and compute
its SVD. This gives us the decomposition UΣVT = B′, so that UT U = I`
and VT V = Id, i.e., these (singular) vectors are orthonormal. The matrix
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Σ is diagonal, consisting of the singular values σ1 . . . σ`, sorted by mag-
nitude (i.e., |σ1| ≥ |σ2| ≥ . . . ≥ |σ` |). We use these values to rescale the
different “directions” in B, and to “forget” the least important direction.
We define a new diagonal matrix Σ′ as

Σ′ = diag
(√

σ2
1 − σ

2
`
,
√
σ2

2 − σ
2
`
. . .

√
σ2
`
− σ2

`

)
.

Equivalently, we can write Σ′ =

√
Σ − σ2

`
I`. This ensures that Σ′`,` = 0. We

use Σ′ as a new set of singular values, and obtain an updated version of
the summary B as B = Σ′VT . Observe that since Σ` = 0, the new B has at
most ` − 1 non-zero rows, so we drop row ` (which is all zeros).

The MERGE procedure builds on the approach of the UPDATE pro-
cedure. Given two summary matrices B and C, both of size ` × d, we
can simply take each row of C in turn and UPDATE B with it. This is
rather slow (requiring ` invocations of the SVD procedure), but we can
observe that this is equivalent to the following method. We begin by ap-
pending B and C to get a new matrix D of size 2` × d. We then compute
the SVD of D and obtain the corresponding UΣVT . We now compute Σ′

based on σ2
` , noting that σ` is the `’th largest of the 2` singular values

in Σ. Then

Σ′ = diag
(√

max(σ2
1 − σ

2
`
, 0),

√
max(σ2

2 − σ
2
`
, 0) . . .

√
max(σ2

2` − σ
2
`
, 0)

)
.

Observe that the first ` values of Σ′ will be non-negative, while the last
` + 1 values are guaranteed to be zero. Then, as before, we compute the
new summary as B = Σ′VT , and keep only the (at most ` − 1) non-zero
rows.

Further Discussion. Recall that we want to show that the final
summary we obtain B is similar to the input matrix A in its action
on a vector x. In particular, we will consider the quantity ‖Ax‖22 −
‖Bx‖22. We can analyze the accuracy of the summary by consider-
ing the effect on the error of answering a particular query. Without
loss of generality, let x be a vector of dimension d, with ‖x‖2 = 1. We
will measure the error in terms of Euclidean norms (of vectors) and
Frobenius norms (of matrices). Consider the quantity Ax, which we
will approximate by Bx for the final summary B. We want to show
that the difference in magnitude of these quantities is not too large,
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i.e., ‖Ax‖22 − ‖Bx‖22 is bounded. For simplicity, we will focus on the
effect of a sequence of UPDATE operations.

A bound on this quantity follows by summing over the error
introduced in each subsequent UPDATE operation. We first show
that the error is non-negative, i.e., that ‖Ax‖22−‖Bx‖22 ≥ 0. We’ll write
B[i] for the summary obtained after the i’th UPDATE row operation
for row ai. We also write C[i] to denote the value ofσ[i]VT

[i] computed
from the SVD in step i. Finally, δi is the value ofσ2

` that is subtracted
from the other singular values in the ith UPDATE operation.

Then we can expand

‖Ax‖22 − ‖B[n]x‖22 =

n∑
i=1

(
(ai · x)2 + ‖B[i−1]‖

2
2x − ‖B[i]x‖22

)
=

n∑
i=1

(
‖C[i]x‖22 − ‖B[i]x‖22

)
≥ 0

This makes use of the fact that C[i] preserves all the information
about B[i−1] and a, so that ‖B[i−1]x‖22 + (ai · x)2 = ‖C[i]x‖22. Meanwhile,
B[i] loses information from C[i], so we have ‖C[i]x‖22 − ‖B[i]x‖22 ≥ 0.

Next, we consider placing an upper bound on the error ‖Ax‖22 −
‖Bx‖22. For step i, let v j[i] denote the j’th column of VT

[i]. Then C[i]x =∑`
j=1 σ jv j · x and:

‖C[i]x‖22 =
∑̀
j=1

σ2
j (v j · x)2

=
∑̀
j=1

(σ′2j + δi)(v j · x)2

=
∑̀
j=1

σ′2j (v j · x)2 + δi

∑̀
j=1

(v j · x)2

= ‖B[i]x‖22 + δi

The final line substitutes the definition of B[i] using the reweighted
values in Σ′, and the fact that VT is a unitary matrix while ‖x‖2 = 1.
We can then sum this over every UPDATE step:

‖Ax‖22 − ‖B[n]x‖22 =

n∑
i=1

(
(ai · x)2 + ‖B[i−1]x‖22 − ‖B[i]x‖22

)
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=

n∑
i=1

(
‖C[i]x‖22 − ‖B[i]x‖22

)
≤

n∑
i=1

δi (6.1)

To bound δi, note that the squared Frobenius norm of a matrix is
given by the sum of the squares of its singular values. Hence,

‖C[i]‖
2
F ≥ ‖B[i]‖

2
F + `δi.

In each update, we start by appending the new row ai, which causes
the squared Frobenius norm to increase:

‖C[i]‖
2
F = ‖B[i−1]‖

2
F + ‖ai‖

2
2.

Last, ‖A‖2F =
∑n

i=1 ‖ai‖
2
2. Rearranging and combining these three re-

sults, we obtain that ‖A‖2F ≥ ‖B[n]‖
2
F + `

∑n
i=1 δi. Combining this with

(6.1) above, we have our desired bound on the error,

0 ≤ ‖Ax‖22 − ‖B[n]x‖22 ≤ (‖A‖2F − ‖B‖
2
F)/` ≤ ‖A‖2F/`

Via a slightly longer argument, we can show stronger bounds in
terms of Ak, which is the optimal k-rank approximation of A. Ak can
be found via the SVD of A = UΣVT : defining Uk and Vk as the first
k columns of U and V respectively, and Σk as the diagonal matrix
containing k largest entries of Σ, we have Ak = UkΣkVT

k . Then we
find

0 ≤ ‖Ax‖22 − ‖B[n]x‖22 ≤ ‖A − Ak‖
2
F/(` − k)

That is, provided ` is chosen suitably larger than k, we obtain a
good approximation in terms of Ak.

Properties of the MERGE operation follow similarly, by consider-
ing the accuracy of two summaries, and arguing that the total error
is bounded in terms of the sum of the local errors.

Implementation Issues. Computing the SVD of an ` × d matrix (the
central step in the UPDATE operation) takes time O(d`2). This is quite
time consuming if carried out every step. The cost can be reduced by
reducing the frequency with which SVD is found, but storing some ex-
tra space. Essentially, we keep a buffer of the most recent ` rows, then
perform a MERGE operation with the running summary. This amortizes
the cost of the SVD to O(d`) time per update, and keeps the space used
to O(d`) also.
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History and Background. The FrequentDirections summary was intro-
duced by Liberty [172], taking inspiration from the behavior of frequent
items algorithms, particularly the MG summary. Additional results, in-
cluding lower bounds and the extension to handling a MERGE opera-
tion are due to Woodruff [234] and Ghashami and Phillips [111] respec-
tively. Our presentation follows the outline of Ghashami et al. [110].
Due to its simplicity and flexibility, the summary has been widely used
to summarize large data sets for machine learning, such as in feature
selection, dimensionality reduction and outlier detection.

Available Implementations. The FrequentDirections summary has
garnered a lot of interest since it was first described, and several
implementations exist. A Python implementation due to Liberty
and Ghashami is available, https://github.com/edoliberty/
frequent-directions. A Java implementation is available through
the emerging DataSketches vector library, https://github.com/
apache/incubator-datasketches-vector.

6.6 Regression and Subspace Embeddings

The problem of regression can be expressed in terms of matrices
and vectors. Given a “data” matrix A of size n × d, and a corre-
sponding “response” vector b of dimension n, the aim is to find a
vector x of coefficients so as to minimize the quantity ‖Ax − b‖p.
That is, our goal is to find

arg min
x
‖Ax − b‖p

The norm p to minimize is a parameter of the problem. We will
focus on the common case of p = 2, which gives the Ordinary Least
Squares regression problem.

We make use of a useful concept, an (oblivious) subspace em-
bedding. Given an n × d matrix A, the matrix S is a subspace em-
bedding for A if, for all x ∈ Rd,

(1 − ε)‖Ax‖22 ≤ ‖S Ax‖22 ≤ (1 + ε)‖Ax‖22. (6.2)
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In other words, (S A) approximates A in terms of the length of
vectors x under the action of the matrix. We say that the embed-
ding is oblivious if S is sampled at random from a distribution of
matrices, independent of A. That is, we do not have to look at A to
be (almost) certain that a sampled S gives a subspace embedding
for A.

Observe that this definition appears quite similar to that for the
Johnson-Lindenstrauss transform Sparse JLT (Section 5.5), except
that transform does not specify a matrix A. It should therefore not
be surprising that any Johnson-Lindenstrauss transform provides
an oblivious subspace embedding, after some adjustment of pa-
rameters. The Count Sketch gives a weaker result than the Sparse
JLT, but it can also be used for a subspace embedding via a dif-
ferent argument. The necessary size of the summary is somewhat
larger, but we gain in terms of time cost: the Count Sketch is much
faster to apply than even the Sparse JLT, due to its increased spar-
sity.

Given a subspace embedding, we can apply it immediately to
approximately solve a regression problem. We apply the definition
of the subspace embedding (equation 6.2) to the n × (d + 1) matrix
A′ formed by concatenating A with b. This means for any vector y
in the d + 1-dimensional subspace spanned by A′, we have ‖S y‖22 ∈
(1± ε)‖y‖22. In particular, we can consider only those y for which the
final component is fixed to the value of −1. Rewriting, the problem
of least squares regression is to find

arg min
x
‖Ax − b‖22 = arg min

y:yd+1=−1
‖A′y‖22

By the above, we replace A′y with (S A′)y and solve the (smaller)
regression instance

arg min
y:yd+1=−1

‖(S A′)y‖22

using whatever method we prefer. For example, we could use the
closed form x = (AT S T S T A)−1AT S T b, or apply gradient descent.

We can observe that this approach is quite general. For instance,
the problem of constrained regression additionally imposes con-
straints on the solution. That is, x ∈ C for some (usually convex) set
C. Then the same approach works, since additionally constraining
x does not affect the accuracy of S . Hence we just need to be able
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to solve the (smaller) constrained regression instance given by (S A)
and (S b) in place of A and b. For example, the popular LASSO re-
gression model imposes the (L1 regularization) condition ‖x‖1 ≤ τ,
for some parameter τ. This can immediately be applied in this re-
duced dimensionality instance.

History and Background. The notion of using dimensionality re-
duction to speed up regression, and the demonstration of the sub-
space embedding property is due to Sarlós [205]. Clarkson and
Woodruff showed that Count Sketch could give similar results in
time proportional to the input sparsity [55]. Nelson and Nguyen,
and Woodruff and Zhang variously give improved bounds for obliv-
ious subspace embeddings and their applications [194, 237]. A more
detailed discussion, including omitted technical proofs, is given by
Woodruff [235].
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Graph Summaries

Graphs are a ubiquitous model for complex networks, with applica-
tions spanning biology, social network analysis, route planning, and
operations research. As the data represented in these applications in-
creases in size, so do the corresponding graphs. This chapter describes
summaries that apply to graphs. A graph G is defined by its vertex set
V and its edge set E. We assume that V is known, while the edges E can
vary. For simplicity, we consider only simple graphs, that is, graphs
which are undirected, do not have edge weights, and do not have self-
loops.

The graph summaries that we describe tend to have the property that
their size is at least proportional to |V |, the number of vertices. Although
this quantity can still be offputtingly large in many applications, it is the
case that there are often hard lower bounds which mean that no sum-
mary can exist with size that is asymptotically smaller than |V |. Lower
bound techniques and some lower bounds for graph problems are dis-
cussed in Chapter 10.4.

Summaries differ, depending on what kinds of updates are allowed.
Some problems which are straightforward when edges are only added
to the graph (such as keeping track of the connected components of the
graph) become more complex when edges can be added and removed.

7.1 Graph Sketches

Brief Summary. The Graph Sketch summary allows the connected com-
ponents of a graph to be found. It makes clever use of the `0-sampler
summary (Section 3.9) applied to inputs derived from graphs. The al-
gorithm stores a number of `0-sampler summaries for each node. If the

202
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graph consists of only edge arrivals, then the problem is much easier:
we can keep track of which nodes are in which components, and up-
date this assignment as more information arrives. However, when there
can be edge departures as well as arrivals, this simple approach breaks
down, and a more involved solution is needed.

The idea behind the Graph Sketch summary is to allow a basic algo-
rithm for connectivity to be simulated. The basic algorithm is to start
with each node in a component of its own, then repeatedly find edges
from the (current) edge set that connect two different components, and
merge these components. If this is performed for all edges in parallel,
then a small number of iterations is needed before the components have
been found. The insight behind the Graph Sketch is to define an encod-
ing of the graph structure to allow the summary to be built and for this
algorithm outline to be applied.

Algorithm 7.1: Graph Sketch: INITIALIZE (r)

1 for j← 1 to r do
2 for i← 1 to n do
3 S i, j ←`0-sampler.INITIALIZE (n, 1/n2) ;

Operations on the summary. To INITIALIZE a Graph Sketch, we create
a set of r = log n `0-sampler summaries for each of the n nodes.

Algorithm 7.2: Graph Sketch: UPDATE ((u, v))

1 a← min(u, v);
2 b← max(u, v);
3 for j← 1 to r do
4 S a, j.UPDATE (a ∗ n + b,+1) ;
5 S b, j.UPDATE (a ∗ n + b,−1) ;

To UPDATE the Graph Sketch with a new edge (u, v), we first encode
it as an update to the `0-sampler summaries for node u and node v.
We can assume that u and v are both represented as integers, and we
assume that u < v (if not, interchange the roles of u and v). We also
assume that we can treat the edge (u, v) as an item that can be processed
by the `0-sampler summaries (for concreteness, we can think of (u, v) as
being encoded by the integer min(u, v) ∗ n + max(u, v)).

We UPDATE the `0-sampler summaries associated with node u with
the item (u, v) and a weight update of +1. We also UPDATE the `0-sampler
summaries associated with node v with the item (u, v) and a weight up-
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date of −1. Note that it is also straightforward to process edge deletions
by swapping the +1 and −1 weights in the UPDATE procedure.

Algorithm 7.3: Graph Sketch: QUERY ()

1 C ← ∅;
2 for i← 1 to n do
3 Ci = {i} ;
4 C ← C ∪ {Ci};
5 Ti = i ;

6 for j← 1 to r do
7 forall C ∈ C do
8 S ← `0-sampler.INITIALIZE (n, 1/n2) ;
9 forall i ∈ C do

10 MERGE (S , S i, j) ;

11 (u, v) = S .QUERY () ;
12 forall w ∈ CTv do
13 Tw ← Tu ;

/* Update the component information */

14 CTu ← CTu ∪CTv ;
15 C ← C \ {CTv } ;

16 return C;

The QUERY procedure is rather involved. We begin by placing each
node in a component of its own, with a unique label. We then repeat
the following procedure for r rounds. In round j, create a sketch for
each component by performing MERGE of the jth sketch of each of
the nodes in the component. We then query this sketch to sample an
edge. The crux of the process is that, because of the update procedure,
the edge sampled is guaranteed to be outgoing from the component (if
there are any such edges). This edge is used to combine the component
with another. At the end of the rounds, the current set of components
is returned as the set of connected components in the graph.

The pseudocode in Algorithm 7.3 introduces some extra notation to
describe this procedure. Lines 3 to 5 initialize this by creating n initial
components, C1 . . .Cn, and stores the set of components as C. For conve-
nience of reference, it also instantiates a map from nodes to component
identifiers, so that Tu means that node u is part of component CTu .

The main loop in the pseudocode is over component C in round j.
The sketch S is built as the merger of all the sketches of nodes i in
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component C (line 10), from which an outgoing edge is found (line 11).
Based on this edge (u, v), we assign all the nodes in the component of
v to be in the component of u (line 13). We then combine the compo-
nents of u and v (line 14), and remove the component of v from the set
of components C.

Example. For an example, we show a small graph, and study the way
that its edges are encoded before being placed into the sketch. Consider
the graph below:

a

b

c

d e

The initial encoding of the edges can be described in the following
table:

(a,b) (a,c) (a,d) (a,e) (b,c) (b,d) (b,e) (c,d) (c,e) (d,e)

a +1 +1
b -1 +1 +1
c -1 -1 +1
d -1 -1 +1
e -1

Each node is associated with one row of the table that encodes its
neighbors. Here, we index the rows by the identity of the edges (in the
pseudocode description, we convert these to use a canonical integer
representation). Node b is linked to three neighbors, a, c, and d. Since
a comes before b in the (alphabetic) ordering of the node, edge (a, b) is
represented by a −1 in the table, while edges (b, c) and (b, d) are encoded
as +1 in b’s row in the table. Observe that each edge is thus represented
twice, with a +1 for one occurrence and a −1 for the other. Note that
the table itself is not stored explicitly; rather, the summary keeps an
instance of an `0-sampler for each row.

Now suppose that after one iteration of the algorithm, we have cho-
sen to merge nodes a and c into one cluster, and b, d, and e into another.
We now obtain the resulting table for the clusters:
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(a,b) (a,c) (a,d) (a,e) (b,c) (b,d) (b,e) (c,d) (c,e) (d,e)

{a, c} +1 0 -1 +1
{b,d,e} -1 1 0 -1 0
The row {a, c} in the new table is the result of summing the rows a

and c from the first table (in the summary, we have obtain an `0-sampler
of this sum). Here, we write 0 to denote where a +1 and −1 have co-
occurred and annihilated each other. Similarly, the row {b, d, e} is the
sum of the three rows b, d, e from the first table. Observe that the only
edges which remain in this representation are those that cross between
the two components: (a, b), (b, c) and (c, d).

Further Discussion. The correctness of the algorithm depends crit-
ically on the encoding of edges, and the properties of the `0-sampler
structure. Consider a collection of nodes C and their correspond-
ing merged `0-sampler structure. Observe that if an edge (u, v) con-
nects two nodes u ∈ C, v ∈ C then the contribution of this edge
in the sketch is exactly 0: it is represented with +1 in the sketch
of u and −1 in the sketch of v, so when these are merged together,
the net contribution is zero. Therefore, this ‘internal’ edge cannot
be sampled from the merged sketch. Hence, only ‘outgoing’ edges
(where one node is in C and the other is not in C) can be drawn
from the sketch.

The rest of the analysis then reduces to analyzing the algorithm
that picks one outgoing edge from each component in each round,
and merges the pairs of components. The number of components
must at least halve in every round (excluding any connected com-
ponents which have already been fully discovered), hence the num-
ber of rounds is at most log n since we start with n components
(each containing a single node).

It remains to argue that, over all the accesses to sketches, the
chance of failing to draw a sample from any is very low. From the
above analysis, it follows that over the rounds we make no more
than n + n/2 + n/4 + . . . < 2n calls to the QUERY routine for an `0-
sampler structure. If we set the failure probability of each of these
to be at most 1/n2, then the chance that there is any failure across
all the whole operation of the Graph Sketch structure is still very
small, 2/n, by appealing to the union bound (Fact 1.6).

It is important for the correctness of the algorithm that indepen-
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dent sketches (using different random hash functions) are used in
each round. This ensures that we can correctly analyze the proba-
bility of success. For intuition, observe that if it were possible to use
a single set of `0-sampler structures (one for each node), then we
could use them to extract incident edges on each node, delete these
edges from the summaries, and repeat until we have found all
edges in the graph. That would allow the recovery of O(n2) edges
from n summaries of small size – intuitively this should be impos-
sible! Indeed, this intuition can be formalized, and so we cannot
hope to “recycle” the summaries so aggressively.

History and Background. The idea of graph sketches was introduced
by Ahn, Guha and McGregor in [7]. They used variations of this idea
to also establish k-connectivity of graphs (where the graph remains
connected even up to the removal of k nodes) and bipartiteness (by
expressing bipartiteness in terms of the number of connected compo-
nents in a derived graph). However, since we need to keep multiple
`0-sampler summaries for all n nodes, each of which is typically kilo-
bytes in size [65], the space cost for this summary is quite large.

Similar summary ideas have been used for the problem of dynamic
graph connectivity in poly-logarithmic time [154]. Here, it is required
to maintain an explicit representation of the connected components ca-
pable of answering whether a pair of nodes u and v are in the same
component quickly.

7.2 Spanners

Brief Summary. A k-spanner of a graph G is a subgraph H (both de-
fined over vertices V) so that for any pair of nodes u and v

dG(u, v) ≤ dH(u, v) ≤ kdG(u, v).

That is, every distance in G is stretched by a factor of at most k in its
Spanner. Spanners can be relatively easy to build, but come with some
limitations. The first is that the values of k tend to be moderate con-
stants, say 3 or 5 – whereas, in many cases we would prefer that k be
close to 1 to preserve distances as much as possible. However, it is only
with these larger k values that we can guarantee that the Spanner will
be smaller than the original graph G. The second is that the Spanner
we describe does not have a MERGE operation – they can only be built
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incrementally by a sequence of UPDATE operations. This restricts their
applicability.

Algorithm 7.4: Spanner: INITIALIZE (V, k)

1 H ← (V, ∅);
2 Record the value of k ;

Algorithm 7.5: Spanner: UPDATE ((u, v))

1 if dH(u, v) > k then
2 E ← E ∪ {(u, v)} ;

Operations on the summary. To INITIALIZE a new Spanner based on
stretch parameter k, we create an empty graph on the vertex set V ,
and store k. To UPDATE a Spanner with a new edge (u, v), we consider
whether it is necessary to add the edge. If the distance between u and
v in the current version of the stored graph H is at most the stretch pa-
rameter k, then we do not need to store it. Otherwise, we do need to
retain this edge to keep the promise, and so it is added to H. This is
shown in Algorithm 7.5.

The queries that the spanner supports are distance and reachability
queries. Given a pair of nodes (u, v), we approximate their distance in
the input graph G by returning their distance in the Spanner graph H,
as dH(u, v).

Example. Consider the following graph, processed by the algorithm
with parameter k = 3.

a b

c

d

e f

Suppose we have processed all edges up to the dashed edge (c, e).
All edges up to this point are retained in the summary, as none can
be dropped without disconnecting the graph. For edge (c, e), the graph
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distance between nodes c and e is 3 — via c, b, d, e. So the edge (c, e) is
not retained in the summary.

Now any distance in the graph is preserved up to a factor of (at most)
3. The distance between c and f is 2 in the original graph, but is 4 in the
spanner, since the direct edge (c, e) is replaced by the path c, b, d, e.

Further Discussion. There are two steps to arguing that H pro-
vides a spanner of bounded size. First, we argue that the distances
in H only stretch by a factor of k. Consider some path in G, which is
a sequence of edges. In the worst case, none of these edges are re-
tained in H. But if this is the case, then we know that for each edge
that was discarded, there is a path in H of k edges. So the path in G
is replaced by one at most k times longer.

The second part is to argue that the size of H does not grow too
large. For this, we rely on some facts from the area of “extremal
graph theory”, regarding the graphs which lack some particular
subgraph [33]. By construction, graph H has no cycles of size k + 1
(or smaller) — since the last edge to arrive in the cycle would be
dropped by the summary construction algorithm. Such graphs can
have at most O(n1+ 2

k+1 ) edges. For moderate values of k, say k = 3,
we get guarantees that the size of H is certain to be much smaller
than the theoretical maximum of n2 possible edges in G.

Implementation Issues. A key implementation requirement is to be
able to find dH(u, v) online as new edges are added to the Spanner. Ef-
ficient algorithms and data structures for this problem are beyond the
scope of this volume, but this consideration has played into other algo-
rithms for Spanner construction.

History and Background. The simple algorithm for Spanner construc-
tion described above is due to Feigenbaum et al. [102]. There has been
much subsequent work on the problem of maintaining Spanners as
edges are added. In particular, Elkin shows how to improve the time
to process each edge with a randomized algorithm [97].
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7.3 Properties of Degree Distributions via Frequency
Moments

The degree distribution of a graph describes the number of nodes that
have a particular degree. For many large graphs of interest (represent-
ing social networks, patterns of communication etc.), the degree distri-
bution can be approximately described by a small number of param-
eters. For example, in many cases, the distribution is heavily skewed:
a small number of nodes have high degree, while the majority have
very low degree (the long tail). Such behavior is often modeled by a
power-law distribution: the fraction of nodes with degree d is taken to
be proportional to d−z, for a parameter z typically in the range 0.5 to 2.

Since the degree distribution can be captured as a vector, indexed by
node identifiers, it is natural to apply many of the summaries seen pre-
viously to describe its properties. For example, we might naturally find
the identifiers of the nodes with highest degree using summaries like
SpaceSaving or Count-Min Sketch (Chapter 3). Improved results are
possible by mixing different sampling approaches: a KMV sample of
the nodes to describe the behavior of the “head” of the frequency dis-
tribution, and a uniform RandomSample of the nodes to describe the
behavior of the “tail” [212]. Tracking the sum of squares of degrees, i.e.,
F2 via AMS Sketch, may allow the estimation of parameters of models
such as a power-law distribution.

These analyses assume that the graph is presented so that each edge
is observed only once. In some settings, we may see each edge multiple
times (e.g., seeing multiple emails between a pair of communicating
parties), but only wish to count it once. We can track the total number of
distinct edges seen via HLL. For more complex queries, we can combine
various of our summaries. For example, we can estimate the underlying
degree of each node u, given by the number of distinct neighbors v of u
seen among the edges. This can be done by nesting a distinct counting
summary (e.g., HLL) within a frequent items structure (e.g., Count-Min
Sketch). This approach is discussed at more length in Section 9.4.3.

7.4 Triangle Counting via Frequency Moments

Many analyses of graph-structured data rely on the notion of the trian-
gle: a complete subgraph on three nodes. Detecting and counting such
local structure can be hard when the graph to be analyzed is large, and
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possibly broken into multiple distributed pieces. Nevertheless, there
has been a large amount of effort directed at problems to do with tri-
angles: sampling a representative triangle, approximately counting the
number of triangles, and so on.

Here we describe one method for estimating the number of triangles
in a graph based on summaries described earlier. Given a graph G =

(V, E), each triangle is defined by a triple (u, v,w) ∈ V3 such that (u, v) ∈
E, (v,w) ∈ E, and (u,w) ∈ E. We proceed by converting each edge into
a list of the possible triangles that it can be a member of: from edge
(u, v), we generate (u, v,w) for all w ∈ V . We then consider a vector x
that encodes the total number of occurrences of each possible triangle:
x(u,v,w) counts the number of times that possible triangle (u, v,w) is listed.

If each edge is seen exactly once in the description of G, then the
number of triangles in G is the number of entries that are 3 in the vector
x. A value of 3 can arise at index (u, v,w) only if all three edges (u, v),
(v,w) and (u,w) are seen in the input. Tracking x exactly will require a
lot of storage (O(n3) space to describe all possible triangles), and so we
will use summaries. We have summaries that can approximate F2(x),
i.e.,

∑
i x2

i , such as the AMS Sketch. We can also approximate F0(x), i.e.,∑
i:xi,0 1, such as the HLL. Lastly, we can compute F1(x) directly, as the

sum of all entries in x.
Since the possible values in x are restricted to {0, 1, 2, 3}, we can use

an algebraic trick to count only the entries that are 3. Observe that the
polynomial p(y) = 1 − 1.5y + 0.5y2 behaves as follows

p(1) = 0 p(2) = 0 p(3) = 1

Now observe that P(x) = F0(x) − 1.5F1(x) + 0.5F2(x) is equivalent to
counting 0 for each zero entry of x, and applying polynomial p to each
non-zero entry of x. Consequently P(x) counts the number of triangles
in G exactly.

By using summaries, we are able to approximate P(x). We obtain
an error of ε(F0(x) + F2(x)) in our estimate — note that we can main-
tain F1(x) exactly with a counter. There’s no immediate guarantee that
the error term ε(F0(x) + F2(x)) is related to the number of triangles T ,
and indeed, one can create graphs which have no triangles, but for
which F0(x) and F2(x) are quite large. However, we can easily show that
F0(x) ≤ F1(x) and F2(x) ≤ 3F1(x), and that F1(x) < mn, where m = |E| and
n = |V |. Consequently, we obtain an error guarantee of at most 4εmn.

A limitation of this approach is that the step of generating all possi-
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ble triangles for edge (u, v) to feed into summaries would require O(n)
UPDATE operations if done explicitly. To make this efficient, we must
adopt summaries for F0 and F2 that are efficient to update when pre-
sented with an implicit list of updates. That is, edge (u, v) implies a list
of edges (u, v,w) for all w ∈ V . Such summaries are called list-efficient.

History and Background. This approach to triangle counting is due
to Bar-Yossef, Kumar and Sivakumar [20]. This work introduced list-
efficient summaries for F0. They adapt prior work of Gilbert et al. on
estimating F2 to be list-efficient for the lists of triangles that are gener-
ated [116]. Subsequent work has aimed to provide more efficient list-
efficient summaries [201, 223]. Other approaches to counting triangles
are based on sampling and counting, and so tend to imply summaries
that can perform UPDATE but not MERGE operations (i.e., they process
streams of edges). Some examples include the work of Jowhari and Gh-
odsi [149], Buriol et al. [44], Pavan et al. [200], and most recently McGre-
gor et al. [180].

7.5 All-distances Graph Sketch

The all-distances graph sketch (ADS) keeps information about the
neighborhood of every node v in a graph G. It allows us to ap-
proximate functions based on the number of nodes at different dis-
tances from v. For example, a basic question would be “how many
nodes are within distance d from node v?”. More generally, it can
also answer questions such as “how many red nodes are within
distance d from node v” (if each node has a different color), or
“compute the sum of the reciprocals of the distances of all nodes
from v”. Formally, we can compute arbitrary functions of the form∑

u f (u, d(u, v)). The sum is over all nodes u in the same connected
component as v, and allows the function f to specify a value based
on the information of node u (e.g., color) and the graph distance
between u and v, given as d(u, v).

The summary can be instantiated based on a number of differ-
ent summaries for counting distinct items, such as KMV and HLL.
For concreteness, we describe a version that builds on KMV (Sec-
tion 2.5). Recall that the KMV structure keeps a summary of a set
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by applying a hash function h to each member of the set, and re-
taining only the k elements which achieve the k lowest hash val-
ues. The ADS extends KMV by keeping additional information on
graph distances as well. Assume for now that we have convenient
access to d(u, v) for all nodes u and v in the graph. For simplicity,
let us assume that all distances are distinct (this can be achieved by
breaking ties based on node ids, for example). Now we keep node
u in the ADS structure for v if its hash value (under hash function
h) is among the k smallest for all nodes w whose distance from v is
at most d(u, v).

Algorithm 7.6: ADS:INITIALIZE (v,k)

1 Pick hash function h, and store k;
2 Initialize list Lv = ∅;

The INITIALIZE operation for a node v (Algorithm 7.6) is almost
identical to that for KMV: it picks a hash function h mapping onto
a range 1 . . .R, and creates an empty list that will hold information
on nodes.

Algorithm 7.7: ADS: UPDATE (u, d(u, v))

1 if u < Lu then
2 Lv ← Lv ∪ {(u, d(u, v), h(u))};
3 if |{w ∈ Lv|d(w, v) ≤ d(u, v)}| > k then
4 x← arg maxw∈Lv,d(w,v)≤d(u,v) h(w) ;
5 Remove x from Lv ;

The UPDATE operation to add information about a node u to the
summary for node v (Algorithm 7.7) automatically inserts the new
node into the data structure for v. It then checks if the condition
on the number of nodes at distance at most d(u, v) is violated, and
if so, deletes the node within that distance with the maximal hash
value.

The consequence of this definition is to draw a sample (via the
randomly chosen hash function h) where the inclusion probability
for a node depends on its distance from v. The k closest nodes to
v are certain to be included. Nodes very far from v have a lower
chance to be included, essentially a k/n chance, when there are n
nodes in the (connected) graph G. For the node which has the ith
furthest distance from v, the chance that it is kept in the ADS is
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min(1, k/i). Then, we can quickly see that the expected size of the
ADS is k +

∑n
i=k+1 k/i ≤ k ln n. That is, a moderate factor than the

O(k) size of a regular KMV summary.
To appreciate the power of the ADS, we first consider the query

to estimate the number of nodes whose distance is at most d from v.
In the ADS data structure, we extract all stored nodes that meet this
distance restriction. Note that, provided that in the full graph G
there are at least k such nodes, then we will recover at least k nodes
from the summary. This follows by definition of which nodes are
held in the summary. Furthermore, we can consider what would
have happened if we had built a KMV summary applied to only
those nodes which meet the distance restriction, using the same
hash function h. Then we would have retained at least k of the
nodes extracted from the ADS. That is, we have all the informa-
tion necessary in the ADS in order to extract a KMV summary of
this subset of the input. Consequently, we can apply the QUERY

procedure for KMV, which is based on the hash values of the re-
tained elements to estimate the cardinality of the set from which
they were drawn. This provides a (1± ε) guarantee for the number
of nodes within distance d, provided that k = O(1/ε2). In the case
when there are fewer than k nodes at distance d from v, then the
ADS is required to keep all of them, and so we obtain the exact
result.

Algorithm 7.8: ADS: QUERY (v, P,d)

1 Q← {u|u ∈ Lv, d(u, v) ≤ d};
2 if |Q| ≤ k then
3 r = k
4 else
5 vk ← maxw∈Q h(w) ;
6 r ← (k − 1) ∗ R/vk;

7 return r ∗ |{u|u ∈ Lv, d(u, v) ≤ d, P(u) = true}|/|Q|

This approach forms the basis of answering more general queries.
For queries such as “how many red nodes are within distance d of
v”, we again extract all nodes in the ADS summary that are within
distance d. We use this to estimate the total number of nodes at
distance d. We then inspect the nodes extracted, and compute the
fraction that meet the predicate (colored red), and give our esti-
mate of the number as this fraction times the total number within
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distance d. The error in this estimate is proportional to ε |Nd |, where
Nd is the number of nodes within distance d. This follows by anal-
ogy with applying predicates to the KMV summary, discussed in
Section 2.5. This show in Algorithm 7.8, to apply predicate P and
distance bound d to the summary of node v, and estimate the num-
ber of nodes meeting this predicate within distance d from v.

For more general functions F(v) =
∑

u f (u, d(u, v)), we can pro-
ceed by (notionally) iterating over every node u in the graph. For
any given node, we can use the ADS to estimate its contribution to
the approximation of F(v). This is given by f (u, d(u, v)), scaled by
the estimate for the number of nodes within this distance. Observe
that for nodes w not stored in the ADS summary, we have a contri-
bution of 0 to the estimate. Therefore, it suffices to just iterate over
every node that is stored in ADS, and compute its contribution to
the estimate.

It remains to discuss how to build an ADS summary for nodes in
a graph without exhaustively computing the all-pairs shortest path
distances. Assume that we want to compute the ADS summary for
all nodes in G. We start by instantiating an empty summary for
each node. We fill each summary by creating a “self-referential”
entry for node v at distance 0 from itself. Then each node v can
follow a ‘gossip’ style algorithm: every time it hears about a new
node distance pair (u, d), it can test whether it should be included
in its current ADS (possibly evicting some pair that now no longer
meets the criterion for inclusion). If (u, d) is added to v’s ADS, then
v can inform all its neighbors w about the new node, at distance
d + d(v,w). Note that a node v might hear about the same node u
through different paths. If so, v can ensure that it only retains infor-
mation about u with its shortest distance. It is possible to see that
this process will converge to the correct result, after a number of
“rounds” proportional to the diameter of the graph. It’s less imme-
diate how to bound the cost of this procedure, but we can observe
that we do not expect many nodes to propagate very far through
the graph, due to the definition of the ADS summary. The total
number of operations to insert nodes into ADS structures across
the whole graph can ultimately be bounded by the product of the
size of each structure times the number of edges, m, as O(km log n).
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Example. We give a small example of the QUERY procedure for
ADS with k = 3. Consider the following set of nodes, where for
each node we list its distance from the node v, and its hash value
(an integer in the range 1 to 20).

Node id Distance from v Hash value

a 1 19
b 2 5
c 3 12
d 4 8
e 5 15
f 6 3
g 7 9
h 8 2

Then for k = 3 we would retain the set of nodes {a, b, c, d, f , h}.
We retain d since it has a lower hash value than a which has closer
distance. We omit e since there are already 3 nodes with lower hash
values at closer distance. Likewise, g is dropped since b, d and f
have lower hash values and smaller distances.

To estimate the number of nodes with distance 4 or less, we can
extract the k nodes in the ADS summary that form a KMV sum-
mary: that is, b, c, and d (a would be dropped from the KMV sum-
mary). Our estimate is given by (k − 1) ∗ R/vk where R = 20 is the
range of the hash function and vk = 12 is the kth highest hash value
(see Algorithm 7.8 and discussion for the KMV QUERY operation in
Section 2.5). This gives the estimate of 3.33 elements, which is tol-
erably close to the true result of 4. Note that we could have made
more use of the information available, since we also have knowl-
edge of a and its hash value. This is discussed by Cohen [57], who
defines an improved estimator based on the “inverse probability”
of each node to be included in the summary.

History and Background. The central ideas for the ADS are due
to Cohen [56], who introduced the summary to estimate the num-
ber of nodes reachable from a node, and the size of the transitive
closure in directed graphs. Our presentation follows a later gener-
alization by Cohen [57] that goes on to consider different construc-
tions of the ADS and tight bounds on their estimation accuracy
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based in the notion of “Historic Inverse Probability (HIP)” estima-
tors.
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Summaries over Distributed Data

Big data is often distributed. This can be due to space concerns—a sin-
gle machine just cannot hold all the data, or efficiency concerns. Even
if the entire data set can be stored on one machine, it is often more effi-
cient to split it up into many pieces, and process them in parallel. The
UPDATE and MERGE algorithms that have been provided in the pre-
vious chapters serve this purpose well: For each piece, we repeatedly
UPDATE the summary with each individual data record, and then send
the resulting summary to a central entity, who can then perform MERGE

operations on all the summaries received.
In a distributed setting, communication is usually considered as the

most important measure of cost. The approach above incurs a commu-
nication cost of k × s, where s is the individual summary size and k is
the number of pieces. However, sometimes one can improve upon this
standard approach, reducing the communication cost significantly. In
this chapter, we will see a few important examples where this is the
case. For some other cases, like distinct count (Section 2.5 and 2.6) and
F2 estimation (Section 3.6), it is known that the approach of sharing
summaries is already optimal [236].

To make the presentation more precise, we adopt the following sim-
ple communication model, also called the flat model or the star network
in the literature. We assume that the whole data set is partitioned into
k pieces, each held by a node. There is a dedicated central node, or the
coordinator, who has a two-way communication channel with each of
the k nodes. These k nodes do not communicate to each other directly,
but they can pass messages via the coordinator if needed. Note that
algorithms designed in the flat model can usually be applied to more
general network topologies, with a communication cost that is h times
that in the flat model, where h is the diameter of the network. In some

218
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cases, more efficient algorithms are known for general network topolo-
gies than directly applying the flat model algorithms, and proper refer-
ences are provided in the History and Background section.

8.1 Random Sampling over a Distributed Set

Brief Summary. Recall from Section 2.2 that the goal of random sam-
pling is to draw a random sample of size s without replacement from a
set of n items. In the distributed setting, the whole set A is partitioned
into k subsets A1, . . . , Ak, each of size n1, . . . , nk, respectively. If we draw
a random sample of size s from each subset, and then MERGE them to-
gether using the algorithm in Section 2.2, the total communication cost
will be O(ks). Here, we describe an algorithm with communication cost
O(k + s).

Operations on the summary. The k nodes first send the sizes of their
subsets, i.e., n1, . . . , nk, to the coordinator. Then the idea is for the coor-
dinator to simulate the sampling process using only these counts, and
then retrieve the actual sampled items from the nodes. Specifically, the
coordinator first decides the number of sampled items from each node
using the following procedure. Let n = n1 + · · · + nk. For the first sam-
pled item, with probability ni/n, it should come from Ai. So with the
right probabilities, it selects an i from which the sample should come
from. Then it decrement ni by one, and repeat the process. After s steps,
the coordinator knows si, the number of sampled items it should re-
trieve from Ai for i = 1, . . . , k. Then it sends si to the i-th node, who then
returns a random sample of size si from Ai. Finally, the random sample
of the entire set is simply the union of the random samples returned
from the k nodes. The pseudocode is given in Algorithm 8.1.

Further Discussion. The communication cost of this algorithm is
clearly O(k + s). The O(k) part is due to the cost of communicating
the subset sizes n1, . . . , nk. If these are already known, e.g., when the
algorithm is repeatedly executed to draw random samples multi-
ple times, then the cost is only O(s). The correctness of the algo-
rithm can be easily established using the principle of deferred de-
cisions.
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Algorithm 8.1: Random sampling over distributed data

1 foreach i do
2 Node i sends ni to Coordinator;

3 n← n1 + · · · nk;
4 si ← 0, i = 1, . . . , k;
5 for j← 1 to s do
6 Pick r uniformly from {1, . . . , n};
7 Find i such that

∑i−1
`=1 ni < r ≤

∑i
`=1 ni;

8 si ← si + 1;
9 ni ← ni − 1;

10 n← n − 1;

11 foreach i do
12 Coordinator sends si to node i;
13 S i ← a random sample of size si from Ai;
14 Node i sends S i to Coordinator;

15 Coordinator returns S = S 1 ∪ · · · ∪ S k;

8.2 Point Queries over Distributed Multisets

Brief Summary. In this section, we consider a multiset that is stored
in a distributed fashion. We assume that the items in the multiset are
drawn from a bounded universe [u] = {1, . . . , u}. The multiset is par-
titioned into k pieces, held by k distributed nodes. We denote the local
count of item i at node j by xi, j, and the global count of item i is yi =

∑
j xi, j.

Let n = ‖y‖1 =
∑

i yi. A point query for item i returns an approxima-
tion of yi. In Chapter 3, we have seen a number of summaries of size
O(1/ε) or O(1/ε log(1/δ)) that can answer point queries with additive
error εn. Here, δ is the probability that any yi is estimated with an error
greater than εn. Constructing such a summary for each piece and then
merging them together will lead to a communication cost of O(k/ε) or
O(k/ε log(1/δ)). Here we present an improved algorithm with commu-
nication cost O(

√
k/ε log(1/δ)) bits.

Operations on the summary. The algorithms described in this section
all return an unbiased estimator of yi for any given i, with variance
O((εn)2). By the Chebyshev inequality, this gives us an estimate with
additive εn error with a constant probability. If a higher success prob-
ability 1 − δ is desired, one can use the standard technique of running
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O(log(1/δ)) independent instances of the algorithm, and returning the
median estimate. We now describe a sequence of three increasingly
complicated sampling algorithms for the distributed point estimation
problem.

Uniform coin-flip sampling. A very simple algorithm is for each node to
sample each of its items with probability p = 1/(ε2n). If an item i has
local count xi, j at node j, it is treated as xi, j copies of i and each copy is
sampled by node j independently. All the sampled items are sent to the
coordinator. Then for a queried item i, we use the estimator Yi = Xi/p,
where Xi is the number of copies of item i received by the coordina-
tor. It follows that E[Yi] = yi and Var[Yi] = O((εn)2) (details presented
below). The expected communication cost of this simple algorithm is
pn = O(1/ε2). This method works well if k > 1/ε2. Otherwise, the fol-
lowing algorithm works better.

Importance sampling. The idea is still to use random sampling, but bias
the sampling probability so as to favor heavy items, i.e., those with
large local counts. The basic version of the algorithm is very simple.
Let g(x) = min{x

√
k/εn, 1} be the sampling function. We assume that the

common parameters n, k, ε are known to all nodes; otherwise we can
spend an extra O(k) communication cost to broadcast them. If an item i
has local count xi, j at node j, then the node with probability g(xi, j) sam-
ples this item and sends the item together with its local count xi, j to the
coordinator. Set Yi, j = xi, j if the coordinator receives the item-count pair
(i, xi, j) from node j, and Yi, j = 0 otherwise. Then for any given i, the
coordinator can estimate yi as (define 0

0 = 0)

Yi =
Yi,1

g(Yi,1)
+ · · · +

Yi,k

g(Yi,k)
. (8.1)

The full analysis shows that E[Yi] = yi and Var[Yi] = O((εn)2), and this
algorithm transmits a total of O(

√
k/ε) item-count pairs.

An advanced version of the importance sampling algorithm. One can be more
careful with the exact number of bits communicated. Let u be the size of
the universe where the items are drawn from. For example, if the items
are IPv6 addresses, then u = 2128. Note that an item thus needs O(log u)
bits to represent, and a count needs O(log n) bits, so the basic version of
the algorithm communicates O(

√
k/ε(log u + log n)) bits in total. A more

advanced version of the algorithm can reduce this cost to just O(
√

k/ε)
bits. The idea is to encode the sampled items into a BloomFilter. Recall
from Section 2.7 that a BloomFilter is a space-efficient encoding scheme
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that compactly stores a set of items S . We recall its properties that are
needed for our purpose here. Given any item, the BloomFilter can tell
us whether this item is in S or not. It does not have false negatives,
but may have a false positive probability q for any queried item. More
precisely, if the queried item is in S , the answer is always “yes”; if it is
not in S , then with probability q it returns “yes” and with probability
1−q returns “no”. The false positive probability q can be made arbitrar-
ily small by using O(log(1/q)) bits per item, and the value of q can be
computed as (2.6). Thus the BloomFilter uses O(n log(1/q)) bits to store
a total of n items, regardless of the size of the universe.

We now describe the advanced version of the algorithm. First write
each xi, j in a canonical form as

xi, j = ai, j
εn
√

k
+ bi, j, (8.2)

where ai, j and bi, j are both non-negative integers such that ai, j ≤
√

k
ε

and
bi, j <

εn
√

k
. We assume εn

√
k

is an integer. Note that given these constraints,
there is a unique way of expressing xi, j in the form above. Then we have

yi =
εn
√

k

k∑
j=1

ai, j +

k∑
j=1

bi, j. (8.3)

Given a point query i, we will estimate the two terms of (8.3) separately.

The second term is easier to deal with. As in the basic version of the
algorithm, the nodes sample each bi, j with probability g(bi, j), and then
estimate the second term of (8.3) similarly as before

Bi =
Bi,1

g(Bi,1)
+ · · · +

Bi,k

g(Bi,k)
,

where Bi, j = bi, j if bi, j is sampled by node j, and 0 otherwise. The ob-
servation is that, since g(x) is a linear function when x ≤ εn/

√
k, Bi, j

g(Bi, j)
is

either 0 or εn/
√

k. Thus, the nodes do not need to send out the values of
bi, j’s at all, they only need to inform the coordinator which items have
had their bi, j’s sampled. So all these items can be encoded in a Bloom
filter. But as the Bloom filter has a false positive rate q, this has to be
accounted for. More precisely, for a point query i, suppose among the
k Bloom filters that the coordinator has received, Zi of them says “yes”,
then we use the estimator

Bi =
εn
√

k
·

(
Zi − kq
1 − q

)
. (8.4)
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Algorithm 8.2: Point queries over distributed multiset: Node j

1 Initialize empty Bloom filter F j with any constant false positive
rate q;

2 for r ← 0 to log(
√

k/ε) do
3 Initialize empty Bloom filter F j[r] with false positive rate

qr ≤ 1/23r+1;

4 foreach i do
5 Let xi, j = ai, j

εn
√

k
+ bi, j, where ai, j and bi, j are non-negative

integers and ai, j ≤
√

k
ε
, bi, j <

εn
√

k
;

6 for r ← 0 to log(
√

k/ε) do
7 if ai, j[r] = 1 then insert i into F j[r];

8 With probability g(bi, j), insert i into F j;

9 Send F j, F j[0], F j[1], . . . , F j[log(
√

k/ε)] to Coordinator;

It can be shown that (8.4) is an unbiased estimator for the second term
of (8.3) with variance O((εn)2), for any constant q.

For the first term of (8.3), the idea is to consider each ai, j in its bi-
nary form and dealing with each bit individually. Let ai, j[r] be the r-th
rightmost bit of ai, j (counting from 0). For each r, node j encodes all the
items i where ai, j[r] = 1 in a Bloom filter with false positive probability
qr ≤ 1/23r+1. For any item i, suppose Zi,r is the number of Bloom filters
that assert ai, j[r] = 1. Then we use the following estimator for the first
term of (8.3):

Ai =
εn
√

k

log(
√

k/ε)∑
r=0

2r Zi,r − kqr

1 − qr
. (8.5)

This is an unbiased estimator of the first term of (8.3) with variance
O((εn)2) (details in the further details section below).

The pseudocode for the nodes and the coordinator is given in Algo-
rithm 8.2 and 8.3.

All the Bloom filters received by the coordinator constitute the sum-
mary for the entire multiset, on which any point query can be posed.
The total size needed for all the BloomFilter instances can be shown to
be O(

√
k/ε) bits.
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Algorithm 8.3: Point queries over distributed multiset: Coordi-
nator with query i

1 Zi ← the number of F j’s that assert containing i;
2 for r ← 0 to log(

√
k/ε) do

3 Zi,r ← the number of F j[r]’s that assert containing i;

4 return
εn
√

k
·

Zi − kq
1 − q

+
εn
√

k

log(
√

k/ε)∑
r=0

2r Zi,r − kqr

1 − qr
;

Further Discussion. The uniform sampling algorithm. The analysis
of the uniform sampling algorithm is quite standard. Consider any
given i, which has yi copies in the entire multiset. For ` = 1, . . . , yi,
let Xi,` = 1 if the `-th copy is sampled, and 0 otherwise. We have
E[Xi,`] = p, and Var[Xi,`] = p(1 − p). Setting p = 1/ε2n, the estimator
has expectation

E[Yi] = E[Xi/p] = 1/p · E

 yi∑
`=1

Xi,`

 = 1/p · pyi = yi,

and variance

Var[Yi] = Var[Xi/p] = 1/p2·Var

 yi∑
i=1

Xi,`

 = 1/p2·yi p(1−p) ≤ yi/p ≤ (εn)2.

The basic version of the importance algorithm. We now analyze the
basic version of the biased sampling algorithm. Recall that the al-
gorithm samples each local count xi, j with probability g(xi, j) where
g(x) = min{x

√
k/εn, 1}. The estimator given in (8.1) has expectation

E[Yi] =

k∑
j=1

E[Yi, j]
g(Yi, j)

=

k∑
j=1

g(xi, j)
xi, j

g(xi, j)
=

k∑
j=1

xi, j = yi.

Now we consider the variance of Yi. Since we sample an item
with probability one (i.e., zero variance) when the local count xi, j >

εn/
√

k, it is sufficient to consider the worst case when all xi, j ≤
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εn/
√

k. We have

Var[Yi] =

k∑
j=1

x2
i, j(1 − xi, j

√
k/εn)

xi, j
√

k/εn

=
εn
√

k

k∑
j=1

xi, j −

k∑
j=1

x2
i, j

≤
εn
√

k
yi −

1
k

y2
i (Cauchy-Schwartz inequality)

= −

(
yi
√

k
−
εn
2

)2

+
(εn)2

4
≤

1
4

(εn)2.

For the communication cost, we can easily derive that this algo-
rithm samples and transmits a total of

∑
i, j g(xi, j) ≤

∑
i, j xi, j

√
k/εn =

n ·
√

k/εn =
√

n/ε item-count pairs (in expectation).

The advanced version of the biased sampling algorithm. Recall that in
the advanced version of the algorithm, we decompose the global
count yi into two terms as in (8.3) and estimate each of them sep-
arately. The second term is easier to analyze, as it is similar to the
basic version, except that we need to take into account the false
positive rate q of the Bloom filters.

We define Zi, j to be the indicator random variable set to 1 if the
Bloom Filter from node j asserts that it contains the item i, and 0
otherwise. It is easy to see that Pr[Zi, j = 1] = g(bi, j) + (1 − g(bi, j))q,
and thus E[Zi, j] = g(bi, j) + (1 − g(bi, j))q. Then we have

E[Bi] =
εn
√

k
·

E[Zi] − kq
1 − q

=
εn
√

k
·

∑k
j=1 E[Zi, j] − kq

1 − q

=
εn
√

k
·

(1 − q)
∑k

j=1 g(bi, j) + kq − kq

1 − q

=
εn
√

k

k∑
j=1

g(bi, j) =

k∑
j=1

bi, j.

The variance of the estimator is

Var[Bi] =
(εn)2

k(1 − q)2 Var[Zi]
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=
(εn)2

k(1 − q)2

k∑
j=1

Var[Zi, j]

=
(εn)2

k(1 − q)2

k∑
j=1

((g(bi, j) + (1 − g(bi, j))q)(1 − g(bi, j) − (1 − g(bi, j))q))

=
(εn)2

k(1 − q)2

 k
4
−

 (1 − q)
∑k

j=1 bi, j

εn
−

(1 − 2q)
√

k
2

2
≤

(εn)2

4(1 − q)2 .

Thus, it is sufficient to set a constant q so that Var[Yi] = O((εn)2).
The communication cost for this part is the same as in the basic
version, except that since now each sampled item-count pair only
consumes O(log(1/q)) = O(1) bits, the total cost is O(

√
n/ε) bits.

For the first term, we need to show that E[Ai] =
εn
√

k

n∑
j=1

ai, j, and

bound Var[Ai]. Let Zi,r be the number of Bloom filters that asserts
ai, j[r] = 1. Let ci,r =

∑k
j=1 ai, j[r]. Since there are k − ci,r Bloom filters

which may, with probability qr, assert ai, j[r] = 1 despite ai, j[r] = 0,
it is easy to see that E[Zi,r] = ci,r + (k − ci,r)qr, and Var[Zi,r] = (k −
ci,r)qr(1 − qr) ≤ kqr(1 − qr). Thus we have

E[Ai] =
εn
√

k

log(
√

k/ε)∑
r=0

2r E[Zi,r] − kqr

1 − qr

=
εn
√

k

log(
√

k/ε)∑
r=0

2rci,r =
εn
√

k

k∑
j=1

ai, j,

and

Var[Ai] =
(εn)2

k

log(
√

k/ε)∑
r=0

22r

(1 − qr)2 Var[Zi,r]

≤ (εn)2
log(
√

k/ε)∑
r=0

22r qr

1 − qr
.

So as long as we set qr ≤ 1/23r+1, we can bound Var[Ai] by O((εn)2),
as desired. The cost for each ai, j[r] = 1 is thus O(log(1/qr)) = O(r)
bits. Since each ai, j[r] = 1 represents 2r εn

√
k

copies of an item, the
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amortized cost for every εn
√

k
copies is O(r/2r) = O(1) bits. Therefore,

the total communication cost is O(
√

k/ε) bits.

Implementation Issues. For the above analysis to go through, the nodes
need to use independent random sources, including the randomness in
the sampling and the random hash functions in their Bloom filters.

History and Background. The sampling framework and the idea to
combine with Bloom filters were introduced by Zhao et al. [242]. Their
algorithm was later simplified and improved by Huang et al. [135] to
the version presented here. The O(

√
k/ε)-bit communication cost was

later shown to be optimal for k ≤ 1/ε2 [236], while the O(1/ε2)-bit com-
munication cost achieved by the simple random sampling algorithm is
optimal for k > 1/ε2.

8.3 Distributed Ordered Data

Brief Summary. In this section, we revisit the problem considered in
Chapter 4, i.e., rank and quantile queries on a set A of n elements drawn
from an ordered universe, except that here the set A is partitioned into
k pieces, each held by a different node. In this section we assume that
there are no duplicates in the set A. Recall that for an element x, the
rank of x in A (x may or may not be in A) is rank(x) = |{y < x : y ∈ A}|.
An ε-approximate rank query for element x returns an estimated rank
r̃ such that

rank(x) − εn ≤ r̃ ≤ rank(x) + εn,

while an ε-approximate quantile query for a rank r returns an element
x such that

r − εn ≤ rank(x) ≤ r + εn.

Using the summaries described in Chapter 4 and merging them re-
quires a communication cost of at least Ω(k/ε). Below we present an
algorithm with communication cost Õ(

√
k/ε).

Operations on the summary. Let t = bεn/
√

k log(2/δ)/2c, where δ will
be the probability of exceeding the ε-error guarantee. The algorithm
is very simple. Each node first sorts its own set of elements. Then it
chooses an offset b uniformly at random between 0 and t− 1, and sends
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the (at+b)-th element to the coordinator, for a = 0, 1, 2, . . . . Since one out
of every t elements is selected, the total communication cost is O(n/t) =

O(
√

k log(1/δ)/ε).
To answer a rank query for any given element x, the coordinator sim-

ply counts the number of elements received from all the nodes that are
smaller than x, multiplied by t.

To answer a quantile query for a given rank r, the coordinator just
sorts all the elements received, and returns the one at position br/tc.

Further Discussion. We first analyze the error in the rank query
for any given element x. Let rank(x, i) be the local rank of x at node
i, i.e., the number of elements smaller than x stored at node i. It
is clear that the global rank of x is rank(x) =

∑
i rank(x, i). Effec-

tively, the coordinator computes an estimate of rank(x, i), denoted
r̂ank(x, i), for each i and adds them up, whereas r̂ank(x, i) is simply
the number of selected elements at node i that are smaller than x,
multiplied by t. Recall that the algorithm chooses the offset b uni-
formly at random between 0 and t − 1, so we have

r̂ank(x, i) =


⌊

rank(x,i)
t

⌋
· t, w.p. 1 − rank(x,i) mod t

t ;(⌊
rank(x,i)

t

⌋
+ 1

)
· t, w.p. rank(x,i) mod t

t .

One can check that

E[r̂ank(x, i)] =

⌊
rank(x, i)

t

⌋
· t + (rank(x, i) mod t) = rank(x, i).

Therefore, r̂ank(x) =
∑

i r̂ank(x, i) is an unbiased estimator of rank(x).
Since it is a sum of independent random variables, each of which
has a bounded range of t = εn/(

√
(k/2) log(2/δ)), we can invoke the

Chernoff-Hoeffding inequality 1.4 to obtain the following concen-
tration results:

Pr
[∣∣∣∣r̂ank(x) − rank(x)

∣∣∣∣ > εn
]
≤ 2 exp

(
−2(εn)2

kt2

)
= δ,

i.e., the probability that the estimated rank deviates from the true
rank by more than εn is at most δ.

To have a guarantee on quantile queries, we set δ = ε/3 in the al-
gorithm. This ensures that any rank query can be answered within
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error εn with probability at least 1 − ε/3. Then, with at least con-
stant probability, the estimated rank is accurate (within error of εn)
for all the 1/ε − 1 elements that rank at εn, 2εn, . . . , (1 − ε)n, which
is enough to answer all rank queries. When all rank queries can
be answered within εn error, all the quantile queries can also be
answered with the desired error guarantee.

History and Background. The algorithm presented above is a simpli-
fication of the algorithm described in [134] for the 1D case. The general
algorithm works in higher dimensions and computes an ε-approximation
(see Section 5.1) for any range space with bounded discrepancy. How-
ever, in higher dimensions, the algorithm relies on discrepancy mini-
mization [18], which is not known to be practical.

If we directly use this algorithm on a general communication net-
work, the communication cost will be O(h

√
k/ε), where h is the diame-

ter of the network. In [133], a better algorithm with communication cost
O(
√

hk/ε) was presented.
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Other Uses of Summaries

In this chapter, we discuss some other applications and manipulations
for working with summaries. These include nearest neighbor search;
reducing the significance of older updates; ways to combine summaries
with other data transformations; and operations on summaries such as
re-weighting and re-sizing.

9.1 Nearest Neighbor Search

The nearest neighbor search problem, also known as similarity search, is
defined as follows: Given a set P of n points in a metric space with dis-
tance function D, build a data structure that, given any query point
q, returns its nearest neighbor arg minp∈P D(q, p). This problem has a
wide range of applications in data mining, machine learning, computer
vision, and databases. However, this problem is known to suffer the
“curse of dimensionality”, i.e., when the dimensionality of the metric
space is high, there does not seem to be a method better than the naive
solution, which, upon a query, simply scans all the points and computes
D(p, q) for every p ∈ P.

The past few decades have seen tremendous progress on this prob-
lem. It turns out that if some approximation is allowed, then the curse
of dimensionality can be mitigated, and solutions significantly more ef-
ficient than the linear search method exist. Many of them are actually
based on computing a small summary for each point in P, as well as for
the query point q. If the summaries are “distance-preserving”, then the
nearest neighbor of q can be found by searching through the summaries
or performing a few index look-ups, which can be more efficient than
searching over the original points in P.

230
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Most solutions along this direction actually solve the approximate
near neighbor problem, which is parameterized by an approximation
factor c > 1 and a radius r > 0. This problem asks the data struc-
ture to return a p ∈ P such that D(p, q) ≤ cr, provided that there ex-
ists a point p′ with D(p′, q) ≤ r. If no such p′ exists, the data struc-
ture may return nothing. This is in effect a “decision version” of the
nearest neighbor problem. Thus, to find the (c-approximate) nearest
neighbor, one can build multiple copies of the data structure with r =

∆min, c∆min, c2∆min, . . . ,∆max, where ∆min and ∆max are the smallest and
largest possible distances between the query and any point in P, re-
spectively. In practice, this solution is often sufficient, as one does not
have to set ∆min and ∆max to be the true minimum and maximum dis-
tances; instead, the user may use a range that is of his/her interest:
a nearest neighbor with distance too large, even if found, may not be
very interesting; on the other hand, neighbors with distances smaller
than some ∆min may be equally good. Theoretically speaking, this ap-
proach leads to a space complexity that is not bounded by any function
of n. However, more complicated reductions that incur a logO(1) n loss
do exist [129].

In this section, we review two types of solutions for the approximate
near neighbor (ANN) problem based on computing small summaries
over the points. The first achieves logarithmic query time, but with a
high requirement on space; the second one strikes a better balance be-
tween space and time, and is used more often in practice.

9.1.1 ANN via Dimension Reduction

The Johnson-Lindenstrauss Transform as described in Section 5.5 is a
summary over points in Rd that preserves the `2-distance up to a (1+ε)-
factor. Most importantly, by setting δ = 1/n2, we see from Section 5.5
that the size of the summary, i.e., the dimensionality of the transformed
points, is only k = O

(
log n
ε2

)
, which is completely independent of d. Thus,

it offers an efficient way to solve high-dimensional ANN, by searching
over the transformed points in Rk.

More precisely, we perform the Johnson-Lindenstrauss Transform on
every point p ∈ P. Let f (p) ∈ Rk be the transformed point of p. We
build an ANN data structure over f (P) = { f (p) | p ∈ P}, as follows. For
a given radius r, we discretize the space Rk into cubes of side length
εr/
√

k. Note that each cube can be identified by a k-integer tuple. For
every p ∈ P, let S (p) be the set of cubes that intersect the ball B f (p),r. We
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build a dictionary data structure1 mapping each cube to an arbitrary
point p such that the cube is in S (p). If there is no such p, this cube will
not be stored in the dictionary. For a given query q, we just compute
f (q), locate the cube that contains f (q), and use the dictionary structure
to find the cube and report its associated point p. If the cube does not
exist in the dictionary, we return nothing.

Below, we will show that the algorithm solves the ANN problem
with an approximation ratio of c = 1 + 3ε. The space needed by the data
structure is O(dn)+nO(log(1/ε)/ε2) and the query time is O

(
d log n
ε

)
. Note that

by replacing 3ε with ε, the approximation ratio can be scaled to 1 + ε

with no change in the asymptotic bounds on space and query time.

Further Discussion. Now we analyze the approximation guaran-
tee provided by the above algorithm. Let q be the query point. We
know from the Johnson-Lindenstrauss Transform that, with prob-
ability at least 1/2, we have

(1 − ε)D(p, q) ≤ D( f (p), f (q)) ≤ (1 + ε)D(p, q)

for all p ∈ P. The following analysis will all be based on this hap-
pening.

Let p′ be a point in P with D(p′, q) ≤ r. We need to show that
the algorithm returns some p ∈ P with D(p, q) ≤ cr for some c. As
described, the algorithm will try to find in the dictionary the cube
containing q, and returns some p such that this cube is in S (p).
Note that this cube must exist in the dictionary; indeed, because
D(p′, q) ≤ r, this cube must belong to S (p′). But the point associated
with this cube may not be p′, but some other p such that B f (p),r

also intersects this cube. Note that the maximum distance between
any two points inside the cube is

√
k · (εr/

√
k)2 = εr. So if B f (p),r

intersects the cube, by the triangle inequality, we must have

D( f (p), f (q)) ≤ r + εr = (1 + ε)r.

1 A dictionary data structure stores a set S of elements from a discrete
universe, each with some associated data. For any given x, the
structure can return x and its associated data, or report that x does
not exist in S . One concrete solution is a hash table [63], which uses
linear space, and answers a query in O(1) time in expectation.
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Therefore, we have

D(p, q) ≤
1

1 − ε
D( f (p), f (q)) =

1 + ε

1 − ε
r ≤ (1 + 3ε)r,

assuming ε ≤ 1
3 . Thus, this algorithm solves the ANN problem

with an approximation ratio of c = 1 + 3ε.
It remains to analyze the space and query time of this ANN data

structure. The query time is dominated by the Johnson-Lindenstrauss
Transform. Using the Sparse Johnson-Lindenstrauss Transform (Sec-
tion 5.5), this can be done in time O

(
d log n
ε

)
. The subsequent dictio-

nary lookup takes time O(k) = O
(

log n
ε2

)
, which is asymptotically

smaller than O
(

d log n
ε

)
when d > 1

ε
. Note that d ≤ 1

ε
is considered

low-dimensional and there is no need to use this data structure.
The space needed by the data structure consists of two parts: We

first need to store all the raw data points, which take space O(dn).
This is linear to the input size and is unavoidable. We also need
to store the dictionary, which stores all the distinct cubes that ap-
pear in some S (p). The number of such cubes is at most

∑
p∈P |S (p)|.

Recall that S (p) includes all cubes in Rk within a distance of r to
p and each cube has side length εr/

√
k. Using standard estimates

on the volume of `2 balls, one can show that |S (p)| ≤ ( 1
ε
)O(k). Each

cube needs space O(k) to store in the dictionary, so the total space
needed is

n ·
(

1
ε

)O(k)

· k = nO(log(1/ε)/ε2).

History and Background. The approaches described above were intro-
duced in [140, 129]. A similar approach was introduced in [165] in the
context of the Hamming space.

The dimension reduction is needed only when d = Ω(log n). For smaller
values of d, the ANN data structure described by Arya et al. [17] is bet-
ter, which uses O(dn) space and answers a query in O(c(d, ε) log n) time,
where c(d, ε) is a function that exponentially depends on d.

9.1.2 ANN via Locality-Sensitive Hashing

For constant ε, the method described above achieves logarithmic query
time, which is ideal, but at the cost of a high polynomial space, which is
not practical. Next, we describe an alternative approach, which needs a
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smaller space of O(dn + n1+ρ) for some 0 < ρ < 1, although at the cost of
increasing the query time from logarithmic to O(dnρ).

This approach, known as locality-sensitive hashing (LSH), restricts the
summary of a point p to take a single value. But the “distance-preserving”
requirement is also weaker: instead of preserving the distance up to a
constant factor, the summary is only required to distinguish between
large distances and small distances probabilistically. More precisely, the
summary will be a function h, randomly chosen from a familyH , such
that the following holds for any x, y in the metric space:

• if D(x, y) ≤ r, then Pr[h(x) = h(y)] ≥ p1;
• if D(x, y) ≥ cr, then Pr[h(x) = h(y)] ≤ p2.

For this framework to be of use, it is required that p1 > p2. Indeed,
the parameter ρ mentioned above depends on the gap between p1 and
p2, and will be shown to be ρ =

log p1
log p2

. Note that when p1 > p2, we must
have ρ < 1.

When the data points are taken from {0, 1}d and the distance measure
is the Hamming distance, a simple LSH family is bit sampling, which just
picks a random i ∈ {1, . . . , d} and maps the point to its i-th coordinate.
More precisely,H = {hi(x) = xi, i = 1, . . . , d}. When the D(x, y) ≤ r, x and
y have at least d − r equal coordinates, so p1 = 1 − r

d . Similarly, when

D(x, y) > cr, Pr[h(x) = h(y)] ≤ p2 = 1 − cr
d . Thus, ρ =

log(1− r
d )

log(1− cr
d ) .

Another widely used LSH family is the MinHash. Here a data “point”
is a set, and the distance measure is the Jaccard similarity S (x, y) =

|x∩y|
|x∪y| .

Because a “similarity” is high when two points are close, the definition
of the LSH family is then restated as follows:

• if S (x, y) ≥ r, then Pr[h(x) = h(y)] ≥ p1;
• if S (x, y) ≤ r/c, then Pr[h(x) = h(y)] ≤ p2.

Let g be a function that maps each element in the universe to a real
number in [0, 1] independently. Then MinHash sets h(x) to be the ele-
ment that has the smallest g(·) value in the set x. It can be easily verified
that Pr[h(x) = h(y)] = S (x, y), so we have p1 = r, p2 = r/c, and ρ =

log r
log(r/c) .

However, such a truly random function g cannot be practically con-
structed. Instead, an `-wise independent function can be used instead,
and it has been shown that with ` = O(log(1/ε)), the MinHash function
can achieve Pr[h(x) = h(y)] = S (x, y) ± ε [137]. Thus, this is essentially
the same as the KMV summary described in Section 2.5, except that we
set k = 1 and use a hash function with a higher degree of independence
instead of pairwise independence.
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Below, we describe a data structure for the ANN problem, assum-
ing we have an LSH family H for a distance function D(·, ·); the same
approach also works for the case when S (·, ·) is a similarity function
satisfying the revised LSH definition.

The first attempt would be to simply pick an h ∈ H randomly, and
build a dictionary structure mapping each unique hash value to the
list of points with that hash value. Upon a query q, we search the list
of points p with h(p) = h(q), and stop as soon as we find an p such
that D(p, q) ≤ cr. Due to the LSH property, points close to q are more
likely to be found than those far away from q. However, the problem
with this simple algorithm is that the probabilistic guarantee of the LSH
family is quite weak, and we may end up with searching in a long list
without finding any qualified p. Indeed, when using the bit-sampling
LSH family, there are only two distinct hash values (0 and 1), and each
list will have Ω(n) points!

We take two steps to fix the problem, which entail maintaining multi-
ple independent summaries. First, we pick k = log1/p2

n functions h1, . . . , hk ∈

H independently at random, and form a composite hash function g(x) =

(h1(x), . . . , hk(x)). We build the dictionary structure using g. This effec-
tively creates more distinct hash values, so will reduce the lengths of
the lists. But its also reduces the collision probability, i.e.,

• if D(x, y) ≤ r, then Pr[g(x) = g(y)] ≥ pk
1;

• if D(x, y) ≥ cr, then Pr[g(x) = g(y)] ≤ pk
2.

To make sure that close points will be found with high probability, we
repeat the whole construction ` times, i.e., we pick a total of `k functions
from H independently at random, and build ` dictionary structures,
each using a composite g consisting of k functions. Note that each point
will thus be stored ` times, once in each dictionary. To save space, we
do not need to store the points in full (i.e., all d coordinates) every time.
Instead, we just keep one copy of the points, while the lists can just store
pointers to the full points. Upon a query q, we check the list of points
with hash value g(q) in each of the ` dictionaries, and stop as soon as
we find a point p with D(p, q) ≤ cr.

Below, we will show that by setting ` = O(nρ), the algorithm de-
scribed can solve the ANN problem with at least constant probability,
while achieving the claimed space/time bounds mentioned at the be-
ginning of this subsection.
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Further Discussion. First, with ` = O(nρ), it is immediate that the
space needed is O(dn + `n) = O(dn + n1+ρ), since we only store one
copy of the full points, while only keeping pointers in the ` dictio-
naries.

Below, we analyze the query cost and the probability that the
data structure finds a point p with D(p, q) ≤ cr, provided that there
exists a point p′ ∈ P with D(p′, q) ≤ r. Consider the following two
events:
E1: g(p′) = g(q) in at least one of the ` dictionaries;
E2: the total number of points p with D(p, q) ≥ cr and g(p) = g(q) in

all dictionaries is at most 10`.
Note that under E1, the algorithm will succeed in finding a point

p with D(p, q) ≤ cr, because at least p′ can be such a p. Under E2,
we search through at most O(`) points. Computing the distance
between q and each of these points takes O(d) time, so the total
query time will be O(d`) = O(dnρ). We will next show that E1 and
E2 each happen with probability at least 0.9. Then by the union
bound, they happen simultaneously with probability at least 0.8.

We first analyze E1. From above, we know that

Pr[g(p′) = g(q)] ≥ pk
1 = p

log1/p2
n

1 = nlog1/p2
p1 = n

log p1
log(1/p2) = n−

log p1
log p2 = n−ρ.

By setting ` = c1nρ for some constant c1, we have

Pr[E1] ≥ 1 − (1 − n−ρ)c1nρ ≥ 1 − e−c1 .

It is clear that this can be made at least 0.9 by choosing a constant
c1 large enough.

Finally, we analyze E2. The expected number of points p with
g(p) = g(q) in one dictionary is at most

npk
2 = np

log1/p2
n

2 = n1+log1/p2
p2 = n1−1 = 1.

So the expected total number of such points in all ` dictionaries
is at most `. Then by the Markov inequality, we obtain that the
probability of exceeding this expectation by a factor of ten or more
is at most 0.1, and so Pr[E2] ≥ 0.9.

History and Background. The LSH framework follows from the work
of Indyk and Motwani [140], and was further developed in [119]. It
has since been significantly expanded in scope and applicability. Many
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metric spaces have been shown to admit LSH families. For Hamming
space, the bit-sampling family can be shown to have ρ < 1/c, which
is near-optimal [197]. For Euclidean space, an LSH family based on
random projection is shown to achieve ρ < 1/c [84], which has been
improved to optimal ρ = 1/c2 + o(1) [13]. Another widely used LSH
function is SimHash [53]. These LSH families are “data-independent”,
i.e., their constructions depend only on the metric space, not the ac-
tual point set P. The aforementioned LSH families are optimal when
restricted to such data-independent constructions. Recently, significant
progress has been made towards data-dependent LSH families, i.e., one
is allowed to construct the family after seeing P. This approach is very
popular in practice as real-world datasets often have some implicit or
explicit structure.

LSH has been widely used for similarity search applications, for ex-
ample over images and other digital signals. Basic implementations
of MinHash are available in the Algebird library, while a broader set
of algorithms is available in C++ in the FALCONN library (https:
//github.com/FALCONN-LIB/FALCONN).

Full coverage of this topic is beyond the scope of this volume, and
interested readers are referred to excellent surveys [14, 230].

9.2 Time Decay

In our discussion of data summarization so far, we have assumed that
while data may arrive incrementally, the importance placed on each
update is equal. However, there are scenarios where we wish to down-
weight the importance of some items over time: when computing statis-
tics, we might want today’s observations to carry more weight than last
week’s. This notion is referred to as “time decay”. There is a large lit-
erature on combining summaries with different models of time decay.
In this section, our aim is to introduce the key notions, and give some
simple examples.

Timestamped data. For time decay to apply, we need that each data
item also has an associated timestamp. We can assume that timestamps
correspond to particular times, and give a total ordering of the data
items. We further assume that items to be summarized are received in
timestamp order. Note that in large, distributed systems, these assump-
tions may be questionable. For the exponential decay model, out of or-
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der arrivals can be fairly easily handled, while this is more challenging
for sliding windows and other models.

9.2.1 Exponential Decay

The model of exponential decay stipulates that the weight of an item
decreases as an exponential function of the difference between its times-
tamp and the current time. That is, item x with timestamp tx is consid-
ered to have a weight of 2(−λ(t−tx)) at time t. Here, λ is a parameter that
controls the rate of the time decay. It can be thought of as encoding the
“half-life” of items: every 1/λ time units, the weight of the item halves
again.

Exponential decay can be motivated by analogy with physical pro-
cesses, such as radioactive decay, where the intensity of radioactive
emissions decay according to an exponential pattern. However, expo-
nential decay is popular as a time decay model in part because it is easy
to implement. Consider for example a simple counter, where we wish
to maintain the exponentially decayed sum of weights of items. With-
out exponential decay, we simply maintain the sum of all weights. With
exponential decay, we similarly maintain a sum of (decayed) weights.
Here, all the weights decay at the same (multiplicative) rate, so it suf-
fices to apply the decay factor to the sum. If timestamps are kept as
integers (say, number of seconds), then every timestep, we multiply the
current counter by the factor 2−λ, and add on any new weights that
have arrived in the new timestep. Merging two summaries is achieved
by just adding the counters.

In the case that time stamps are treated as arbitrary real values, we
modify this approach by keeping a timestamp tc with the counter c,
which records the most recent timestamp of an update to the counter.
When a new item with weight wi and timestamp ti ≥ tc arrives, we
update the counter in two steps. First, we decay the counter to the new
timestamp: we update c← c2−λ(tc−ti), and set tc ← ti. Then we add in the
new item at full weight: c← c + wi. A convenient feature of exponential
decay is that it can tolerate updates which arrive out of time-sorted
order: if ti < tc, we instead down-weight the item weight, and add it to
the counter, via c← c + wi2−λ(tc−ti).
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Further Discussion. The correctness of these procedures can be
understood by expanding out the definitions of exponential decay.
For a given time t, the correct value of the decayed count is given
by ct =

∑
i wi2−λ(t−ti).

First, observe that to decay the counter to any desired timestamp
t′, we can simply multiply by an appropriate factor:

ct′ =
∑

i

wi2−λ(t′−ti)

=
∑

i

wi2−λ(t′−t+t−ti)

=
∑

i

wi2−λ(t′−t)2−λ(t−ti)

= 2−λ(t′−t)
∑

i

wi2−λ(t−ti) = 2−λ(t′−t)ct

It is also immediate from this sum expansion that if we want to
update a summary with timestamp t with an item with timestamp
ti, the decayed weight of the item is given by wi2−λ(tc−ti), and this
can be just added to the counter.

Exponential decay for other summaries. Due to the simple way that
exponential decay can be applied to a counter, we can apply expo-
nential decay to other summaries by simply replacing their internal
counters with decayed counters as appropriate. Some care is needed,
since not all summaries preserve their guarantees with this modifica-
tion. Some examples where exponential decay can be straightforwardly
applied include the various “sketch” summaries, such as Count-Min
Sketch, Count Sketch, AMS Sketch, and `p sketch. Here, since each
count stored in the sketch summary is a (weighted) sum of item weights,
they can be replaced with exponentially decayed counters, and we ob-
tain a summary of the exponentially decayed input. This allows us to,
for example, estimate the decayed weight of individual items, or the Lp

norm of the decayed weight vector.
For other summaries, similar results are possible, although more in-

volved. Replacing the counters in the Q-Digest structure with decayed
counters allows a weighted version of quantiles and range queries to
be answered, based on the decayed weights of items. Similarly, using
decayed counters in the SpaceSaving structure allows a decayed ver-
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sion of point queries and heavy hitters to be answered. In both cases,
the operations on the data structures are largely as before, with the ad-
dition of decay operations on the counters, but the analysis to show the
correctness needs to be reworked to incorporate the decay. An imple-
mentation issue for both of these is to take a “lazy” approach to de-
caying counters. That is, we try to avoid requiring that all counters are
decayed to reflect the very latest timestamp t, which may take time pro-
portional to the size of the data structure for each update. Instead, we
allow each counter to maintain a local timestamp tc, and only apply the
decay operation whenever that counter is accessed by an operation.

History and Background. The notion of exponential decay applied to
statistics is one that has appeared in many settings, and does not ap-
pear to have a clear point of origin. For similar reasons, the idea of
applying exponential decay to sketches seems to be “folklore”. Initial
efforts to extend exponential decay to other summaries is due to Man-
jhi et al. [176] for tracking item frequencies, and Aggarwal [6] for sam-
pling with decaying weights. The comments here about generalizing
Q-Digest and SpaceSaving are based on a note by Cormode et al. [72].

9.2.2 Sliding Windows

A second approach to time decay is to consider only a window of re-
cent updates as being relevant. That is, if every update has an associ-
ated timestamp, then we only want to answer queries based on those
updates falling within the recent window. A window can be defined
either time-based — e.g., we only consider updates arriving within the
last 24 hours — or sequence based — e.g., we only consider the most re-
cent 1 billion updates. Following the trend in the scientific literature, we
focus our main attention on the sequence based model, where the size
of the window is denoted W. The examples we give also allow queries
to be posed in the time-based window model.

If the space needed is not an issue, then we could in principle just
retain the most recent W updates in a buffer, and compute the desired
function of interest on demand for this buffer. However, with the as-
sumption that W is still a large quantity, we will discuss summary struc-
tures that use much smaller than W space.

We first consider an approach to computing the count of items falling
within a sliding window, then see how this can be generalized to other
problems.
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Exponential histograms for windowed counts. The exponential histogram
method allows us to keep track of how many item arrivals occur within
a recent window. Our input is defined by a sequence of timestamps
ti that record item arrivals. We assume that these are seen in times-
tamp order. The structure will allow us to approximately determine
how many items arrived within a recent time window of size w and,
conversely, find the window size W containing approximately N recent
items.

The structure divides the past into a sequence of buckets, with associ-
ated counts and timestamps. The most recent k +1 buckets each contain
a single item, and record the timestamp at which that item arrived as
bi. The next (upto) k +1 buckets have a count of 2, corresponding to two
items, and record the timestamp of the older item. Then, the jth collec-
tion of (upto) k + 1 buckets have each bucket holding a count of 2 j and
recording the timestamp of the oldest item in each bucket.

Updating the structure is done so that the bounds on the number
and weights associated with each bucket are maintained. A new item is
placed in a bucket of weight 1 at the head of the list. If this causes there
to be more than k + 1 buckets of weight 1, then we take the oldest two
weight 1 buckets and merge them together to obtain a bucket of weight
2, whose timestamp is set to the older of the two timestamps. Similarly,
if we obtain more than k + 1 buckets of weight 2 j, we merge the two
oldest such buckets to obtain one new bucket of weight 2 j+1.

To find the number of items from timestamp t to the present (time-
window model), we add up the weights of all buckets with timestamps
more recent than t. Similarly, to estimate the duration of the time win-
dow containing N recent items (sequence-based model), we find the
most recent timestamp such that the sum of all bucket weights from
that point onwards exceeds N.

To limit the space needed, we can delete all buckets whose weight
is more than W/k, for a target window size of W. The space of the data
structure is bounded by O(k log(W/k)), and queries are answered with
an uncertainty in the count of 1/k, according to the below analysis.

A limitation of this data structure is that it does not allow the MERGE

operation: if two exponential histograms have been kept over different
inputs, it is likely that they have witnessed sufficiently different pat-
terns of arrivals that we cannot combine their bucket structures and
obtain a summary of the union of their inputs.
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Further Discussion. According to the above invariants, we have
at most k + 1 buckets of each weight class. Hence, if we only keep
buckets of weight up to W/k, there are log2(W/k) weight classes,
each of which keeps at most k + 1 buckets. Hence the space needed
is O(k log2(W/k)).

To understand the accuracy of the structure, observe that for
the k most recent items, we know their timestamps exactly. For
each weight class 2 j, note that there are at least k buckets in each
smaller class. Hence, the total weight of more recent items is at
least

∑ j−1
`=0 k2` = k2 j. So the uncertainty in the timestamps we have

corresponds to 2 j out of at least k2 j items, which is a 1/k fraction. If
we set 1/k = ε for a target accuracy ε, we obtain uncertainty in our
queries of ε relative error, with space proportional to O( 1

ε
log(εW)).

Exponential histograms for summaries. As with exponential decay,
the structure of the exponential histogram is sufficiently simple that
it can be combined with other summary structures. In this case, the
natural thing is to keep the overall structure of the histogram and its
buckets, and augment the counts with instances of summaries that can
be merged. For example, we could keep a SpaceSaving data structure
in each bucket, and follow the merging rules. This would allow us to
estimate item frequencies within a sliding window. To find item fre-
quencies from (approximately) timestamp t to the present, we would
MERGE together all the summaries in histogram buckets with times-
tamps more recent than t. This would potentially omit a small number
of the oldest updates, at most a 1/k fraction of those that do fall in the
window. The space cost is then the product of the chosen summary size
by the number of buckets. The method is suitably general that it can
be applied to all summaries that possess a MERGE method. However,
because of the blow-up in space cost, there has been a lot of research to
find algorithms for specific problems with reduced space bounds.

Timestamps in summaries. A technique that can be used to introduce
sliding windows to certain summaries is to replace binary flags that re-
port the presence of an observation with a timestamp. Two such struc-
tures are the BloomFilter and HLL. In both of these, we use bits to record
whether an update has been mapped there by a hash function. We can
replace these bits with timestamps of the most recent item that has been
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mapped to that location (or a null value if no item has been mapped
there). This allows us to query the summary for an arbitrary time win-
dow: given the window, we make a copy of the summary with a 1 bit
value in a given location if there is a timestamp that falls within the
time window at the corresponding location, and a 0 bit value other-
wise. Thus, we obtain a version of the original summary with exactly
the configuration as if we had only seen the items that fall within the
queried time window. The space cost is a constant factor blow up, as
we replace each bit with a timestamp (typically 32 bits).

History and Background. The exponential histogram was introduced
by Datar et al. [83], where they also discussed how to generalize it to
containing other summary structures. The paper also suggested the
idea of replacing bits with timestamps. Other work has considered how
to provide efficient solutions for specific problems under sliding win-
dows. For example, Lee and Ting [169] adapt the MG summary to keep
information on timestamps to allow sliding window frequency queries,
while still only requiring O(1/ε) space. A naive approach which com-
bined MG or SpaceSaving with the exponential histogram above would
instead require O(1/ε2 log(εW)) space.

Subsequent work by Braverman and Ostrovsky introduced the con-
cept of smooth histograms [37]. These allow a broad class of functions
to be approximated under the sliding windows model in a black box-
fashion, under some assumptions on the function being approximated.
The high-level idea is to start a new summary data structure at each
time step to summarize all subsequent updates. Many of these sum-
maries can later be deleted while still ensuring accurate answers. “Smooth-
ness” properties of the target function are used to bound the total space
needed.

9.2.3 Other Decay Models

We briefly mention other models of time decay.

Latched windows. The effort needed to give strong algorithmic guar-
antees for sliding window queries may seem too large. A simpler ap-
proach known as “latched windows” is tolerate a weaker notion of ap-
proximation. For example, if the goal is to monitor the state of a system
over the last 24 hours, it may suffice to create a summary for each hour,
and merge together the last 24 summaries to approximately cover the
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last day. If there is no strong need to have the summaries cover the win-
dow to the last microsecond, this is a simple and practical approach.

Arbitrary functions via sliding windows. Alternatively, if the desire
is to approximate an arbitrary decay function on the data, this can be
simulated by making multiple calls to a sliding window summary. We
assume that the decay function is differentiable and is monotone non-
increasing as the age increases. The observation is that we can rewrite
the value of a decayed query as an integral over time of the deriva-
tive of the decay function times the result of the function for the cor-
responding window. This formulation can be accurately approximated
by replacing the continuous integral with a sum over differences in the
decay function value, scaled by approximate window queries.

History and Background. The term “latched window” was coined by
Golab and Özu [121]. The observation about arbitrary function approx-
imation for sums and counts is due to Cohen and Strauss [59], and ap-
plied to summaries by Cormode et al. [79].

9.3 Data Transformations

The applicability of summary techniques can be extended when they
are applied not to raw data, but to a (usually linear) transformation of
the input data. This provides most flexibility when the transformation
can be computed on each individual update as it arrives, so the sum-
mary (or summaries) processes a sequence of transformed updates.

We have already seen examples of this, in the form of the Dyadic
Count Sketch (DCS, Section 4.4). The method can be understood as
first mapping each update into a collection of updates, each of which
is processed by a separate summary. There are a number of uses of
this approach to solve new problems by making use of existing solu-
tions. Moreover, these can be chained together: we apply a sequence
of transformations to each update, before it is summarized. The abil-
ity to MERGE the original summaries means that we can also MERGE

summaries of transformed data.

9.3.1 Dyadic Decompositions for Heavy Hitters

Several of the summaries for multisets (Chapter 3) address the ques-
tion of finding items from the input domain whose aggregate weight is
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heavy — often called the “frequent items” or “heavy hitters” problem.
For example, the items kept by a MG or SpaceSaving summary include
those whose weight is larger than an ε fraction of the total weight, ‖v‖1.
Sketch-based methods, such as Count-Min Sketch and Count Sketch,
can also solve this problem, with guarantees in terms of ‖v‖1 or ‖v‖2.
However, these sketches do not directly make it convenient to find the
heavy items. The most direct approach is to QUERY for the estimated
weight of every item in the domain — which is very slow for large do-
mains.

Instead, one can make use of the Dyadic Count Sketch (DCS) for this
problem. Recall that this applies a “dyadic decomposition” to the do-
main of the input items, [U]. A sketch is kept on the original items, on
pairs of adjacent items in the domain, on items grouped into fours, and
so on. This allows a recursive top-down search process to be applied to
find the heavy items. We begin by querying the weight of the left half
and the right half of the domain, using the statistics kept by the DCS.
For each dyadic interval whose total weight (according to the DCS) ex-
ceeds a ε fraction of the total weight, we split the dyadic interval into
its two constitute subintervals of half the length, and recursively pro-
ceed. If we reach an interval consisting of a single item, then this can
be returned as a “heavy hitter”. Provided all items have non-negative
weight, then every range containing a heavy hitter item will be a heavy
range, and so we will not miss any heavy items.

Further Discussion. The guarantees of this search procedure fol-
low from those for the DCS. Every query posed is transformed
into a point QUERY to one of the Count Sketch data structures that
make up the DCS structure. Consequently, the error is bounded
with sufficient probability. The total number of queries is bounded:
assuming that each query meets its accuracy bound, then the num-
ber of queries posed to a given level in the dyadic decomposition
is bounded, since the total weight at each level is bounded in terms
of the total weight of the input. For example, if we are seeking to
find all items of weight at least ε‖v‖1, then there are at most O(1/ε)
dyadic ranges at each level whose true weight exceeds ε‖v‖1. Con-
sequently, we can bound the time taken for the search as a function
of (1/ε) and the parameters of the sketch. Naively, this cost is poly-
logarithmic in the size of the domain from which items are drawn,
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U, since we rescale the accuracy parameter by factors of log U (see
Section 4.4). A slightly improved analysis is due to Larsen et al.
[167, Appendix E], who show that the expected time to search for
all heavy hitters can be kept to O(1/ε log U) by keeping sketches of
total size only O( 1

ε
log U).

9.3.2 Coding transforms for heavy item recovery.

The problem becomes more challenging when items may have negative
weights, which can happen in more general scenarios. Here, the divide
and conquer approach can fail, since a heavy item can be masked by
surrounding items with the opposite sign. An approach is to still make
use of sketch summaries, but to arrange them based on ideas from cod-
ing theory.

A first example is based on the Hamming code. Given an m bit binary
message, the Hamming code adds dlog me additional “parity” bits. The
first parity bit is computed from the bits at odd locations in the message
(i.e., indices 1, 3, 5, ...). The jth parity bit is computed from the bits for
which the jth bit of their binary index is a 1. That is, the 2nd parity bit
depends on indices 2, 3, 6, 7, 10, 11, ...

This structure can be adapted to give a data transformation. Given
items drawn from a domain [U], we map to dlog Ue + 1 summaries —
for concreteness, we will use a Count Sketch, where each instance uses
the same parameters and the same set of hash functions. We follow
the same pattern: only those items whose jth bit of their index is 1 are
mapped into the jth sketch, and processed by the usual UPDATE rou-
tine. For the 0’th sketch, we process all updates without any exceptions.

To QUERY this modified summary, we can probe each cell of the
sketches in turn. For each cell in the 0’th sketch, we examine the magni-
tude of the count stored there, |c|. If it is above a threshold τ, then there
is evidence that there could be a heavy item mapping to this cell — or
there could be multiple items mapping there which sum to c. The pro-
cess attempts to “decode” the identity of an item, using the sketches of
the transformed data. The cell will be abandoned if it is not possible to
clearly determine the identity of an item.

The aim is to recover each bit of the heavy item’s identifier, if there
is a heavy item. Consider first the least significant bit (index 1), which
determines whether an item’s identifier is odd or even. We can inspect
the corresponding cell of the first sketch, which has included only the
odd items. If the magnitude of this cell, c1, is also above τ, and |c− c1| is
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less than τ, then we can conclude that there is potentially an odd item
that is heavy. Meanwhile, if |c − c1| ≥ τ and |c1| < τ, we conclude that
there is potentially an even item that is heavy. The other two cases are
|c − c1| < τ and |c1| < τ, which implies that there are no items in this cell
above the threshold of τ; or |c − c1| ≥ τ and |c1| ≥ τ, which implies that
there could be more than one heavy item in this cell. In either of the last
two cases, we abandon this cell, and move on to the next cell in the 0th
sketch.

This process can be repeated for every sketch. If at the end we have
not abandoned a cell, then we have a bit value (0 or 1) for each location,
which can be concatenated to provide an item identifier for an item
which is assumed to be heavy. This can be confirmed by, for example,
keeping an additional independent Count Sketch to cross-check the es-
timated weight, and also by checking that the candidate item is indeed
mapped to the cell it was recovered from.

Further Discussion. It’s clear that the above process will recover
some candidate items, but it is less clear whether items which are
heavy will be successfully identified. Consider some item which
is heavy (above the threshold τ), and assume that it is mapped by
the hash function into the zero’th sketch so that the total (absolute)
weight of other items in the same cell is less than the threshold τ.
Then we can be sure that every test that is applied to determine
the value of a particular bit in its item identifier will succeed —
we will find the correct value for that bit. Consequently, we will
recover the item correctly. Hence, the argument comes down to
bounding the amount of weight from other items that collides with
it in a particular cell. This can be done with a Markov-inequality
argument, similar to the Count-Min Sketch: the expected amount
of colliding mass is a 1/w fraction of the total mass (measured in
terms of either ‖v‖1 or ‖v‖22), where w is the width of the sketch data
structure. Choosing τ to be at least 2‖v‖1/w, (or at least 2‖v‖2/

√
w

in the `2 case) means that there is at least a constant probability to
find a given heavy item in each row of the sketch. This probability
is amplified over the rows of the sketches. If we ensure that the
number of rows is O(log w/δ), then we ensure that we can find all
heavy items with probability at least 1 − δ.
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History and Background. This Hamming code-inspired approach to
finding heavy items is described by Cormode and Muthukrishnan [74,
75], with similar ideas appearing previously in [114]. It is possible to
use the same approach with more complex code constructions, see for
example [199]. Other approaches are based on the idea of applying
an invertible remapping to item identifiers, and breaking these into
smaller chunks for sketching, yielding “reversible sketches” [209]; and
the counter-braids approach which use a random mapping to sketch
entries of varying capacity, based on low-density parity check codes [174].
Similar ideas are used to construct algorithms with improved space
bounds based on coding items so that heavy items appears as “clus-
ters” within a graph [167].

9.3.3 Range Transformations

Given a data vector v indexed over the integer domain [U], a range
query [l, r] is to find the quantity

∑r
i=l vi. With a summary that allows

us to estimate entries of v, we can simply sum up the corresponding
estimates. However, the query time, and the error, tends to scale pro-
portional to the length of the range, |r− l+1|. The dyadic decomposition
allows us to answer range queries more efficiently, and with lower er-
ror. This is already provided by the DCS (Section 4.4), where the case of
a rank query is discussed. Since a rank query for index x corresponds
to the range query [0, x−1], we can answer range queries by computing
rank(r − 1) − rank(l), and obtain error ε‖v‖1.

Range queries generalize to higher dimensions. One approach dis-
cussed in Section 5.1 is based on ε-nets and ε-approximations is effec-
tive for a data set of points arriving in d dimensions. However, when
data points may arrive and depart, a different approach may be needed.
The notion of dyadic decompositions can be extended to multiple di-
mensions: we perform a dyadic decomposition on each dimension, and
summarize vectors of membership of the cross-product of these decom-
positions. Then each data point falls into O(logd U) cells, and the space
required to provide an ε‖v‖1 guarantee scales with O(log2d U). This can
be effective for small d, but is often too costly for more than 2-3 dimen-
sions.

History and Background. The idea of dyadic decompositions is a ubiq-
uitous idea in computer science and computational geometry, and has
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been independently suggested within the context of data summariza-
tion several times. An early example is due to Gilbert et al. [118]. Discus-
sion and evaluation of different sketching approaches to range query
estimation is given by Rusu and Dobra [88, Section 6], in the context of
estimating the join size between database relations (which is equivalent
to inner products of vectors).

9.3.4 Linear Transforms

A large class of data transformations can be described as linear trans-
formations. That is, if the data can be considered to define a vector, v,
the transformation can be considered to be a (fixed) matrix A so that the
transformed data is the vector Av. Note that our above examples, such
as the dyadic decomposition, meet this definition of a linear transfor-
mation.

Many other transformations meet this definition, in particular basis
transformations, where in addition the (implicit) transformation A rep-
resents an (orthonormal) basis transformation, so that AAT = I. That
is, distinct rows of A are orthogonal, and the (Euclidean) norm of each
row is one. These naturally compose with sketching techniques. Since
many of the sketch summaries we have seen, such as Count-Min Sketch,
Count Sketch, AMS Sketch and Sparse JLT are also linear transforma-
tions, we can write the joint action of a sketch S and a transformation A
as the product S A. Further, the structure of the transform may allow it
to be applied quickly. We give two examples that have been used in the
context of data summaries.

Discrete Haar Wavelet Transform (DHT). The Discrete Haar Wavelet
Transform (Haar transform, or wavelets for short) is used extensively
in signal processing as a way of transforming the data to extract high
level detail. Similar to other transformations such as (discrete) Fourier
transforms, it transforms an input vector of U entries into a vector of
U wavelet coefficients. The inverse transform of a set of coefficients re-
builds the corresponding input vector. It is often used as the basis of
data compression, since reducing the accuracy with which some coef-
ficients are stored, or dropping some entirely, still allows a fairly accu-
rate reconstruction of the original vector. Another useful feature of the
transform is that (one-dimensional) range queries can be answered by
combining only O(log U) wavelet coefficients (similar to the dyadic de-
composition). Last, the transform is an orthonormal basis, as described
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above, and so the Euclidean norm of of the coefficients is equal to the
Euclidean norm of the input vector.

In more detail, each row in the Haar transform matrix is formed as
the concatenation of two adjacent dyadic ranges (i.e., a range whose
length is a power of two, beginning at an integer multiple of its length),
where the first range is multiplied by +1, and the second by -1, nor-
malized so that the row norm is 1. Hence, the transform is somewhat
similar to the dyadic decomposition discussed above. As a result, it can
be combined with sketching: we can apply the Haar transform to each
update, then take each result and use them to UPDATE a sketch, such
as a Count Sketch. By combining this with methods such as the coding
approach outlined above, it is possible to recover the wavelet trans-
form accurately from the sketch. An important feature of the wavelet
transform is that it is relatively sparse: each column of the 2d × 2d trans-
form matrix has only d + 1 non-zero entries, and these can be computed
directly without storing the full matrix. Therefore, each data update
translates into d + 1 wavelet coefficient updates.

Discrete Hadamard Transform. The Discrete Hadamard Transform (Hadamard,
for short), is the Fourier transform when we consider the data to be in-
dexed as a d-dimensional hypercube. Compared to other Fourier trans-
forms, it is perhaps simpler to express: the 2d × 2d Hadamard transform
is given by Hi, j = 2−d/2(−1)〈i, j〉, where 〈i, j〉 is the modulo-2 inner prod-
uct of the binary representations of i and j. A sketch of the Hadamard
transform of a dataset can be computed as for the DHT: each update is
transformed to generate a set of updates to the Hadamard transform,
which are then used to UPDATE the sketch. However, the Hadamard
transform is very dense, so every update to the data produces 2d up-
dates to the transform. It may then be advantageous to buffer up some
updates before computing their transformation, which can be added on
to the sketch, using the properties of linearity: S H(x + y) = S Hx + S Hy.
We have mentioned one application of Hadamard transform already, in
our discussion of the Sparse JLT (Section 5.5).

History and Background. Computing the wavelet transform of a stream
of data was one of the first problems actively studied in that area. Gilbert
et al. [116] suggested first building a sketch of the original data, then es-
timating wavelet coefficients by building a sketch of each wavelet basis
vector, and estimating the inner product. The idea to instead transform
the input data into the wavelet domain as it arrives was suggested by,
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among others, Cormode, Garofalakis and Sacharidis [67]. Computing
summaries to find the (sparse) Fourier transform of data has also had a
long history, going back to the start of the century [115]. As noted, the
Hadamard transform specifically plays an important role in instantia-
tions of the Johnson-Lindenstrauss transform [8]. More recently, there
has been a line of work to build summaries of the Fourier transform
so that the k biggest Fourier coefficients of data of size n can be found
faster than the (already quite fast) O(n log n)-time Fast Fourier Trans-
form [130].

9.4 Manipulating Summaries

Given different ways to summarize data as building blocks, there are
many possible ways to extend their applications by manipulating sum-
mary structures, such as combining or nesting them in ways beyond
the basic UPDATE and MERGE procedures.

9.4.1 Algebra on Summaries

Whenever we apply a MERGE operation on a pair of summaries, we are
relying on an algebraic property. This may be that MERGE(X,MERGE(Y,Z)) =

MERGE(MERGE(X,Y),Z), i.e., the MERGE operation is associative; or a
weaker statement that MERGE(X,MERGE(Y,Z)) ≈ MERGE(MERGE(X,Y),Z)
– that is, that the result of changing the merge order may not provide
identical results, but that the results are equivalent in terms of the ap-
proximation guarantees that they promise (encoded by the ≈ relation).

For some summaries, we have stronger algebraic properties. In par-
ticular, when the summary is a linear transform, as discussed in Sec-
tion 9.3.4. Recall that we say a summary is a linear transform when it
can be written as Av, when the input is described by a vector v. It then
immediately follows from properties of linear algebra that A(αv + βw) =

αAv + βAw. That is, we can apply linear scaling to the inputs v and w by
directly scaling the result of summarizing. This gives flexibility in ma-
nipulating summaries. In particular, it means that A(v−w) = Av−Aw: we
can summarize inputs v and w separately, then subtract the summaries
to obtain a summary of this difference. This allows, for example, using a
Count Sketch to estimate the difference in frequencies between two ob-
servations of a distribution (say, the difference between the distribution
yesterday and today). The error is proportional to ‖v − w‖2, which can
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be much smaller than the alternative approach of separately estimating
the frequency of the two instances, which incurs error proportional to
‖v‖2 + ‖w‖2.

9.4.2 Resizing a Summary

For traditional data structures that are initialized to a fixed size, it is
common to allow the structure to be “resized” to accommodate more
or fewer items, even if this requires emptying the structure of stored
items, and filling a new instance from scratch. While many summaries
we have seen are also initialized based on a fixed parameter, in order to
provide a particular approximation guarantee ε, say, it is rarely straight-
forward to resize a summary.

In several cases, it is possible to reduce the size of a summary, say
by halving the size parameter. For example, it is possible to resize a
BloomFilter summary down, e.g., to go from m to m/2 bits (when m
is even), by treating the left and right halves of the summary as the
subjects of a MERGE operation, and ignoring the most significant bit
of the hash values going forward. Similar results hold for sketches like
Count-Min Sketch, Count Sketch, AMS Sketch and Sparse JLT.

However, the inverse operation (doubling the size of the summary)
does not lend itself to such tricks. In general, we would not expect
summaries to be increased in size without some penalty in space or
accuracy. To provide the approximation guarantees associated with the
larger size would entail retrieving information which was previously
“forgotten” in order to ensure a smaller space bound. The best one
might hope for is that far in advance of the current structure filling
up with information, we would start a new instance of the summary in
parallel to summarize the subsequent updates. Then the total magni-
tude of those initial updates which were ignored would eventually be
sufficiently small that they would not impact the approximation guar-
antee.

9.4.3 Nesting Summaries

A natural approach to building new summaries is to “nest” summaries
inside one another. That is, we use one summary type as a sub-structure
within another one. We have already seen some examples that meet this
description. For example, the `0-sampler is built by nesting SparseRe-
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covery summaries inside a sampling structure. We next describe some
more examples where one summary type is “nested” inside another.

Summaries using Probabilistic Counters Many summaries (particu-
larly sketch summaries) are based on collections of counters that count
the number of items mapped to those counters by hash functions. In
Section 1.2.2, we saw that a counter could be considered as a first ex-
ample of a summary. It is natural to replace an exact counter with a
MorrisCounter probabilistic counter. The result is to reduce the space
required for the summary when dealing with inputs truly huge in vol-
ume, since the bit size of the counters is reduced to the logarithm of
this amount. With careful argument, it can be shown that the resulting
estimates remain approximately correct.

Summaries using Distinct Counters Consider the problem where our
input is described by a sequence of pairs (x, y), and we want to find
those x values that are associated with a large number of distinct y val-
ues. For example, the pairs (x, y) could be edges in a graph, and we want
to find those nodes that have a high number of (distinct) neighbors. If
there were only a few x values, then we would keep a distinct counter
for each x (a KMV or HLL structure). If there were no duplicate (x, y)
pairs, we would use a frequent items structure such as SpaceSaving or
Count-Min Sketch summary. It therefore makes sense that to solve the
general form of the problem when there are many x values and many
repetitions that we can combine a frequent items structure with distinct
counters. A simple instantiation comes from taking a Count-Min Sketch
and replacing each counter with an HLL summary. Each (x, y) update
uses the Count-Min Sketch hash functions to map x to set of cells. Each
cell contains an HLL, which is updated with the value of y. The analysis
of the new nested summary is similar to that for the basic Count-Min
Sketch: to estimate the number of distinct y’s associated with a given x,
we inspect the cells where that x is mapped. Each one counts (approxi-
mately) the number of distinct y’s for that x along with other colliding
items. Taking the smallest of these estimates minimizes the amount of
noise from colliding items.

Summaries with Quantile Summaries Last, we can use quantile sum-
maries such as GK or Q-Digest as the nested summary. For example,
consider replacing the counters in a Count-Min Sketch with a GK sum-
mary. We can now process data represented by pairs (x, y), where x is
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used to map into the Count-Min Sketch, and then y is used to update
the corresponding GK summary in the mapped cell. This allows us to
estimate the distribution of y values associated with a given x, by prob-
ing all the cells associated with x and interrogating the GK summary
with the lowest total weight. For x’s that are relatively rare, this will
have a higher error, but fairly accurate answers can be provided for x’s
with high frequency.

History and Background. The idea of building sketches on top of prob-
abilistic counters is explored by Gronemeier and Sauerhoff [125]. Con-
sidine et al. [61] describe combinations of the Count-Min Sketch and
Q-Digest with the Flajolet-Martin sketch, a precursor to HLL. Motiva-
tion for this problem in the networking domain is given by Venkatara-
man et al. [228], which defines the notion of “superspreaders”. These
correspond to network addresses that communicate with a large num-
ber of distinct other addresses. Related problems, such as combining
frequency moments with distinct counts, are covered by Cormode and
Muthukrishnan [77]. Problems which require applying different stages
of aggregation have been studied variously under the labels of “corre-
lated aggregates” [224] and “cascaded norms” [145].
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Lower Bounds for Summaries

The focus of this volume so far has been on what is possible to effec-
tively summarize. Yet it should come as no surprise that there are some
questions for which no summary exists. In this chapter, we look at cases
where it is not simply that no summary is known to exist, but rather
where it is mathematically impossible for any summary to be made
that is less than some size. The intuition underlying these results are
that certain settings require a large amount of information to be stored
in order to allow a range of queries to be answered accurately. Where
this information is comparable to the size of the data being stored, it
effectively precludes the possibility of a useful summary for that prob-
lem. In other cases, summaries are possible, and the lower bounds tell
us how small we can hope the summary to be.

Computational complexity is the area of computer science devoted
to understanding the fundamental limits of what can be computed ef-
fectively. Most Computer Science degrees cover the time complexity of
solving problems based on classes such as P and NP. P is the class
of problems that can be solved in a standard model of computation in
time that is bounded by a polynomial in the input size, denoted n. NP
is the class of problems (informally) where a conjectured solution can
be verified in time polynomial in n. The notion of hardness in this set-
ting is to show that a given problem is as hard as another, in the sense
that a polynomial time algorithm for the former problem would yield
a polynomial time algorithm for the latter.

These notions of complexity do not translate to the world of sum-
maries for a number of reasons. Primarily, summaries are often rele-
vant when bounds that are polynomial would be considered too lax.
For the most part, the summaries described in this book address prob-
lems which can be easily solved in time polynomial in the input size n.

255
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Rather, we look for summaries which use time and space resources that
are smaller than n, ideally strictly sublinear in n.

Techniques that provide lower bounds for summaries tend to be de-
rived from the area of communication complexity. These study the cost
of communication between two parties (traditionally, anthropomorphized
as Alice and Bob) who each hold part of the input, and wish to collab-
orate to compute a function of it. For example, suppose Alice and Bob
hold strings x and y, and wish to compute whether x = y or x , y. We
refer to this as the EQUALITY problem. In this setting, a trivial protocol
is for Alice to send her part of the input to Bob, which would take O(n)
communication. Therefore, the way to show bounds on summary size
is to derive bounds on communication, up to linear in n.

There is a very natural mapping from bounds on communication to
bounds on summaries. We can view the communication between Alice
and Bob as a communication from the past to the present. That is, sup-
pose we had a summary that addressed a particular problem that maps
onto a particular communication problem. We could have Alice run the
summary algorithm on her portion of the input to build the summary
data structure in memory. This could then be communicated to Bob,
who could subsequently put his portion of the input into the summary,
either by performing a MERGE with a summary of his data, or apply-
ing repeated UPDATE operations. If the summary provides an answer
via a QUERY operation which can be interpreted as an answer to the
communication problem, then we have a communication protocol.

Therefore, any lower bound on the communication needed to solve
the communication problem provides a corresponding lower bound on
the size of a summary to solve the relevant summarization problem.
We will see several examples of this outline being instantiated over the
course of this chapter. The application of data summarization (partic-
ularly in the context of streaming data processing) has stimulated the
area of communication complexity, and led to many novel techniques
being developed in order to prove new lower bounds for summaries.
The lower bounds tend to be on the size of the summary, rather than
on the time necessary to UPDATE or QUERY them: this is a result of
the focus on communication size from communication complexity. In
other words, the techniques we have for proving hardness most natu-
rally provide lower bounds on summary size; proving bounds on the
time costs associated with data summarization would also be very im-
portant, but has proved to be more challenging with the tools currently
available.
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We will not provide proofs of the communication complexity lower
bounds, which warrant a volume of their own to define (as a starting
point, see the text of Kushilevitz and Nisan [164]). Rather, we focus
on the ways that hard communication problems provide lower bounds
on summary sizes. These tend to be reductions: for a given summary
problem, we identify a suitable communication problem that would be
solved if a small summary existed. For the remainder of this chapter,
we describe some of the commonly used hard problems in communi-
cation complexity, and give examples of the summaries for which they
provide lower bounds. An important concept is whether the communi-
cation bounds are one round (for protocols where Alice sends a single
message to Bob), or multi-round (the bounds still hold when Alice and
Bob are allowed to have a conversation with many messages back and
forth).

10.1 Equality and Fingerprinting

The most basic communication complexity problem is the EQUALITY

problem. Here, Alice and Bob both possess binary strings of length n,
denoted as x and y respectively. The problem is to determine whether
or not x = y. It is straightforward to see that if Alice is to send a single
message to Bob, then it must contain n bits, if Bob is to be guaranteed to
give the correct answer. Suppose the contrary: Alice sends a message of
b < n bits in length. Alice has 2n possible inputs, but only 2b < 2n possi-
ble messages to choose from. So by the pigeonhole principle, there must
be two different inputs x and x′ that Alice could have which would
cause her to send the same message to Bob. Then Bob cannot guarantee
to succeed, as he may have y = x as his string, and be uncertain whether
Alice held x (requiring a ‘yes’ answer) or x′ (requiring a ‘no’ answer).
Therefore the problem must require a communication of at least n bits.
Applying the above template, this also means that any summary that
claims to answer the corresponding problem — summarizing two in-
puts to determine whether or not they are equal — must also require
Ω(n) bits

Connection to Fingerprinting. On first glance, this hardness may appear
to cause a contradiction. We have studied a summary (Fingerprint) which
claims to solve exactly this problem using a summary size that is much
smaller than n bits. This apparent contradiction is resolved by observ-
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ing that the argument above required Alice and Bob to be deterministic
in their operation. That is, we have successfully shown that any deter-
ministic summary must be linear in the input size if it allows equality
to be tested and verified with certainty. However, if Alice and Bob are
allowed to make random choices, and tolerate some small probability
of error, then a much smaller summary is possible, as witnessed by the
Fingerprint method. This serves to highlight the importance of random-
ization: for the majority of problems we consider, randomization is re-
quired to evade strong lower bounds on deterministic summaries. The
subsequent examples we consider provide lower bounds on commu-
nication schemes which allow randomization, which therefore provide
lower bounds on randomized summary techniques.

10.2 Index and Set Storage

The INDEX problem in communication complexity is defined as fol-
lows:

Definition 10.1 (INDEX problem) Alice holds a binary string x of n bits in
length, while Bob holds an index y in [n]. The goal is for the players to follow
a protocol to output x[y], i.e., the y’th bit from the string x.

If the players are allowed multiple rounds of communication be-
tween them, then there is a trivial protocol for INDEX: Bob communi-
cates y to Alice, who then emits x[y], requiring dlog ne + 1 total bits of
communication. However, under the constraint that Bob does not com-
municate to Alice, the problem becomes much harder. That is, in the
‘one-way’ communication complexity model, Alice sends a message
to Bob, who must then output the answer. It is hard to imagine that
one can find any solution appreciably better than Alice sending her en-
tire string to Bob, who can then read off the required bit. Indeed, it is
straightforward to adapt the above proof for EQUALITY to show that no
deterministic algorithm for this problem can communicate fewer than
Ω(n) bits of information.

It is more involved to show that this remains the case when Alice
and Bob are allowed to use randomization. Intuitively, it is not clear
how randomization would help here, but a formal lower bound must
rule out the possibility of some clever summary that encodes Alice’s
string in some non-obvious way. Such a proof was first shown in the
early 1990s by Razborov [204]. A compact proof of this fact which uses
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the method of information complexity is provided by Jayram [143]. For-
mally, these results show that even when the randomized communica-
tion protocol is required to succeed only with some constant probability
(say, 2

3 ), the players still need to communicate Ω(n) bits.
It is natural to apply this result to summary techniques. The con-

straint that Bob is not allowed to communicate his index y to Alice is
a natural one: we can think of Alice as observing the data, from which
she must construct her summary (message). Bob then receives the sum-
mary and wants to answer some query. However, if the answer to Bob’s
query could reveal the value of any one of n bits encoded into the sum-
mary by Alice, then we know that the summary must have size Ω(n).

Lower bound for Set Storage. A direct application of this is to show a size
bound for any summary that encodes a set, such as a BloomFilter (Sec-
tion 2.7). The argument proceeds as follows. Suppose we had a sum-
mary that could very compactly encode a set A of items from n possibil-
ities. Now, take an instance of INDEX. Alice could store her bitstring in
the set summary, by storing each element i such that x[i] = 1. After the
summary is sent to Bob, Bob looks up y in the summary. If y is present
in the set, then Bob asserts that x[y] = 1, else he concludes x[y] = 0.
Therefore, any summary that encodes a set in this way would provide
a solution to the INDEX problem, and hence must use at least Ω(n) bits.
In particular, this argument shows that the BloomFilter must use Ω(n)
bits to represent sets whose size is proportional to n.

Lower bound for Count Distinct. A slightly more elaborate argument can
show a lower bound on the size of summaries to estimate the number
of distinct members of a set, such as KMV and HLL. Consider again an
instance of the INDEX problem, and a summary which claims to allow
the estimation of the number of distinct elements in a set, up to an ap-
proximation factor of 1± ε. Alice performs a similar reduction to above:
she performs an UPDATE operation on the distinct elements summary
with each index i such that x[i] = 1. On receiving the summary, Bob first
performs a QUERY operation to estimate the size of Alice’s set, as m. Bob
then performs an UPDATE with his index y, and makes a second QUERY

to the summary, to obtain a second estimate m′. These two answers are
compared as follows: if (1 − ε)m′ > (1 + ε)m, then Bob concludes that
the number of distinct elements has increased following the insertion
of y. That is, y was not previously in the set, and so x[y] = 0; otherwise,
Bob concludes that x[y] = 1. This argument works if the parameter ε is
small enough so that a change of 1 in the size of the sets must lead to a
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different answer. That is, εn < 1, for a set size of n. The lower bound of
Ω(n) then implies a lower bound in terms of ε as Ω(1/ε) on the size of
the summary.

Observe that this lower bound is somewhat unsatisfying, since both
KMV and HLL are shown to have a space cost that depends on O(1/ε2).
A reduction to a stronger lower bound below (Section 10.4) removes
this gap.

Lower bound for Counting Triangles. The hardness of INDEX can also be
used to show the hardness of the problem of counting triangles in a
graph. Upper bounds for this problem are discussed in Section 7.4.
Here, we formalize the problem of counting triangles as a problem
parametrized by a scalar T . We are asked to distinguish between graphs
that have no triangles at all, and those which have at least T < n trian-
gles. Given a summary technique which claims to solve this problem,
we show how to use it to solve INDEX. We construct the graph over
three sets, X, Y , and Z, where Z is chosen to be of size T . The bitstring x is
encoded into the adjacency pattern between X and Y : index i is mapped
in some canonical fashion to a pair of indices j and k, and edge (X j,Yk)
is placed in the graph by Alice if the corresponding bit xi = 1. This en-
coding allows Bob to probe for the value of a bit in x, as follows. Bob
similarly finds the indices j and k from his index y, and inserts edges
(X j,Z`) and (Yk,Z`) for all 1 ≤ ` ≤ T . Then, if there is the edge (X j,Yk)
in the graph (corresponding to xi = 1), there are a total of T triangles,
whereas there are no triangles otherwise. This shows that the triangle
counting problem requires space Ω(|X| · |Y |). A nice feature of this reduc-
tion (due to Braverman, Ostrovsky and Vilenchik [39]) is that the sizes
of X and Y can be chosen to generate an arbitrary number of edges as a
function of n, so the problem is hard, whether the graph is sparse (has
only O(n) edges) or dense (has Ω(n2) edges), or anywhere in between.
The number of edges, m, is O(nT ), for an INDEX instance of size n, so the
summary size lower bound in terms of m is Ω(m/T ).

10.3 Disjointness and Heavy Hitters

The DISJOINTNESS problem is defined as follows:

Definition 10.2 (DISJOINTNESS problem) Alice holds a binary string x of
n bits in length, while Bob holds a binary string y, also of n bits in length. The
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goal is for the players to determine whether there exists an index i such that
x[i] = y[i] = 1, or that no such index exists.

The problem may appear tractable, but it is hard. Formally, any com-
munication protocol for DISJOINTNESS requires the players to commu-
nicate a total of Ω(n) bits, even if randomization is allowed. This holds
even when the players are allowed to have multiple rounds of interac-
tion: Alice and Bob can send multiple messages. This relaxation does
not help in proving stronger lower bounds for summary construction,
but is useful for places where multiple rounds of communication could
be allowed, such as in the distributed setting (Chapter 8). The hard-
ness of the DISJOINTNESS problem is shown by a similar argument. It
was first demonstrated by Kalyanasundaram and Schnitger [151], and
simplified by Razborov [204].

Note that if we change the problem to ask whether there exists any
index i such that x[i] = y[i] (i.e., we remove the requirement that the bit
at the index is 1), then the new problem becomes much simpler. If we
have a ‘no’ instance of this new problem then we must have x[i] , y[i]
for all locations i. That is, x[i] = (1 − y[i]). Then we can compare finger-
prints of x and the string y′ formed by flipping every bit of y, and output
‘no’ if these fingerprints match. This protocol has communication cost
O(log n). Thus, the asymmetry in the problem definition is required to
make it a difficult problem.

Lower bound for Multiset frequency. A first application of the DISJOINT-
NESS problem is to show the hardness of estimating the highest fre-
quency in a multiset. That is, the input defines a multiset v, and the ob-
jective is to estimate maxi vi, the largest frequency in the multiset. Again,
assume we had a compact summary for this problem, and we will show
how it could be used to solve DISJOINTNESS. Given the instance of DIS-
JOINTNESS, Alice takes her string x, and encodes it so that vi = x[i], i.e.,
inserts i into the summary if x[i] = 1. This summary is sent to Bob, who
similarly encodes his string. This means that vi = x[i] + y[i]. Suppose
we could find F = maxi vi. Then F = 2 if and only iff there is some i
such that x[i] = y[i] = 1, and F ≤ 1 otherwise. Hence, we can’t hope
to solve this maximum frequency problem with a summary of size less
than Ω(n), even if we allow an approximate answer1. This explains why
the various summaries that address this problem (MG, SpaceSaving,

1 That is, even if we only approximate F up to a constant factor less
than 2.
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Count-Min Sketch and Count Sketch) offer a different guarantee: they
approximate frequencies not with relative error, but with an error that
depends on ‖v‖1 or ‖v‖2.

Lower bound for inner product estimation. Section 6.1 shows how sketches
can be used to estimate inner-products between pairs of vectors u and v,
with an error that is proportional to ‖u‖2‖v‖2. In many applications, we
would prefer to have error that scales proportional to the inner prod-
uct u · v itself. This is not feasible in general for arbitrary inputs, by a
reduction to the DISJOINTNESS problem.

Suppose that we had a summary that promised to answer inner prod-
uct queries with error ε(u · v). Then we could use it to solve DISJOINT-
NESS quite directly: simply set u = x and v = y for binary vectors x and
y. Then observe that (x · y) = 0 iff x and y are disjoint (a no instance of
the problem), but (x · y) ≥ 1 iff x and y have any point of intersection.
That is, the result counts the number of points of intersection. Then the
space required by any summary must be Ω(n), else it could be used as
the basis of a DISJOINTNESS communication protocol. In particular, this
rules out any constant factor approximation of (x · y), since this would
allow us to distinguish between the x · y = 0 and x · y ≥ 1.

This argument also allows us to argue that error terms like ε‖u‖2‖v‖2
are reasonable. Consider the same interpretation of bitstrings from DIS-
JOINTNESS as vectors. Then ‖u‖2, ‖v‖2 = Ω(

√
n) in general, where n de-

notes the length of the bitstrings. Estimating their inner-product with
sufficient accuracy to distinguish a 0 from a 1 result would require
the additive error to satisfy ε‖u‖2‖v‖2 = εΩ(n) < 1

2 , i.e., ε = O(1/n), or
n = Ω(1/ε). This implies that the size of the summary must be Ω(1/ε).

Multi-pass lower bound for triangle counting. In Section 10.2, we used
the hardness of the INDEX problem to show that counting the num-
ber of triangles in a graph requires a summary of size propor-
tional to the number of edges. Here, we describe a stronger lower
bound [69], under the more demanding scenario that we are al-
lowed to access the input data multiple times. This corresponds to
a communication problem where Alice and Bob can exchange mul-
tiple messages. Note that INDEX is not helpful to us here: if Alice
and Bob can have multiple rounds of communication, then we can
easily solve INDEX instances with few bits: Bob just has to send
the index to Alice, who can reply with the target value. Instead,
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we rely on problems like DISJOINTNESS, which remain hard even
when multiple rounds of communication are allowed.

As before, we focus on the problem of distinguishing a graph
G with no triangles from one with T or more triangles. We will
construct a graph on θ(n) vertices with Ω(n

√
T ) edges and 1 ≤ T ≤

n2 triangles by encoding an instance of DISJOINTNESS. We define
three sets of nodes, A with n nodes, and B and C which each have
√

T nodes. Given the binary string y over n bits, Bob creates edges
from each ai such that yi = 1 to all nodes in B. Alice creates every
edge (b, c) between b ∈ B and c ∈ C. Last, she inserts edges from
each ai such that xi = 1 to all nodes in C.

Observe from this construction that if strings x and y are disjoint,
then there are no triangles in the graph, since there is no node ai

with an edge to B and an edge to C. However, for every intersection
i between x and y there are triangles on nodes (ai, b j, ck) for all

√
T

values of j and k, giving a total of T triangles. The bound T ≤ n2

ensures that the number of nodes is O(n), and the number of edges
is T + (|x| + |y|)

√
T ≤ 3n

√
T (using

√
T ≤ n from the assumption).

From the hardness of DISJOINTNESS, we know that any sum-
mary for this problem must use Ω(n) space. Rewriting the bound
in terms of the number of edges, m, we obtain a bound of Ω(m/

√
T ).

This is stronger than the corresponding bound of Ω(m/T ) by using
a reduction from INDEX.

10.4 Gap Hamming and Count Distinct, Again

To prove stronger bounds for some problems, a different problem is de-
fined, based on the notion of Hamming distance: the number of places
where a pair of binary strings differ.

Definition 10.3 (GAP-HAMMING problem) Alice holds a binary string
x of n bits in length, and Bob holds a binary string y of n bits in length. The
Hamming distance, H(x, y) is defined as |{i : xi , yi}|. We are promised that
either H(x, y) ≤ n/2−

√
n or H(x, y) ≥ n/2 +

√
n. The goal is for the players to

determine which case their input falls in.

Note that we could solve this problem using summary techniques
we have seen already. If we treat the binary strings x and y as vectors,
then the vector (x − y) has squared Euclidean norm equal to H(x, y).
That is, H(x, y) = ‖x − y‖22. We can obtain an estimate of the Euclidean



DRAFT

264 Lower Bounds for Summaries

norm (and hence the squared Euclidean norm) with relative error ε us-
ing space O(1/ε2). We can answer the GAP-HAMMING problem if this
relative error is small enough to distinguish the two cases. This requires
ε ≤

√
n/H(x, y) ∝ 1/

√
n. That is, we can solve this problem using a

method like AMS Sketch with ε chosen so that the space is O(n). How-
ever, this is no significant improvement on the trivial approach which
simply has Alice send x to Bob, using O(n) bits of communication.

Indeed, this is the best that can be done for this problem: GAP-HAMMING

requires Ω(n) communication from Alice to Bob in the one-round com-
munication complexity model. This result was shown by Woodruff [233],
with a simplified proof due to Jayram, Kumar and Sivakumar [144],
who reduced the problem to an instance of INDEX.

Lower bound for count distinct and frequency moments. The GAP-HAMMING

problem allows a stronger lower bound to be shown for Count Dis-
tinct than the direct reduction from INDEX. Given an instance of GAP-
HAMMING, Alice and Bob both code up their inputs in the natural way.
Alice creates a set as follows: if xi = 0, she inserts an item correspond-
ing to the tuple (i, 0), otherwise she inserts a tuple (i, 1). Bob similarly
encodes his set. We can observe that this encoding generates 2H(x, y)
tuples that occur once over the full input, and a further n − H(x, y) that
occur twice. In total, there are n+H(x, y) distinct tuples generated. In one
case, the total number of distinct elements is at least 3n/2 +

√
(n), and in

the other it is at most 3n/2 −
√

n. Thus, choosing ε for an approximate
distinct counter to be ∝ 1/

√
n would be sufficient to distinguish these

two cases. This implies a space requirement of Ω(1/ε2) for the count dis-
tinct problem, and hence KMV and HLL are optimal in their dependence
on ε.

We note that a similar construction and analysis also shows the same
Ω(1/ε2) space requirement to estimate ‖v‖p vector norms for constant
values of p. The hardness for estimating ‖v‖2 in turn shows the corre-
sponding hardness for estimating inner product, due to the close con-
nection of these problems: Euclidean norm (‖v‖2) is a special case of
inner product since v · v = ‖v‖22. Hence, inner product u · v is shown to
require Ω(1/ε2) space in order to estimate with additive error propor-
tional to ε‖u‖2‖v‖2.
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10.5 Augmented Index and Matrix Multiplication

The problem of AUGMENTEDINDEX is used to prove stronger bounds
for summaries which allow items to be deleted, also referred to as
‘negative updates’.

Definition 10.4 (AUGMENTEDINDEX problem) Alice holds a binary
string x of n bits in length, while Bob holds a string y of 0 ≤ i < n bits
in length, with the promise that x j = y j for all j ≤ i. The goal is for the
players to follow a protocol to output x[i + 1], the i + 1st bit from the
string x.

We can view this as equivalent to INDEX with the additional help
that Bob knows the prefix of x up to (but not including) the vital bit
of interest. As with the basic INDEX problem, the hardness derives
from the fact that Alice does not know anything about the critical
index i + 1, and Bob cannot communicate it to her. It turns out that
the extra information available to Bob does not help: the communi-
cation complexity of this problem remains Ω(n). However, the ex-
tra information does allow us to encode slightly more complex in-
stances of other problems, and hence show stronger lower bounds
on summaries that allow deletions or negative updates.

Lower bound for Matrix multiplication. We now describe a lower bound
for the matrix multiplication using a reduction to AUGMENTED IN-
DEX, based on an approach of Clarkson and Woodruff [55]. Con-
sider an instance of the Matrix multiplication (Section 6.3). We are
given matrices A and B, both of n rows and c columns, specified
with incremental updates to their entries. We suppose that we have
a summary to estimate the product AT B with error at most ε‖A‖F‖B‖F ,
where ‖·‖F denotes the Frobenius (entrywise) norm, ‖A‖F =

√
(
∑

i, j A2
i, j).

We use the supposed summary to allows us to solve an instance
of AUGMENTEDINDEX. Alice will encode her string x into the ma-
trix A by filling it with entries in some canonical fashion, say top
to bottom and right to left. The sign of an entry is positive if the
corresponding bit in x is 1, and negative if it is 0. The magnitude
of the entries are increased from left to right. We set the parameter
r = log(cn)/(8ε2). In the first r/ log(cn) columns, the magnitude of
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all entries is 1; the next r/ log(cn) columns, it is 2; and in the k’th
group of r/ log(cn) columns, the magnitude of all entries is 2k. The
remaining n − r columns in A are set to all zeros.

On receiving the summary from Alice, Bob uses his knowledge
of the prefix of x to ‘remove’ all the information in the matrix A
corresponding to this prefix. That is, Bob subtracts the quantity in
each entry of A that Alice added which corresponds to a bit value
that he knows about, since Alice’s transformation is completely de-
terministic. Recall that Bob wants to retrieve the bit corresponding
to x[i + 1]. Let (i∗, j∗) denote the coordinates in matrix A which cor-
respond to x[i+1]. Bob then instantiates a matrix B which is entirely
0, except for a single entry of weight 1 in row j∗. Observe that the
product AT B essentially ‘reads off’ the j∗th column of AT , which
includes the target element.

The permitted error in the reconstruction of AT B is ε‖A‖F‖B‖F .
By construction, ‖B‖F = 1. Meanwhile, let k be such that the largest
entry in A is 2k (after Bob has removed the larger entries). Then
‖A‖2F ≤ (cr/ log(cn)·(1+4+. . .+22k), the size of each ‘block’ of A, times
the squared weights for each block. Then ‖A‖2F ≤

4
3 cr22k/ log(cn).

Based on the choice of r = log(cn)/(8ε2), the permitted squared er-
ror is ε2‖A‖2F‖B‖

2
F ≤ c4k/6.

We now consider the reconstructed column of AT found via AT B,
which has c entries. We say that an entry is ‘bad’ if its sign is incor-
rect in the reconstruction compared to in the original. Observe that
since each entry has squared magnitude 4k, an error in sign con-
tributed at least 4k to the total squared error. The bound on error
from above means that at most a one-sixth fraction of entries can be
bad without violating the promise. We can assume that the index
of interest is chosen independently of other choices, so the proba-
bility that the correct sign is found, and hence the correct value of
the bit of interest, is at least 5/6.

This is sufficient to ensure that the instance of AUGMENTEDIN-
DEX is solved with sufficient probability. The size of the instance
encoded is the number of non-zero entries in A, which is O(rc =

(c/ε2) log(cn)). This means that any summary for approximate Ma-
trix Multiplication on matrices of size r×c must use space Ω(cε−2 log(cn)).

The impact of using AUGMENTEDINDEX is that it allows us to
introduce the additional factor of log(cn) into the hardness bound.
If we were to try a similar reduction with an instance of INDEX,
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the bound would emerge as Ω(cε−2). The reduction would involve
a matrix A with fewer rows, and all entries with magnitude 1.
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ε-kernel, 171–174, 176, 177
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P and NP, 255
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affine transformation, 172, 173
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AMS Sketch, 9, 74, 104–108, 182, 183, 185,

187, 188, 190, 210, 211, 239, 249, 252,
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anti-correlation, 149
approximate near neighbor problem, the,

231
approximation

additive error, 13
relative error, 13

augmented index problem, the, 265, 266

Biff code, 118
big-Oh, 20
binary search, 135, 136, 142, 148, 153, 155
binary tree, 129, 133, 142, 153
bit sampling, 234
blockchain, 71

Bloom filter, 12, 16, 31, 65–71, 112, 113,
118, 135, 221–223, 242, 252, 259

counting, 70
spectral, 70

cascaded norm, 126, 254
Cauchy distribution, 109, 111
Chebyshev inequality, 22, 35, 54, 95, 103,

107, 189, 220
Chernoff bound, 22, 24, 25, 95, 96, 101,

156, 164, 189
Chernoff-Hoeffding bound, 22, 110, 147,

156
clustering, 8, 123, 177, 178

k-center, 177, 178
communication complexity, 256–258, 264,

265
one-way, 258

compressed sensing, 105, 118, 183
compression, 3, 36, 85
computational complexity, 255
computer vision, 230
connected components, 8, 202, 204, 206,

207
conservative update, 96–98
convex hull, 8, 171, 172
convolution, 193, 194

circular, 194
convolution theorem, 194
correlated aggregates, 254
Count Sketch, 9, 73, 94, 98–101, 103–105,

108, 123, 124, 126, 151, 152, 154–157,
181, 182, 184, 192–195, 200, 201, 239,
245–247, 249–252, 262

Count-Mean-Min, 97
Count-Min Sketch, 9, 15, 17, 73, 90–92,
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94–98, 100, 101, 103, 104, 155, 210, 239,
245, 247, 249, 252–254, 262

covariance, 21, 22, 46, 48, 51, 95, 102
curse of dimensionality, 230

data center, 14, 15
data mining, 8, 230
degree distribution, 210
deletions, 9, 57, 62, 65, 69, 73, 74, 112, 116,

119, 121, 123, 128, 265
diameter, 8, 172, 176, 215, 218, 229
dictionary data structure, 83, 232, 235
directional width, 123, 171, 172
disjointness problem, the, 260–263
distinct count, 6, 52, 58, 210, 218, 253, 259,

263
distinct sampler, 74, 119–121, 202–207, 252
distinct sampling, see `0 sampler
distributed computation, 3, 9, 11, 12, 14,

15, 211, 218–221, 223, 237, 261
Dyadic Count Sketch, 128, 151–157, 244,

245, 248
dyadic decomposition, 151, 153, 244, 245,

248, 249

equality problem, the, 256–258
equi-depth histogram, 19
Euclid’s gcd algorithm, 76
Euclidean distance, 107, 181, 186
Euclidean norm, 6, 74, 105, 184–186, 196,

249, 263, 264
Euclidean space, 123, 161, 181, 182, 237
exponential decay, 237–240, 242
exponential histogram, 241–243
exponentiation by squaring, 75, 76

fingerprint, 73–77, 113, 257, 258
finite field, 76, 77
Fisher-Yates shuffle, 38, 39
flat model, 218
Fourier transform, 184, 193, 250, 251
frequency moments, 254
frequency moments, 185, 188, 189, 210
frequent directions, 195–199
Frobenius norm, 7, 185, 190, 192, 196, 198,

265

gap Hamming problem, the, 263, 264
Gaussian distribution, 61, 109, 111, 183,

184
gradient descent, 176, 200
graph connectivity, 123, 207
graph sketch, 202–204, 206

Greenwald-Khana, 18, 128, 135, 137–143,
149, 253, 254

group-by queries, 64

Hölder’s inequality, 189
Haar transform, 249
Hadamard transform, 184, 250, 251
halfplane, 161, 163
Hamming code, 246, 248
Hamming distance, 234, 263
Hamming norm, see `0 norm
hash functions, 25, 52, 62, 77, 98, 120

k-wise independence, 25, 122, 234
cryptographic, 26
four-wise, 105, 108
fully random, 55, 58, 62, 67
murmurhash, 26
pairwise, 90, 93, 102–104, 193
with limited independence, 26, 126, 181

heap data structure, 52, 89
heavy hitters, 14–16, 136, 240, 244, 246, 260
historic inverse probability, 217
hypergraph, 116, 117
HyperLogLog, 20, 31, 58–65, 210–212, 242,

253, 254, 259, 260, 264

importance sampling, 221
in-network aggregation, 15
inclusion probabilities proportional to size

(IPPS), 45, 47, 48, 51
index problem, the, 258–260, 262–266
information complexity, 259
inner product, 109, 110, 185–187, 190, 191,

249, 250, 262, 264
Internet traffic analysis, 16, 17, 41, 49
intersection, 20, 55–58, 61, 68, 262, 263
invertible Bloom look-up tables, 118

Johnson-Lindenstrauss transform, 180,
183, 184, 186, 200, 231–233, 251

Karnin-Lang-Liberty, 128, 143–145, 149,
150

latched windows, 243, 244
leverage scores, 126
linear counting, 63, 64
linear sketch, 9, 62, 90, 194
linear transform, 96, 97, 180, 181, 249, 251
list-efficient, 212
locality-sensitive hashing, 233, 234
logarithmic method, 174, 177
low-distortion embeddings, 181

machine learning, 97, 104, 167, 182, 199,
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majority, 84
Manhattan norm, 6
MapReduce, 12
Markov inequality, 21–23, 92, 96, 101, 156,

183, 236, 247
matrix multiplication, 104, 190, 192, 265,

266
membership, 5, 65, 248
MinHash, 234
minimum enclosing ball, 8, 166, 172, 177
Minkowski norm, see `p norm
Misra-Gries, 73, 78–86, 88–90, 199, 243,

245, 261
Morris Counter, 31–33, 35, 36, 51, 253
multiplicity, 6, 7, 9, 56, 69, 73, 118, 127, 151
multiset, 6, 51, 58, 69, 70, 73–75, 78, 85, 90,

92, 96, 98, 100, 105, 108, 112, 113, 116,
118, 119, 123, 127, 220, 223, 224, 261

nearest neighbor search, 177, 230
negative weights, 7, 9, 73, 75, 90, 96, 99,

113, 127, 246, 265
nesting summaries, 252

online advertising, 2, 19, 20, 65, 89
order statistics, see quantile query
orthogonal, 186, 249
orthonormal, 184, 195, 249
outer product, 193, 194

parallel computation, 3, 9, 11, 15, 18, 58,
63, 64, 252

parity, 246, 248
low-density parity check codes, 248

pigeonhole principle, the, 257
point query, 78, 90, 98, 103, 185, 220–223
polynomial kernels, 104
power-law distribution, 210
predicate, 19, 55–57, 215
principle of deferred decisions, 24, 39, 219
priority queue, 48, 49
priority sample, 31, 49–51

q-digest, 18, 128–137, 239, 240, 253, 254
quantile query, 127, 148, 153, 227, 228
query optimization, 18

Rademacher distribution, 183
random access machine (RAM), 11
random sample, 5, 19, 31, 36, 37, 40, 162,

210, 219
weighted, 19, 31, 40–45, 49, 51

random shuffling, 38
random subset sum, 157
range query, 8, 248, 249

range space, 162–166, 229
range transformation, 248
rank query, 127, 130, 134, 148, 152, 156,

227, 228, 248
reachability, 208
reduction, 257
Reed-Solomon coding, 118
regression, 104, 126, 192, 199–201

LASSO, 201
regularization, 201
reservoir sampling, 39, 40
residual `2 norm, 103
residual `p norm, 6
residual weight, 82
resizing a summary, 252
reversible sketches, 248
roots of unity, 194

sampling, see random sample
Sawzall, 104
service level agreements (SLAs), 17
set storage, 259
set system, 165
set union, 53, 55–58, 61, 68, 79, 241
similarity search, see nearest neighbor

search
simplex, 8
singular value decomposition, 195–198
sliding windows, 238, 240, 242, 243
smooth histograms, 243
SpaceSaving, 15, 17, 73, 84–90, 210, 239,

240, 242, 243, 245, 253, 261
spanner, 207–209
Spark, 12
sparse recovery, 74, 78, 112, 113, 115–121,

253
stable distribution, 109–112
star network, see flat model218
stochastic averaging, 64, 108
streaming model, the, 11
string matching algorithm, 78
subspace embedding, 192, 199
superspreaders, 254
SVD, see singular value decomposition

time decay, 237, 238, 240
timestamps, 237, 238, 241–243
triangle counting, 210, 260, 262
triangle inequality, 180, 232

union bound, 24, 93, 117, 147, 156, 164,
206, 236

universe, 5, 8, 31, 73, 74, 116, 127, 151, 152,
154, 155, 220–222, 227, 232, 234
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variance, 21, 47, 55
VarOpt sample, 48, 49
VC-dimension, 162–166

wavelet transform, 249, see Haar
transform, 250, see Haar transform

wedge, 93, 126
weighted data, 6, 7, 11, 27, 31, 40, 41, 43,

45–51, 73, 74, 85, 89, 127, 128, 188,
238–242, 245, 246

weighted sampling, see random sample,
weighted


